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Introduction

Topological quantum field theories (TQFTs) produce topological invariants of man-
ifolds using ideas suggested by quantum field theory; see [At], [Wil]. For d > 0,
a (d + 1)-dimensional TQFT over a commutative ring K assigns to every closed
oriented d-dimensional manifold M a projective K-module of finite type Aps and
assigns to every compact oriented (d + 1)-dimensional cobordism (W, My, M;) a K-
homomorphism t(W): Ay, — Am,. These modules and homomorphisms should
satisfy several axioms including tensor multiplicativity with respect to disjoint union
and functoriality with respect to gluing of cobordisms.

The study of TQFTs has been especially successful inlow dimensionsd = 0, 1,2, 3.
One-dimensional TQFTs (d = 0) bijectively correspond to projective K-modules of
finite type. Two-dimensional TQFTs (d = 1) are fully classified in terms of commu-
tative Frobenius algebras, see [Di], [Ab], [Kock]. Three-dimensional TQFTs (d = 2)
are closely related to quantum groups and braided categories; see [RT], [Tu2], [KRT],
[BK]. Powerful four-dimensional TQFTs (d = 3) arise from the Heegaard—Floer ho-
mology of 3-manifolds due to P. Ozsviath and Z. Szabd; see [OS1], [OS2]. Algebraic
structures underlying four-dimensional TQFTs are yet to be unraveled; for work in this
direction see [CKY], [CKS], [CIKLS], [Ma], [Oe].

In this monograph we apply the idea of a TQFT to maps from manifolds to topolog-
ical spaces. This leads us to a notion of a (d + 1)-dimensional homotopy quantum field
theory (HQFT) which may be described as a TQFT for closed oriented d -dimensional
manifolds and compact oriented (d + 1)-dimensional cobordisms endowed with maps
to a given space X. Such an HQFT yields numerical homotopy invariants of maps from
closed oriented (d + 1)-dimensional manifolds to X. A TQFT may be interpreted in
this language as an HQFT with target space consisting of one point. The general notion
of a (d + 1)-dimensional HQFT was introduced in 1999 in my unpublished preprint
[Tu3] and independently by M. Brightwell and P. Turner [BT1] for d = 1 and simply
connected target spaces.

If the ground ring K is a field, then the (0 + 1)-dimensional HQFTs with target X
correspond bijectively to finite-dimensional representations of the fundamental group
of X or, equivalently, to finite-dimensional flat K-vector bundles over X. This allows
one to view HQFTs as high-dimensional generalizations of flat vector bundles.

We shall mainly study the case where X = K(G, 1) is the Eilenberg—MacLane
space corresponding to a (discrete) group G. A manifold endowed with a homotopy
class of maps to such X will be called a G-manifold. The maps to X = K(G,1)
classify principal G-bundles, and numerical invariants of principal G-bundles over
closed oriented (d + 1)-dimensional manifolds provided by HQFTs with target X
can be viewed as “quantum” characteristic numbers. From this perspective, the stan-
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dard Witten—Reshetikhin—Turaev quantum invariants of 3-manifolds can be regarded
as quantum characteristic numbers of the trivial bundles over 3-manifolds.

The main goal of this monograph is a construction of (d + 1)-dimensional HQFTs
with target K(G, 1) for d = 1,2. We focus on algebraic structures underlying such
HQFTs. For d = 1, these structures are formulated in terms of G-graded algebras
or, briefly, G-algebras. A G-algebra is an associative unital algebra L endowed with
a decomposition L = @,cq La suchthat LoLg C Log for any o, B € G. The G-
algebras arising from 2-dimensional HQFT's have additional features including a natural
inner product and an action of G. This leads us to a notion of a crossed Frobenius G-
algebra. Our main result concerning 2-dimensional HQFTs with target K(G, 1) is a
bijective correspondence between the isomorphism classes of such HQFTs and the
isomorphism classes of crossed Frobenius G-algebras. This generalizes the standard
equivalence between 2-dimensional TQFTs and commutative Frobenius algebras (the
case G = 1). Our second result is a classification of semisimple crossed Frobenius
G-algebras in terms of 2-dimensional cohomology classes of the subgroups of G of
finite index.

The study of 2-dimensional HQFTs has not yet brought to light new invariants of
principal G-bundles over surfaces. The invariants arising from semisimple (crossed
Frobenius) G-algebras are essentially homological. The invariants arising from non-
semisimple G-algebras may in principle be new but are poorly understood. On the
other hand, the study of 2-dimensional HQFTs finds interesting applications in certain
enumeration problems. One of these problems concerns an arbitrary Serre fibration
p: E — W overaclosed connected oriented surface W of positive genus. The bundle
p may have sections, i.e., continuous mappings s: W — E such that ps = idw (we
work in the pointed category so that £ and W have base points preserved by p and s).
Assume that the fiber F' of p is path-connected and the group 7 (F') is finite. Then the
number of sections of p, considered up to homotopy and a natural action of 75 (F), is
finite (possibly zero). We give a formula expressing this number in terms of 2-dimensio-
nal cohomology classes associated with irreducible complex linear representations of
1(F). The definition of these cohomology classes and the statement of our formula
are direct and do not involve HQFTs, while the proof heavily uses HQFTs. This
yields, in particular, the following solution to the existence problem for sections: p
has a section if and only if the number produced by our formula is non-zero. As a
specific application, note the following theorem: in the case where the group 71 (F)
is abelian (and finite), the bundle p: E — W has a section if and only if the induced
homomorphism p.: Hy(E;Z) — H,(W;Z) is surjective. A similar theorem holds
for any finite group 71 (F) whose order is small with respect to the genus of W.
Other topological applications concern principal bundles over W and non-abelian 1-
cohomology of W. For group-theoretic applications (not discussed in the book), the
reader is referred to [NT].

More generally, given a cohomology class § € H?(E;C*), we can provide each
section s of p with the weight 0(s«([W])) = s*(0)([W]) € C* = C — {0}, where
[W] € Ho(W;Z) is the fundamental class of W. Counting sections of p with these
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weights we obtain a complex number viewed as a §-weighted number of sections of p.
We express this number in terms of 2-dimensional cohomology classes associated with
irreducible complex projective representations of 71 (F).

The enumeration problem for sections formulated above is equivalent to a special
case of the following problem. Consider a group epimorphism G’ — G with finite ker-
nel I'. Consider a homomorphism g from the fundamental group of a closed connected
oriented surface W to G. It is clear that g has only a finite number of lifts to G’ (if
any). How to compute this number? For the trivial homomorphism g = 1, a solution
is given by the Frobenius—Mednykh formula; see [Fr], [Me]. We extend this formula to
arbitrary g. Our formula computes the number of lifts of g in terms of 2-dimensional
cohomology classes associated with irreducible complex linear representations of I'.
A more general formula counts the lifts of g with weights determined by an element
of H?(G';C*).

Our approach to 3-dimensional HQFTs is based on a connection between braided
categories and knots. This connection is essential in the construction of topological
invariants of knots and 3-manifolds from quantum groups. We extend this train of ideas
to links £ C S* endowed with homomorphisms 71 (S3\¢) — G and to 3-dimensional
G-manifolds. To this end, we introduce crossed G-categories and study braidings and
twists in such categories. This leads us to a notion of a modular crossed G -category.

We show that each modular crossed G-category gives rise to a three-dimensional
HQFT with target K(G, 1). This HQFT has two ingredients: a “homotopy modular
functor” A assigning projective K-modules to G-surfaces and a functor t assigning
K-homomorphisms to 3-dimensional G-cobordisms. In particular, the HQFT provides
numerical invariants of closed oriented 3-dimensional G-manifolds. For G = 1, we
recover the familiar construction of 3-dimensional TQFTs from modular categories;
see [Tu2].

We discuss several algebraic methods producing crossed G-categories. In partic-
ular, we introduce quasitriangular Hopf G-coalgebras and show that they give rise to
crossed G-categories. However, the problem of systematic finding of modular crossed
G -categories is largely open.

This book is based on my papers [Tu3]-[Tu8]. Chapters I-IV cover [Tu3], though
the exposition has been somewhat modified and Sections I'V.1, IV.2 added. Chapter V
covers [Tu5]-[Tu7]. Chapters VI, VII, and VIII cover [Tu4] and [Tu8]. These three
chapters extend the first part of my monograph [Tu2]. Though techniques from [Tu2]
are used in several proofs in Chapters VI and VII, the definitions and statements of
theorems can be understood without knowledge of [Tu2]. The reader’s background is
supposed only to include basics of algebra and topology and (starting from Chapter VI)
basics of the theory of categories.

Here is a chapter-wise description of the book. In Chapter I we discuss a general
setting of HQFTs. In particular, we show that (d + 1)-dimensional cohomology classes
of the target space and of its finite-sheeted coverings give rise to (d + 1)-dimensional
HQFTs. These HQFTs and their direct sums are called cohomological HQFTs. For
d = 1, we introduce a wider class of semi-cohomological HQFTs.
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In Chapter II we introduce and study G-algebras. We discuss various classes of G-
algebras including Frobenius, crossed, semisimple, Hermitian, and unitary G -algebras.
The main result of this chapter is a classification of semisimple crossed Frobenius G-
algebras over a field of characteristic zero.

In Chapter III we associate with each 2-dimensional HQFT with target K(G, 1)
an underlying crossed Frobenius G-algebra. This establishes a bijection between
the isomorphism classes of 2-dimensional HQFTs with target K(G, 1) and the iso-
morphism classes of crossed Frobenius G-algebras. Under this bijection, the semi-
cohomological HQFTs correspond to semisimple algebras at least when the ground
ring is a field of characteristic zero. We also establish a Verlinde-type formula for the
semi-cohomological HQFTs.

In Chapter IV we introduce biangular G -algebras. They give rise to lattice models
for 2-dimensional HQFTs generalizing the lattice models for 2-dimensional TQFTs
introduced in [BP], [FHK]. We prove that the lattice 2-dimensional HQFTs over
algebraically closed fields of characteristic zero are semi-cohomological.

In Chapter V we discuss applications of HQFTs to enumeration problems. This
chapter is almost entirely independent of the previous chapters except the proof of the
main theorem given in Sections V.5 and V.6.

In Chapter VI we introduce crossed G-categories and various additional structures
on them (braiding, twist, etc.). We also introduce G-links, G-tangles, and G-graphs
in R? and define their colorings by objects and morphisms of a ribbon crossed G-
category €. The €-colored G-graphs form a monoidal tensor category, and we define
a canonical monoidal functor from this category to €. The chapter ends with a study
of dimensions of objects and traces of morphisms in €.

In Chapter VII we introduce modular crossed G-categories. Each such category
produces a 3-dimensional HQFT with target K(G, 1).

In Chapter VIII we introduce Hopf G -algebras and discuss algebraic constructions
of crossed G-categories and crossed G-algebras.

The book ends with seven Appendices. Appendix 1 is concerned with relative
HQFTs generalizing the so-called open-closed TQFTs. In Appendix 2 we outline a state
sum approach to invariants of 3-dimensional G-manifolds. In Appendix 3 we briefly
discuss recent developments in the study of HQFTs and related areas. In Appendix 4 we
formulate several open problems. Appendix 5 written by Michael Miiger is concerned
with his recent work on braided crossed G-categories. Appendices 6 and 7 written by
Alexis Virelizier discuss algebraic properties of Hopf G -coalgebras and the 3-manifolds
invariants derived from Hopf G-coalgebras.

The author would like to express his sincere gratitude to Michael Miiger and Alexis
Virelizier for contributing Appendices 5, 6, and 7 to this book.

During the preparation of the book, my work was partially supported by the NSF
grants DMS-0707078 and DMS-0904262.

Throughout the book, the symbol K denotes a commutative ring with unit 1x. The
multiplicative group of invertible elements of K is denoted K*. The symbol G denotes
a (discrete) group.



Chapter I
Generalities on HQFTs

1.1 Basic definitions

Throughout this chapter we fix an integer d > 0 and a connected CW-space X with
base point x.

1.1 Preliminaries. We shall work in the category of smooth manifolds although all
our definitions have topological and piecewise-linear versions. By a manifold we mean
a smooth manifold. A manifold M is closed if it is compact and M = @.

A topological space Y is pointed if every connected component of Y is provided
with a base point. The set of base points of Y is denoted Y,.

A d-dimensional X -manifold is a pair (a pointed closed oriented d-dimensional
manifold M, a map g: M — X such that g(M,) = x). The map g is called the
characteristic map. A disjoint union of d-dimensional X -manifolds is an X -manifold
in the obvious way. An empty set is viewed as a pointed manifold and an X -manifold
of any given dimension. We emphasize that by definition, all X -manifolds are closed,
oriented, and pointed.

An X -homeomorphism of X -manifolds (M, g) — (M’, g’) is an orientation pre-
serving diffeomorphism f: M — M’ such that g = ¢’ f and f(M,) = M!. The
equality g = g’ f is understood as a coincidence of maps and not just a homotopy.

A (d + 1)-dimensional cobordism is a triple (W, My, M1) where W is a compact
oriented (d + 1)-dimensional manifold and My, M; are disjoint pointed closed oriented
d-dimensional submanifolds of dW such that dW = (—My) LI M;. As usual, —M is
M with reversed orientation. The manifold W itself is not required to be pointed. Here
and below, we use the “outward vector first” convention for the induced orientation
on the boundary: at any point of dW the given orientation of W is determined by the
tuple (a tangent vector directed outward, a basis in the tangent space of W positive
with respect to the induced orientation).

An X -cobordism is a cobordism (W, My, M) endowed withamap g: W — X
carrying the base points of My, M to x; see Figure I.1 where the dots on the components
of My, M represent the base points. Both the bottom base My and the top base M,
of W are considered as X -manifolds with characteristic maps obtained by restricting
g. For example, for any X -manifold (M, g), we have the cylinder X -cobordism

(M x[0,1],M xO0,M x1,g: M x[0,1] = X),

where g is the composition of the projection M x [0,1] > M withg: M — X. Itis
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understood that M x [0, 1] is oriented so that

M x[0,1]) = (=M x 0) LT (M x 1).

Doy

Mo
Figure I.1. An X -cobordism (W, Mg, M1, g).

Disjoint unions of X -cobordisms are X -cobordisms in the obvious way. Two X -
cobordisms (Wy, My, N, go) and (Wy, N, M1, g1) can be glued along an arbitrary
X-homeomorphism f: N — N’ into a new X-cobordism with bases My and M;.
Here it is essential that gg = g1 f: N — X. An X-homeomorphism of X -cobordisms

F: (W, My,My,g) > (W', My, M, g") (1.1.a)

is an orientation preserving and base point preserving diffeomorphism of triples
(W, My, M) — (W', Mj, M{) such that g = g'F.

For brevity, we shall often omit the maps to X from the notation for X -manifolds
and X -cobordisms.

1.2 Axioms for HQFTs. We define a Homotopy Quantum Field Theory (HQFT)
with target X using a version of Atiyah’s axioms for a Topological Quantum Field
Theory (TQFT); see [Wil] and [At]. The HQFT will take values in the category of
projective K-modules of finite type (= direct summands of K" withn = 0,1,...)
and K-linear homomorphisms. One may restrict oneself to the case where K is a field
so that projective K-modules of finite type are just finite-dimensional vector spaces
over K.

A (d + 1)-dimensional Homotopy Quantum Field Theory (A, t) with target X
or, shorter, a (d + 1)-dimensional X-HQFT (A, t) assigns a projective K-module of
finite type Aps to any d-dimensional X -manifold M, a K-isomorphism fx: Ay —
Apg to any X -homeomorphism of d-dimensional X -manifolds f: M — M’, and
a K-homomorphism t(W): Ay, — Am, to any (d + 1)-dimensional X -cobordism
(W, My, My). These modules and homomorphisms should satisfy the following eight
axioms.
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(1.2.1) For any X-homeomorphisms of d-dimensional X -manifolds f: M — M’,
/oM — M",wehave (f'f)s = fi f

(1.2.2) For any disjoint d-dimensional X -manifolds M, N, there is a natural isomor-
phism Ayny = Ay @ An. Here and below ® = ®x is the tensor product over K.

1.2.3) Ag =K.

(1.2.4) [Topological invariance] For an arbitrary X-homeomorphism (1.1.a) of
(d + 1)-dimensional X -cobordisms, the following diagram commutes:

Flaghe 4,

AMo.glrg) ——— AMG.g'lyyg)
r(W,g)l lr(W’,g’)

(Flay)
Ay glary) —— o A 71y

(1.2.5) Ifa(d + 1)-dimensional X -cobordism W is a disjoint union of X -cobordisms
Wi, W, then ‘L’(W) = ‘L'(Wl) ® ‘L'(Wz).

(1.2.6) [Gluing axiom] If an X -cobordism (W, My, M) is obtained from two (d + 1)-
dimensional X-cobordisms (Wy, My, N) and (Wy, N’, M) by gluing along an X-
homeomorphism f: N — N’, then

(W) =t(W1)o fyot(Wo): Amy — Am, .
(1.2.7) For any d-dimensional X -manifold (M, g), we have
t(M x[0,1],M x0,M x1,g) =id: Apyy — Ay,

where we identify M x 0 and M x 1 with M in the usual way and where g is the
composition of the projection M x [0,1] > M withg: M — X.

(1.2.8) For any (d + 1)-dimensional X-cobordism (W, g: W — X), the homomor-
phism © (W, g) is preserved under homotopies of g constant on dW.

Axiom (1.2.2) implies that if a d-dimensional X -manifold M splits as a disjoint
union of d -dimensional X -manifolds M1, ..., M,, then Ay is canonically isomorphic
to the tensor product ®?=1 Apg;. The naturality condition in Axiom (1.2.2) means
that the isomorphism in question is natural with respect to X -homeomorphisms and
compatible with permutations of the labels 1, 2, . . ., n. For amore detailed formulation
of the naturality, see [Tu2], p. 21.

As an exercise, the reader may deduce from the axioms of an HQFT that for any
X-homeomorphisms of d-dimensional X -manifolds f,g: M — M’, we have fy =
gs#: Ay — App provided f is isotopic to g in the class of X-homeomorphisms. In
the case where X is aspherical, we shall establish the same claim under the weaker
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assumption that f and g are isotopic in the class of diffeomorphisms M — N carrying
M, onto N, (Lemma 3.3.1).

For each d > 0, we have the trivial (d + 1)-dimensional X-HQFT (A4, ) defined
by Ay = Oforall M # @and Ay = K, fs+ = 0for any X-homeomorphism f of non-
empty d-dimensional X-manifolds and (idg)s = idg; t(W) = 0 for any non-empty
(d + 1)-dimensional X -cobordism W and t(W') = idg for the empty (d + 1)-dimen-
sional X -cobordism W. All axioms of an HQFT are straightforward. More interesting
examples of HQFTs will be given in Section 2.

If the target space of an HQFT has only one point, then all references to maps into
this space are redundant, and we obtain the usual definition of a TQFT for pointed
closed d -dimensional manifolds and their cobordisms. Any X -HQFT induces a TQFT
by restricting to those X -manifolds and X -cobordisms whose characteristic map is the
constant map to x € X.

The definition of an HQFT above was first given in [Tu3]. Note that Axioms (1.2.1)
and (1.2.7) are weakened versions of the corresponding axioms in [Tu3]. Two-dimen-
sional HQFTs with simply connected targets were independently and simultaneously
introduced in [BT1].

Axioms (1.2.1)—(1.2.7) constitute a special case of the axioms of a TQFT formulated
in [Tu2], Chapter III in the language of space-structures. Although we shall not use
this language, note that the structures of an X -manifold and an X -cobordism form a
cobordism theory in the sense of [Tu2]. Axiom (1.2.8) adds homotopy flavor in this
setting.

Another well known approach to TQFTs consists in introducing a monoidal tensor
category of d-dimensional manifolds and their cobordisms and defining a (d + 1)-di-
mensional TQFT as a monoidal functor from this category to the category of projective
K-modules of finite type; see, for instance, [Kock]. This approach is equivalent to
Atiyah’s axiomatic definition and generalizes to HQFTs, but we will not need it. Quinn
[Qu] introduced yet another axiomatic approach to TQFTs; it generalizes to a different
set of axioms for HQFTs.

The definition of an HQFT given above can be further generalized by replacing
K-modules and K-homomorphisms by objects and morphisms of a symmetric tensor
category. Other definitions in this book can be similarly extended, but we shall not
pursue this line.

1.3 Properties of HQFTs. Consider a (d + 1)-dimensional X-HQFT (A, r). For
a compact oriented (d + 1)-dimensional manifold W with pointed boundary and a
map g: (W, (0W),) — (X, x), the HQFT (A4, 7) yields a K-module A3y and a ho-
momorphism t(W,@,0W): K = Ag — Agw. Let 1(W) € Ayw be the image of the
unity 1x under this homomorphism. The vector t(W) is invariant under homotopy
of g constant on W, natural with respect to X -homeomorphisms, and multiplicative
under disjoint union. If d3W = @, then t(W) € Ag = K. In this way, (A4, t) produces
a numerical homotopy invariant of maps from closed oriented (d + 1)-dimensional
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manifolds to X. By Axiom (1.2.7), if W = @, then t(W) = 1.

We state three properties of (A, t) that follow from the general theory of TQFTs;
see [Tu2], Section III.2. For completeness, we shall give a direct proof in Section 5.

Recall that for a projective K-module of finite type P and a K-linear homo-
morphism f: P — P, one has a naturally defined trace Tr(f) € K; see, for in-
stance, [Tu2], Appendix 1, or Section 5.1 below. The dimension of P is defined by
Dim P = Tr(idp) € K, where idp is the identity automorphism of P. These trace and
dimension are multiplicative with respect to the tensor product. If P is a free K-module
of finite rank r, then Tr( f) is the standard trace of f and Dim P =r - 1 € K.

For a d -dimensional X -manifold M, the opposite X -manifold —M is defined as the
same manifold with the same map to X but with opposite orientation. A fundamental
property of a (d + 1)-dimensional X-HQFT (A4, 7) is the duality A_p; = (Ap)* =
Homg (Aps, K). To give a precise statement, recall that for K-modules P, Q, abilinear
pairing P ® Q — K is nondegenerate if both adjoint homomorphisms P — Q* =
Homg (Q, K) and Q — P* are isomorphisms.

1.3.1 Lemma. For a d-dimensional X -manifold M, there is a canonical nondegen-
erate bilinear pairing Ny : Ay ® A—py — K. The pairings {np }ym are natural with
respect to X -homeomorphisms, multiplicative with respect to disjoint union, and sym-
metric in the sense that n—pr = Ny o 0 where o is the standard flip A_py @ Ay —
Ay ® A_p.

The pairing s induces an identification A_j; = Aj, used in the next lemma.

1.3.2Lemma. Let W = (W, My, My 11 M, g) be a (d + 1)-dimensional X -cobordism
whose top base is a disjoint union of X-manifolds My and M. Then the tuple
W = (W,My U —-M,M,,g) is also a (d + 1)-dimensional X -cobordism and the
homomorphisms

(W) e HomK(AMO, AM1 ® Apy) and ‘C(W’) S HOmK(AMO ® A—M’AMI)
are obtained from each other via the isomorphisms
HOIII(AMO, A}u1 ® Ay) = HOIIl(AMO ® Azl’ AMl) = HOHI(AMO QR A_m, AMI),

where the first isomorphism is standard and the second one is induced by the identifi-
cation Ay, = A_p.

The cobordisms W and W’ are schematically shown in Figure 1.2. In this and
further figures we omit the mapping to X.

To state the next lemma, we need the notion of a partial trace. Let P, P’, Q, Q' be
projective K-modules of finite type. For K-homomorphisms F: P ® P/ - Q0 ® Q’
and f: Q' — P/, the partial trace of F with respect to f is the K-homomorphism
Try(F): P — Q determined by the following property: forany p € P,q € Q*,

q(Try (F)(p)) = Tr(P' — P'.x — (4 ® [)F(p ® x)),
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M1 M Ml
. DO LD D
My My -M

Figure 1.2. The X -cobordisms W and W’.

where x runs over P’ and¢g ® f: O ® Q' — K ® P/ = P’ carries r ® r’ with
reQ,r'e Q' toq(r)f(’') € P’. Inparticular, if P = Q = K, then

PP =P, 0®Q =0, and Trs(F)=Tr(fF).

1.3.3 Lemma. Let W be a (d + 1)-dimensional X -cobordism whose bottom (resp. top)
base is a disjoint union Mo I M| (resp. My I M{). Let (V, My, My) be the
X -cobordism obtained from W by gluing M| to M| along an X-homeomorphism
fiM{ — Myg; see Figure 1.3. Then t(V) = Trs(t(W)): A, — Am,, where
fur A M — A My S the isomorphism induced by f and we view t(W') as a homomor-
phism Ap, ® AM(’) — Ap, ® AMII.

Ml Ml/ Ml
D LD -
‘ M{ ~ M|
My M(/) Moy

Figure I.3. The X -cobordisms W and V.

Given a d -dimensional X -manifold (M, g), we can apply this lemma to the cylinder
(M % [0,1], g) and an X-homeomorphism f: M — M. This computes the value of
7 on the mapping torus of f tobe Tr( fy: Ayy — Apr). In particular, (M x S, g) =
Dim Ay, where g is the composition of the projection M xS — M withg: M — X.

1.4 Category of HQFTs. We define a category, Qg+1(X) = Qg+1(X; K), whose
objects are (d + 1)-dimensional HQFTs over the ring K with target X. A mor-
phism (A,t) — (A’,7’) in the category Qg41(X) is a family of K-isomorphisms
{osm: Ay — Aj iy (Where M runs over all d-dimensional X -manifolds) such that:
pg = idg, pyun = pm ® py for any disjoint M, N, and the natural square dia-
grams associated with X -homeomorphisms and X -cobordisms are commutative. Note
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that all morphisms in the category Qg+1(X) are isomorphisms. Two (d + 1)-di-
mensional HQFTs (A4, t), (4’,1’) are said to be isomorphic if there is a morphism
(4, 7) = (4, 7)) in the category Q441 (X).

HQFTs can be pulled back along maps between target spaces. Having a pointed
map of pointed connected CW-spaces f: X’ — X, we can transform any X-HQFT
(A, 7) into an X'-HQFT. It suffices to compose the X’-valued characteristic maps with
f and to apply (A4, t). This yields a functor f*: Qz41(X) — Qug+1(X).

It is easy to deduce from the definitions that the isomorphism classes of (0 + 1)-
dimensional X-HQFTs over K correspond bijectively to the isomorphism classes of
linear actions of 1 (X) on projective K-modules of finite type or, if K is a field, to
flat vector bundles over X . Under this correspondence, the invariant t of a one-dimen-
sional X -manifold (S',g: S! — X) is equal to the trace of linear endomorphisms
determined by the conjugacy class in 7r; (X) represented by g. We can view high-di-
mensional X-HQFTs as high-dimensional analogues of flat vector bundles over X .

1.5 Operations on HQFTs. We define several simple operations on (d + 1)-dimen-
sional HQFTs with target X .

1. The dual (A, T) of an HQFT (A, 1) is defined as follows. For any X -manifold M,
set Ayy = Hompg (Apy, K). The action of X -homeomorphisms is obtained by transpo-
sition from the one given by (A4, 7). Note that each X -cobordism (W, My, M, g) gives
rise to the opposite X -cobordism (—W, M1, My, g). We define T(W): ALO — Ay,
as the transpose of t(—W): Ay, — Apm,. The axioms of an HQFT for (A, 7) are
straightforward.

2. The tensor product (A ® A’, 7 ® t’) of (d + 1)-dimensional X-HQFTs (4, 1),
(A’,7’) is defined by (4 ® A")y = Ay ® A},. The action of X-cobordisms and X -
homeomorphisms is obtained as the tensor product of the actions provided by (4, 1)
and (A4’, t’). The axioms of an X-HQFT are straightforward.

3. We define a direct sum (A @ A’,7 & ') of (d + 1)-dimensional X-HQFTs
(A,7), (A',7'). Set (A ® A’)g = K. For a non-empty connected d-dimensional
X-manifold M, set (A ® A" )y = Am ® A},. This extends to nonconnected M
via Axiom (1.2.2). The action of X-homeomorphisms is defined in the obvious way
applying @ and ® to the actions provided by (4, t) and (4’, t/). Note that for any
d-dimensional X -manifold M, we have natural K-linear embeddings

im: Am —> (AD A, iy Ay > (A® Ay
and natural K-linear projections
pm:(AD A — Am, phy: (A® Ay — AYy

such that pysips = id and pj, iy, =id. If M = @, theniy = py =idg: K — K.)
For a connected (d + 1)-dimensional X -cobordism (W, M, N), set

()W) =intW)py +iyT'(W)py: (A® Ay — (A® A)y.
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This extends to nonconnected W via Axiom (1.2.5). It is not difficult to check that
(A A', T @ 1’) is an X-HQFT. In particular, for a closed connected oriented (d + 1)-
dimensional manifold W andamap g: W — X,

ot )W.g)=t(W.g) + 7' (W.g).

4. HQFTs can be rescaled using additive numerical invariants of X -cobordisms. A
Z -valued invariant of (d + 1)-dimensional X -cobordisms is additive if it is preserved
under X -homeomorphisms and homotopies of the characteristic map (rel d) and is
additive under disjoint unions and gluing. A simple example of an additive invariant
of a (d + 1)-dimensional X -cobordism (W, M, N) is provided by the relative Euler
characteristic y(W, M) = y(W) — x(M). Given an additive invariant p of (d + 1)-
dimensional X -cobordisms and an invertible element k of K, we can transform a
(d 4 1)-dimensional X-HQFT (A4, 7) into a k”-rescaled HQFT which coincides with
(A, 7) except that it associates with every (d 4 1)-dimensional X -cobordism W the
homomorphism k°W) ¢ (W).

Given k € K*, by k-rescaling of a 2-dimensional HQFT with target X, we mean
the k”-rescaling, where p is the additive invariant of 2-dimensional X -cobordisms
defined by

p(W.M,N) = (x(W) + bo(M) —bo(N))/2 € Z.

Here bo(M) is the number of components of M.

1.2 Cohomological HQFTs and transfer

2.1 Primitive cohomological HQFTs. For each § € H4T!1(X:K*), we define a
(d + 1)-dimensional X-HQFT (A4?, ¢%) called the primitive cohomological HQFT
associated with 6. This HQFT extends to cobordisms the standard evaluation of 8 on
(d + 1)-dimensional geometric cycles in X. (Another such extension is provided by
the Cheeger—Simons differential characters; see [Turn] for a comparison.)

Fix a singular (d 4 1)-dimensional cocycle on X with values in K* representing
the cohomology class 8. By abuse of notation, we denote this cocycle by the same
symbol 6. Let M = (M,g: M — X) be a d-dimensional X-manifold. Then Ay,
is a free K-module of rank 1 defined as follows. A d-dimensional singular cycle
ae€Cy(M)=Cy(M;Z)is fundamental if it represents the fundamental class [M] €
H;(M;Z) defined as the sum of the fundamental classes of the components of M.
Every fundamental cycle a € C;(M) determines a generating vector (a) € Ay =
K{a). Ifa,b € C;(M) are two fundamental cycles, then there is a (d + 1)-dimensional
singular chain ¢ in M such that dc = a—b. We impose the equality (b) = g*(0)(c){a),
where g*(0) is the singular (d + 1)-dimensional cocycle on M obtained by pulling
back 6 along g: M — X. Note that g*(8)(c) € K* does not depend on the choice
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of c: if ¢, ¢’ € Cyyq1(M) satisfy dc = dc’, then ¢ — ¢/ = de withe € Cy1,(M) and

g (O)()(E"O)) ™" =g"(O)(c — ) = g"(0)(de) = g*(30)(e) = 1.

It is easy to check that Ay is a well-defined free K-module of rank 1. In particular, if
M = @, then a = 0 and, by definition, Ayy = K and {a) = 1x € K.

An X-homeomorphism of d-dimensional X -manifolds f: M — M’ induces an
isomorphism fu: Apyy — Ap by fu({a)) = (f«(a)) € Ap for any fundamental
cyclea € Cy4(M).

Consider a (d + 1)-dimensional X -cobordism (W, My, M1,g: W — X). Pick
a singular chain B € Cy41(W) = Cy4+1(W;Z) such that dB = b; — by, where
bo, b1 are fundamental cycles in My, M1, respectively. We also require the chain
B to be fundamental in the sense that its image in Cy41 (W, 0W; Z) represents the
fundamental class [W] € Hg41(W,0W;Z) (defined as the sum of the fundamental
classes of the components of W). We define t(W): Ay, — Am, by

t(W)({bo)) = g*(0)(B) (b1).

Let us verify that (W) does not depend on the choice of B. Let B’ € Cy4.1(W) be
another fundamental chain with 0B" = b} — b, where b; is a fundamental cycle in
M; fori = 0,1. Pick ¢; € C441(M;) such that dc; = b; — b fori = 0,1. By
definition, (b}) = g*(6)(c;)(b;). To see that (W) is well defined it suffices to check
the following equality in K*:

g7(0)(co) g"(0)(B) = g"(6)(c1) g7 (6)(B"). (2.1.)

Clearly, B + co — B’ —¢1 € Cz41(W) is a cycle representing O in the group
Hy (W, 0W; Z). Since the inclusion Hy 4 (W;Z) — Hz+1(W,0W; Z) is injec-
tive, the cycle B + ¢o — B’ — ¢1 is a boundary in W. This implies (2.1.a).

We now verify the axioms of an HQFT. Axioms (1.2.1)—(1.2.5) are straightforward.
Let us check Axiom (1.2.6). Consider an X -cobordism (W, My, M1,g: W — X)
that is obtained from two (d + 1)-dimensional X -cobordisms (Wy, My, N, go) and
(W1, N’, M4, g1) by gluing along an X-homeomorphism f: N — N’. Let By €
Cy+1(Wp) be a fundamental chain with 0By = b — bg, where by, b are fundamental
cycles in My, N, respectively. Clearly, fi(b) is a fundamental cycle in N’. Choose
a fundamental chain By € C;41(W;) such that 0B = by — fi(b), where b; is a
fundamental cycle in M. By definition, the composition 7(W}) o fs o (W) carries
(bo) € Ap, to g5(0)(Bo) g7(0)(B1)(b1). Observe that the gluing Wo LI W, — W
transforms By + Bj into a fundamental chain B € Cy41(W) with 0B = b; — by.
Clearly, g*(0)(B) = g4(8)(Bo) g7 (6)(B1). Therefore

(W) ((bo)) = g7 (0)(B)(b1) = (x(W1) o fy o T(Wa))((bo)).

As for Axiom (1.2.7), we consider a d-dimensional X -manifold (M, g: M — X)
together with the induced map g: M x [0,1] — X. Choose a fundamental chain
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B € Cy4+1(M x[0,1]) such that 0B = (b x 1) — (b x 0), where b is a fundamental
cycle in M. By definition, the homomorphism (M x [0, 1], 2) carries the generator
(b) € Ap into g*(6)(B)(b). We must prove that g*(6)(B) = 1. Consider the map
p: M x[0,1] = M x S obtained by the gluing M x 0 = M = M x 1. Itis clear
that p4«(B) is a fundamental cyclein M x S' and g = gp, where §: M x S! — X
is the composition of the projection M x S! — M with g. Then

g*(0)(B) = 0(g«(B)) = 0(£:(IM x S')).

The homology class g«([M x S']) € Hyy1(X:Z) is zero since g extends to a map
M x(2-disk) — X. Therefore g*(0)(B) = 6(0) = 1.

Let us verify Axiom (1.2.8). Let (W, g: W — X) be a (d + 1)-dimensional X -
cobordism. We should verify that for a fundamental chain B € Cy41 (W), the element
g*(9)(B) € K* is preserved under any homotopy of g constant on dW. Consider the
manifold W obtained from W x [0, 1] by contracting to a point each interval w x [0, 1]
with w € dW. A homotopy of g constant on W is nothing but amap g: W — X
extending g on W x 0 C 0W. The manifold dW is the result of gluing of W x 0 and
W x 1 along dW x 0 = dW = oW x 1. Thechain(BxO)—(Bxl)inBWisa
cycle representing the fundamental class of dW . Therefore this cycle bounds a singular
chain in W. This implies that g*(6)(B x 0) = g*(6)(B x 1), the equality we need.
This completes the verification of the axioms and shows that (4, 1) = (47, 7%) is an
HQFT. Note that by definition, for a closed oriented (d + 1)-dimensional manifold W
andamapg: W — X,

! (W.g) = g*(O)([W]) = 0(g. (W) € K*.

It is easy to check that the primitive cohomological HQFTs arising as above from
different singular cocycles representing § € H¢+1(X; K*) are isomorphic. Therefore
the isomorphism class of the X-HQFT (A4, t?) depends only on 6. Note that the base
points play no role in the construction of (49, t%).

For = 0 € H4T1(X; K*), the HQFT (4%, %) assigns K to all d-dimensional
X -manifolds and assigns idg : K — K to all X-homeomorphisms and all (d + 1)-di-
mensional X -cobordisms. As an exercise, the reader may verify that

4

(A0+9’7 T9+9/) — (AQ’ _[9) ® (Ae" T9 )

and (A7%, %) = ((49)*, («%)*) forany 0,0’ € HIt1(X; K*).

2.2 Transfer. The transfer is a push-forward operation on HQFTs associated with a
finite-sheeted (unramified) covering p: E — X. Contracting the finite set p~1(x) C
E into a point, we obtain a pointed connected CW-space E’ = E/p~!(x). From any
(d + 1)-dimensional HQFT (A4, t) with target E’ we shall derive a (d + 1)-dimensional
HQFT (4, T) with target X . It is called the transfer of (A, 7).
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Letq: E — E’ be the projection. For a d -dimensional X -manifold (M, g: M —
X), consider all lifts of g to E, i.e., all maps g: M — E such that pg = g. The set
of such g is finite (possibly empty), and each pair (M, ¢g) is an E’-manifold. Set

An X-homeomorphism of d-dimensional X-manifolds f: (M,g) — (M’,g’) in-
duces a K-isomorphism A(M g — A(M/ ¢/) as follows. Since g = g’ f, any lift
g§: M — E of g induces alift g f~1: M’ — E of g’. The HQFT (A T) gives an
isomorphism fs: Amgz) = A gz 5 - The direct sum of these isomorphisms
over all § is the desired isomorphism fi: Ay, ) — Ao, &)

Consider a (d + 1)-dimensional X-cobordism (W, My, M1,g: W — X). As
above, the set of maps g: W — E such that pg = g is finite (possibly empty).
Restricting such g to My, M; we obtain certain lifts, go, g1, of the maps go =
glmy: Mo — X and g = g|m, : M1 — X. The HQFT (4, ) gives ahomomorphism

t(W.q8): AMoqzo) = Ay qz))-

The sum of the latter homomorphisms over all lifts ¢ of g defines a homomorphism
(W, g): I‘IMO — /IMI. (Warning: if W has components disjoint from My, then
a lift of gy to E may extend to several lifts of g so that the sum in question is in
general not a direct sum.) It is easy to verify that (4, 7) is a (d + 1)-dimensional
X-HQFT. In particular, for a closed oriented (d + 1)-dimensional manifold W and a
map g: W — X,
we)= > 1(Wq@ ek
g W—E
pPg=g

Observe that H¢T1(E'; K*) = HYTY(E;K*) for d > 1. Therefore for any
6 € H?*(E; K*) with d > 1, we have a primitive cohomological HQFT (A4?, t%)
with target E’. Its transfer (A?, 7%) to X is an X -HQFT called the cohomological HOFT
associated with 6. By definition, for a d-dimensional X -manifold (M,g: M — X),
the K-module /fﬁl is a free K-module of rank equal to the number of lifts of g to E.
For a closed oriented (d + 1)-dimensional manifold W andamap g: W — X,

W= X FOW) ek

1.3 Aspherical targets

We study here the case where the target CW-space X is aspherical, i.e., X is an
Eilenberg—MacLane space of type K(G, 1) for a group G. Then X is determined by G
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up to homotopy equivalence so that there is a reasonable hope to describe X-HQFTs
in algebraic terms. The asphericity of X implies a number of technical simplifica-
tions. In particular, as we shall see, X-HQFTs can be applied to homotopy classes of
characteristic maps rather than to maps themselves.

In this section X is an aspherical connected CW-space with base point x and
G = m1(X, x). We begin with examples of X-HQFTs.

3.1 Cohomological HQFTs. Every 6 € HYt!(X;K*) = H4T1(G;K*) gives
rise to a (d + 1)-dimensional X-HQFT (A?, t%) (see Section 2.1). More generally,
consider a subgroup H C G of finite index and the associated covering £ — X with
m1(E) = H. By Section 2.2, any 6 € H?+t'\(H; K*) = HTY(E; K*) with d > 1
yields a cohomological (d + 1)-dimensional X -HQFT. It is denoted (A4%-H-0 1 G-H.0)

Ford = 1 and k € K*, denote by (A9H:0 ¢G-H.0.k) pe the 2-dimensional X -
HQFT obtained from (4%-#-¢ £ G-H.9) by the k-rescaling introduced in Section 1.5.4,
p.8. Wecall (A9-H:0 1 G-H.0ky 4 rescaled cohomological X -HQFT . A two-dimensio-
nal X-HQFT is semi-cohomological if it is isomorphic to a finite direct sum of rescaled
cohomological X-HQFTs.

3.2 Homotopy invariance of HQFTs. We now explain that the modules and homo-
morphisms produced by a (d + 1)-dimensional X-HQFT (A4, t) depend only on the
homotopy classes of the characteristic maps. The key point is the following property
of (4, 7).

(3.2.1) For any d-dimensional X -manifold (M,g: M — X) and any map F: M x
[0,1] = X such that Flyxo = Flux1 = g and F(M, x [0,1]) = x,

(M x[0,1],M x0,M x1,F) =id: Apmg — Amg.

This directly follows from Axioms (1.2.7) and (1.2.8) since F is homotopic to g
rel M x {0, 1}. The latter is a corollary of the asphericity of X.

To proceed, we need the following notation. For a pointed space Y, denote the set
of homotopy classes of maps ¥ — X by [Y, X]. (It is understood that the maps carry
Y, to the base point x € X and the homotopies are constant on Y,.) We introduce
homotopy X -manifolds similarly to X -manifolds but using homotopy classes of maps
to X rather than maps themselves. Thus, a homotopy X -manifold is a pair (a pointed
closed oriented d -dimensional manifold M, an element & of [M, X]). For a homotopy
X -manifold (M, &), we define a K-module Ay, as follows. Any homotopy /: M x
[0, 1] — X between two representatives g, g’: M — X of & turns M x [0, 1] into
an X -cobordism. Applying 7, we obtain a homomorphism tj,: Aar,e) — A,e)-
By (3.2.1), 13 is the identity homomorphism if g = g’. Axiom (1.2.6) implies that
Thp = Tp Ty for any composable homotopies /1, h'. Therefore t;: Am,g) = Am,g)
is an isomorphism for all & depending only on g, g’ and independent of the choice of /.
We identify the modules {4 (ps,¢)}ges along the isomorphisms {zj}5. This gives a
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projective K-module of finite type Ay, &) depending only on (M, &) and canonically
isomorphic to each A(ar,4) With g € &.

A homotopy X -homeomorphism of homotopy X -manifolds (M, &) — (M’,&")
is an orientation preserving diffeomorphism f: M — M’ such that f(M,) = M/
and & = &' f. One can think of f as of an X-homeomorphism (M, g) — (M’, g")
for appropriate representatives ¢ € & and ¢’ € &’. Namely, ¢': M’ — X can
be any map representing & and g = g’ f. For a homotopy X-homeomorphism
[ (M, &) - (M', &), we define fi: Apr.6) — Aw.s) as the composition

Aty => Aong ) 2> A gr = Ao,
where g': M’ — X is a representative of &’ and the first and third homomorphisms
are the canonical identifications. We claim that this composition does not depend on
the choice of g’ € &’. Indeed, let g”: M’ — X be another representative of &’. A
homotopy & between g’ and g” induces a homotopy &y = h o (f X id[g,1]) between
¢’ f and g” f. By Axiom (1.2.4), the diagram

i
Ame ) — A g

- i lrh

Sy
A(M,g/’f) e A(M/,g’/)

is commutative. This implies our claim.

We define a homotopy X -cobordism as a cobordism (W, My, M) endowed with a
homotopy class of maps W — X. The maps here should carry the base points of M
and M into x and the homotopies should be constant on the base points; we denote
the set of the corresponding homotopy classes by [W, X]. For a (d + 1)-dimensio-
nal homotopy X -cobordism (W, My, M, & € [W, X]) we define a homomorphism
W, &): Amy,60) — Awmy,s,) Where G = Gy, € [M;, X] for j = 0,1. Let
g: W — X be a map representing &. Set g; = glm; € & for j = 0,1. We define
(W, &) as the composition

- t(W.g) -
AMo.&0) — AMo,g0) = A0 — Awty,61)-
where the first and third homomorphisms are the canonical identifications and the
second homomorphism is determined by the X-cobordism (W, g). We claim that
(W, &) does not depend on the choice of ¢ in &. Let g’: W — X be another
representative of & and let s be a homotopy between g and g’. We must prove the
commutativity of the diagram

T(W.g)
AMo.g0) — A, 1)
Thg l‘[hl (323)

t(W,g')
Ayl — Ay .g))



14 I Generalities on HQFTs

where g;- = g'|m; and h; is the restriction of & to M; for j = 0, 1. Consider the map

hy: M x [0,1] — X defined by h_l(a,t) = hi(a,1 —t)fora € My,t € [0,1]. Let
(W', My, M) be the X -cobordism obtained by gluing the X -cobordisms

(Mo x [0,1],ho),  (W.g'), and (M; x[0,1],h;)
along My x 1 = My C OW and M1 x 0 = M; C dW. By Axiom (1.2.6),
C(W') = 5, tW.8) Tho = 5, t(W. &) Tho.

On the other hand, it is clear that W’ is just the same cobordism W with another
characteristic map to X. Moreover, the homotopy /4 of g to g’ induces a homotopy of
that characteristic map to g (rel 0W). By Axiom (1.2.8), t(W’) = (W, g). Hence
diagram (3.2.a) is commutative.

These constructions show that studying HQFTs with aspherical targets, we do not
need to distinguish between characteristic maps and their homotopy classes. In the
sequel, for aspherical X, we make no distinction between X -manifolds (resp. X-
cobordisms, X-homeomorphisms) and homotopy X -manifolds (resp. homotopy X -
cobordisms, homotopy X -homeomorphisms).

3.3 Action of isotopic X -homeomorphisms. The following lemma shows that iso-
topic X -homeomorphisms of d-dimensional X -manifolds M — N induce the same
homomorphisms A;s — Ay for any (d + 1)-dimensional X-HQFT (A4, t). Note that
this lemma applies only to HQFT's with aspherical target and that, in accordance with
the conventions above, by X -manifolds and X -homeomorphisms we mean homotopic
X -manifolds and homotopic X-homeomorphisms. (In the sequel, we shall not stress
this anymore.)

3.3.1 Lemma. Let f, f': M — N be X-homeomorphisms of d-dimensional X -
manifolds isotopic in the class of diffeomorphisms M — N carrying M, onto N,.
Then fy = fJ: Am — Ap for any (d + 1)-dimensional X-HQFT (A, 7).

Proof. SetI =[0,1]. Let F: M x I — N x I be an isotopy between f and f’ such
that F(M, x I) = N, x I. Pick a representative g: N — X of the given homotopy
class of maps N — X. Let g: N x I — X be the composition of the projection
N x I — N with g. Then W = (N x I, g) is an X -cobordism between two copies
of (N,g)and W = (M x I, gF) is an X -cobordism between (M, gf) and (M, gf").
By Axiom (1.2.4), the following diagram is commutative:

S
Amgr) — Aw.g)

r(W,EF)J/ J{T(W’,é)V

/

AMgry ——= Aw.g)-
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By Axiom (1.2.7), the right vertical arrow is the identity homomorphism. The equalities
gFM,x1I)=g(N,xI) = g(N,) = {x} show that the left vertical arrow is precisely
the isomorphism used in the previous subsection to identify the K-modules Ay ¢ 1)
and A(py,g sy in order to obtain the module associated with the given homotopy class
of maps M — X. Therefore f4 = f/: Am — An. O

3.4 Independence of the base point. We show that the category of X-HQFTs is
essentially independent of the choice of the base point x € X. To stress the role of
x in the definitions above, we use in this subsection the terms (X, x)-manifolds and
(X, x)-cobordisms for X -manifolds and X -cobordisms, respectively. We can transport
X-HQFTs along paths in X as follows. Let 8: [0, 1] — X be apathin X connecting the
points y = B(0) and z = B(1). For any d-dimensional (X, y)-manifold (M, g: M —
X), consider amap g#: M x [0, 1] — X such that

(%) gPlamxo =gand g (m x 1) = B(¢t) forallm € M, and all ¢ € [0, 1].

The existence of g# follows from the fact that (M x0)U (M, x [0, 1]) is adeformation
retract of M x [0, 1]. Any two maps g? satisfying (*) are homotopic in the class of
maps satisfying (x). Restricting g# to M = M x 1 we obtain a (X, z)-manifold
MP = (M, gP|prx1). A similar construction transforms a (X, y)-cobordism W into
an (X, z)-cobordism W#. Now, every (d + 1)-dimensional HQFT (A4, 7) with target
(X, z) gives rise to an HQFT (PA, Pr) with target (X, y) by By = A and
(Br)(W) = t(W#). The action of X-homeomorphisms is defined similarly. Clearly,
(BPA BE'T) = (B(P'A),B(B'r)) for any paths B, B': [0, 1] — X with (1) = B/(0). If
two paths 8, § are homotopic rel {0, 1}, then (P4, fr) = (¥4, %7).

Transporting HQFTs along paths, one can show that the category of HQFTs
Q4+1(X) does not depend on the choice of the base point of X up to equivalence
of categories. For a more precise statement; see Exercise 6 in Appendix 1.

3.5 Remarks. 1. For a connected closed oriented d-dimensional manifold M with
base point m, the set [M, X] can be identified with the set of homomorphisms from
m1(M,m)to G = m1(X, x). Thus, a (d + 1)-dimensional X-HQFT (A4, t) assigns a
K-module Ay, 4 to each such homomorphism g. One can reformulate the axioms of
an X-HQFT in terms of group homomorphisms rather than maps to X. In particular,
the invariant 7 of a connected (d + 1)-dimensional X -cobordism W with empty bases
depends only on the associated conjugacy class of homomorphisms 71 (W) — G.
For cobordisms with nonempty bases, one has to involve the fundamental groupoids
determined by the base points of the boundary components.

2. It is useful to keep in mind the well known connection between maps to X =
K(G, 1) and principal G-bundles. A principal G-bundle over a space W is a regular
covering W — W with group of automorphisms G. One calls W the total space and
W the base of the bundle. Two principal G-bundles over W are isomorphic if there
is a G-equivariant homeomorphism of their total spaces inducing the identity map
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W — W. For example, the universal covering X > Xisa principal G-bundle. Any
map f: W — X induces a principal G-bundle over W by pulling back the universal
covering X — X along f. If W is a CW-complex, then this establishes a bijective
correspondence between free homotopy classes of maps W — X and isomorphism
classes of principal G-bundles over W.

3. The space X = K(G, 1) is the first building block in the Postnikov system of
any connected CW-complex Y with fundamental group G. In particular, we have a
mapping f: Y — X inducing the identity in 7r;. Any X-HQFT induces a Y -HQFT
by pulling back along f.

4. The constructions of Section 3.4 define a left action of 71 (X, x) on (d + 1)-
dimensional X-HQFTs. On the level of isomorphism classes of HQFTs this action
is trivial: for any X-HQFT (4, 1) and any B € m;(X,x), the X-HQFT (4, %7) is
isomorphic to (A4, r). An isomorphism is given by the system of K-isomorphisms
{t(M x[0,1],g#): Ayy — Ayprs = (PA)ag}ar, where M runs over all d -dimensional
X -manifolds.

1.4 Hermitian and unitary HQFT's

In this section we assume that the ground ring K is endowed with a ring involution
K— K, k—k.

4.1 Hermitian and unitary structures on HQFTs. A Hermitian structure on a
(d + 1)-dimensional X-HQFT (A4, ) assigns to each d-dimensional X -manifold M
a nondegenerate Hermitian pairing (-, - )as: Apr X Apyy — K such that

(4.1.1) the pairing (-, - )ps is natural with respect to X -homeomorphisms and multi-
plicative with respect to disjoint union; for M = @ the pairing (-, - )ps on Apyy = K
is determined by the unit (1 x 1)-matrix;

(4.1.2) for any (d + 1)-dimensional X -cobordism (W, My, My, g: W — X) and any
vectors a € Ap,. b € Apm,,

(t(W.g)(a).b)u, = (a. T (=W, g)(D))mo- (4.1.a)

An HQFT with Hermitian structure is called a Hermitian HQFT. If K = C with
complex conjugation and the Hermitian form ( -, - )y is positive definite for every M,
then the Hermitian HQFT is unitary.

Note two simple properties of a Hermitian (d + 1)-dimensional HQFT (A4, 7). First,
if W is a closed oriented (d + 1)-dimensional X -manifold, then t(—W, g) = ©(W, g)
for any map g: W — X. Secondly, the action of X -self-homeomorphisms of a d-di-
mensional X -manifold M on Ay preserves the Hermitian form (-, -)5s. For a unitary
HQFT, we obtain a unitary action.
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We define a category, HQ; 11 (X) (resp. UQ;1(X)) whose objects are (d + 1)-
dimensional Hermitian (resp. unitary) X-HQFTs. The morphisms in this category are
defined as in Section 1.4 with additional requirement that the isomorphisms {pas }as
preserve the Hermitian pairings.

4.2 Example. The construction of cohomological HQFTs can be refined to yield
Hermitian HQFTs. Consider the multiplicative group

S=1{keK*|kk=1}cK*.

For # € H4*1(X;S), the primitive cohomological (d + 1)-dimensional X-HQFT
(A%, 7%) defined in Section 2.1 can be provided with a Hermitian structure as fol-
lows. For a d-dimensional X-manifold M and a fundamental cycle a € C;(M),
set ((a), (a))y = 1 € K, where (a) € Aps is the generating vector represented
by a. This extends by skew-linearity to a Hermitian form on Ay = K (a) indepen-
dent of the choice of a. This form satisfies (4.1.1) and (4.1.2). The key point is that
®(—=B) = (0(B))~! = O(B) for any singular (d + 1)-dimensional chain B in X
and any singular cochain ©® € C?+1(X; S). The isomorphism class of the Hermitian
HQFT (4%, ¢%) depends only on §. If K = C,then S = S' ={z € C | |z| = 1} and
the Hermitian HQFT (A4?, t?) is unitary.

4.3 Remarks. 1. Direct sums, tensor products, and transfers of Hermitian (resp. uni-
tary) HQFTs are Hermitian (resp. unitary) HQFTs. Combining with Example 4.2, we
obtain a wide class of Hermitian and unitary HQFTs.

2. The isomorphism classes of 1-dimensional unitary X-HQFTs correspond bijec-
tively to the conjugacy classes of homomorphisms from 71 (X)) to the complex unitary
groups.

3. For a d-dimensional X-manifold M = (M, g) and an X-homeomorphism
f: M — M, the mapping torus Wy of f is a (d + 1)-dimensional closed orientable
manifold. The map g induces a map g: Wy — X in the obvious way. Lemma 1.3.3
implies that |t (W, &)| < dimg¢ Ay for any unitary (d + 1)-dimensional HQFT (4, 1)
with target X .

I.5 Proof of Lemmas 1.3.1-1.3.3

We begin with an algebraic lemma.

5.1 Lemma. Let P, Q be K-modules. Letn: PQ Q — Kandn™: K — Q ® P be
K-homomorphisms such that

(ido ® N)(n~ ®idg) =1idp (5.1.a)
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and
(n®idp)(idp ® n7) = idp. (5.1.b)

Then the pairing 1 is nondegenerate and for any homomorphism f: P — P and any
finite expansion n”(1g) = Y, qi ® pi withq; € Q, p; € P,

Te(f) = 2 n(f(pi).qi) € K. (5.1.0)

Proof. Denote the homomorphisms Q@ — P*, P — Q¥ adjoint to n and the ho-
momorphisms P* — Q, O* — P adjoint to n~ by hy, hy, h3, hy respectively.
Formula (5.1.a) implies that h3h; = idg. Indeed, if n~(1x) = ) ; ¢i ® p; with
qi € Q, pi € P,then (5.1.a) indicates that for any g € Q,

2 1(pi-9)qi =q. (5.1.d)

The homomorphism /; carries ¢ into the linear functional p — 7(p, ¢) on P and the
homomorphism /3 carries /#1(q) to

2 (@) (pigi = 2 n(pi-q)qi = q.

A similar argument deduces from (5.1.a) that h,h4 = idp~+. Formula (5.1.b) similarly
implies that h1h3 = idp+ and hqh, = idp. Hence hy, hy are isomorphisms and the
pairing 7 is nondegenerate.

To prove (5.1.c), recall the definition of the trace Tr following [Tu2], Appendix L.
Let R be a K-module such that P @ R is a free K-module of finite rank. Consider
the endomorphism f @ 0 of P & R, where 0 is the zero endomorphism of R. Set
Tr(f) = Tr(f & 0), where the right-hand side is the usual trace of the matrix of /' &0
with respect to a basis of P & R. The trace Tr(f) does not depend on the choice of
R. Tt is straightforward to check that the evaluation form ng: R ® R* — K and the
co-evaluation (ng)*: K — R* ® R satisfy (5.1.a) and (5.1.b). Replacing n and n~
with n @ ng and n~ @ (nr)™, respectively, we can reduce (5.1.¢) to the case where P
is a free K-module of finite rank. Thensois Q =~ P*.

It is obvious that the right-hand side of (5.1.c) does not depend on the choice of
the expansion ™ (1gx) = Y, ¢i ® p;. We choose one such expansion as follows. Let
q1--..qn be abasis of Q. We can uniquely expand 1~ (1x) = > /_, ¢; ® p; with
Pi.-..,Pn € P. Applying (5.1.d) to ¢ = ¢, we obtain that n(p;,q;) = §/, where §
is the Kronecker delta. Since 7 is nondegenerate, the vectors pj, ..., p, form a basis
of P. Let{f; ;} be the matrix of f withrespect to this basis so that f(p;) = Zj fiipj
fori = 1,...,n. Then

So(f(p).a) =X fojn(pja) =% foj 6 =¥ fii =Te(f). O
i i,j L] !
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5.2 Proof of Lemma 1.3.1. Let (M,g: M — X) be a d-dimensional X -manifold.
Set P = Ap and Q = A_jps. Denote by C the cylinder (M x [0, 1], g) as in Axiom
(1.2.7). Clearly, dC = (—M)U M. Consider the (d + 1)-dimensional X -cobordisms
(C,9,dC) and (C,—dC, @) schematically shown in Figure 1.4. The corresponding
operators T are homomorphisms P ® Q — K and K — Q ® P. Denote them by 1,s
and 7, respectively.

—aC

Figure 1.4. The X -cobordisms (C, @, dC) and (C,—0dC, @).

We claim that the pairings {1y } s satisfy the conditions of the lemma. Indeed, it fol-
lows from the axioms of an HQFT that 7,4 is natural with respect to X -homeomorphisms
and multiplicative with respect to disjoint union. Let us verify that n_p; = nps o 0.
Consider the map f: M x [0,1] - M x [0, 1] defined by f(m,t) = (m,1 —1t) for
allm e M,t €0, 1]. Itis clear that f is an X -homeomorphism of the X -cobordism

(M x[0,1],(M x0)U (=M x1),0,%)
onto the X -cobordism
(M) x[0,1],(—M x0) U (M x 1),0, 2).
The homomorphism induced by the restriction of f to the bottom base

Je: P ® QO = Amxoyu-mx1) = Amxoyumxi) = QO ® P

isjustthe flipo: P ® Q — Q ® P (this is a part of the “naturality” requirement in
Axiom (1.2.2)). Therestriction of f to the top base isidg and the induced automorphism
of Ag = K is the identity, as easily follows from Axiom (1.2.1). Now, Axiom (1.2.4)
implies that 7—ps o 0 = npr. Therefore n—p = nay o 0. Similarly, nZ,, = o o ny,.

It remains to prove the nondegeneracy of ny. We shall prove that nys and 7,
satisfy the conditions of Lemma 5.1. Let us take four copies C;, C5,C3,Cq of C =
(M x[0,1], g). Clearly, dC; = (=M;) LI M where M;, M/ are copies of the X -
manifold M fori = 1, 2,3, 4. Consider the X -cobordisms

Wo = (C3 I C4,M3,M§ u 8C4) and W1 = (C] u Cz,—BCI I Mz,le)

shown in Figure L.5. Clearly, 7(Wp) = idp ® 1), and t(W}) = ny ® idp.
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Figure 1.5. The X -cobordisms Wy, W1, and W.

Let (W, M3, M) be the X-cobordism obtained by gluing W; on the top of W,
along the identification homeomorphism

M;U0C, =M U (M) M =-39C; U M,

of the top base of W} onto the bottom base of Wi; see Figure [.5. By Axiom (1.2.6),
(W) = ©(Wy) t(Wy). On the other hand, its is clear that W is X -homeomorphic to
the cylinder X -cobordism C via an X-homeomorphism extending the identification
maps of the bases M3 = M, Mé = M. Therefore

(nu @ idp)(idp ® myy) = t(W1) 1(Wo) = (W) = 7(C) =idp.

Replacing here M, P with —M, Q respectively, and using the formulas n_ps = np 0o
and n_,, = on,,, we obtain a formula equivalent to (idg ® nr)(;, ® idg) = idg.
Now, by Lemma 5.1 the pairing 1,7 is nondegenerate. O

5.3 Proof of Lemma 1.3.2. Consider the X -cobordisms

Wo =W, My, M U M) (—M x[0,1],-M x0,—M x 1)
and

Wy = (M; x[0,1], M; x0, My x 1) I (M x[0,1],(M x0) LI (—M x 1),9)
shown in Figure 1.6. Both cobordisms are endowed with maps to X induced by the

characteristic map g: W — X and its restrictions to M and M. Gluing W) on the
top of Wy along the identification homeomorphism

M{UIMIU(—Mx1)=(M; x0) L1 (M x0) LI (—M x 1)

of the top base of Wy on the bottom base of W; we obtain the X-cobordism W' =
(Wv MO H _M9 Mla g)
For any vector u € Apy,, we can expand

tW)u) = 3 u; ®uj,
j
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Moy —M
Figure 1.6. The X -cobordisms W, Wy, Wi, and W’.

where j runs over a finite set of indices and u; € Ap,,u; € Apy. Then for any vector
LSS A_M, .

W) =t(W) t(Wo)(u®v) = r(Wl)(Zu} Quj®v) = 2oy (uj,v).
j J

The resulting identity (W')(u ® v) = }_; uj num (u;, v) is equivalent to the claim of
the lemma. O

5.4 Proof of Lemma 1.3.3. The X -cobordism (V, My, M) can be obtained by gluing
three X -cobordisms

Vo = (Mo x [0, 1], Mg x 0, Mg x 1) L (=M}, x [0, 1], @, (M, x 0) LI (—M}, x 1)),
Vi = (W, Mo LI M}, My LI M) 11 (=M}, x [0, 1], =M, x 0, =M}, x 1),
Vy = (My x [0, 1], My x 0, My x 1) LI (M}, x [0, 1], (M{, x 0) LI (-M{, x 1), 9);

see Figure I.7. All these cobordisms are endowed with maps to X induced by the
characteristic map W — X and its restrictions to My, My, and M. The gluing of V;
on the top of Vp is done along the obvious identification homeomorphism

(Mo x 1) 1T (M} x 0) L (=M x 1) = Mo LI M{, L1 =M} x 0

of the top base of Vj on the bottom base of V;. The gluing of V, on the top of V; is
done similarly along the X-homeomorphism

idpg, LI f LTid_pg 0 My LU M LT —Mg — My LT Mg 11 —Mj

of the top base of V; on the bottom base of V5.
Pick a finite expansion n_, , (1x) = > ; Pi®qi, where p; € AM(/) andg; € A—M(’)-
0
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Figure 1.7. The X -cobordisms Vo, Vi, V2, and V.

For any p € Ay, and g € (Ap,)",

q(z(V)(p)) = q(z(V2) 1 (V1) t(Vo)(p))
=29 ()t (V) (p ® pi ® qi))

= qu(f(Vz)(r(W)(p ® pi) ® 4i))

= IZCI(idAMl ® Nagg) iy, ® fo ®ida_,, )@ (W)(p ® pi) ® 4i)
= IZ (g ® fy ®ida_, ) W)(p @ pi) ® 4i)

= ZZ g (g ® f)T(W)(p ® pi). qi)

= Tr(Apy — Apge x> (@ ® f)TW)(p ® 1)
= 4(Tes, (e (W))(p)).

The last two equalities follow respectively from (5.1.c) and the definition of the partial
trace Try, (z(W)). Therefore (V') = Trg, (t(W)). O



Chapter I1
Group-algebras

II.1 G -algebras

1.1 Basic definitions. Let G be a group. A G-graded algebra or, briefly, a G-algebra
over the ring K is an associative algebra L over K endowed with a decomposition

L=& L,
aeG

such that Ly Lg C Lyg for any , B € G and L has a (right and left) unit 1, € L,
where 1 is the neutral element of G. We do not exclude the possibility that 17 = 0
which happens if and only if L, = 0 for all « € G. Then L is said to be trivial.

A homomorphism of G-algebras L — L’ is an algebra homomorphism carrying
Iy tolzand Ly to L), foralla € G.

The direct sum L & L’ of G-algebras L, L' is a G-algebra defined by (L ® L"), =
Ly® L), foralla € G with coordinate-wise multiplication and unit 17 +1;. The tensor
product L @ L’ of G-algebras L, L' is a G-algebra defined by (L ® L")y = Lo ® L),
with multiplication induced by multiplication in L, L’ in the obvious way and unit
17 ® 17. The dual L of a G-algebra L is defined as the same module L with the same
unit and opposite multiplication @ o b = ba. The decomposition L = Doca Ly is
givenby Ly = Ly—1.

A fundamental example of a G-algebra is the group algebra L = K[G] with
Ly = Ko for all @ € G. In the next subsection, we generalize this G-algebra in two
different directions. For more examples see Section VIIL.5.

1.2 Examples. 1. Letq: G’ — G be a group homomorphism. For @ € G, let L, be
the K -submodule of the group algebra K [G'] generated over K by the setg ™! (o) C G'.
Clearly, K[G'] = @, Lq is a G-algebra. For G’ = G and ¢ = id, we recover K[G].
2. Let {6y, € K*}qpec be a normalized 2-cocycle of G with values in the
multiplicative group K* of invertible elements of K. Thus, 6;,; = 1 and

eot,ﬁ eozﬂ,y = ea,ﬂy eﬂ,y (1.2.21)

for any a, B,y € G. We define a G-algebra L = L? as follows. For & € G, let L, be
the free K-module of rank one generated by a vector ly, i.e., Ly = Kl,. Multiplication
is defined by llg = 0y glyp and then extended to L by linearity. The associativity of
multiplication follows from (1.2.a). Substituting § = y = 1 in (1.2.a), we obtain that
By,1 = 1 forall @ € G. Substitutingw = B = 11in (1.2.a), we obtain that 6;, =1
forall y € G. Therefore 1, = [; € Ly isaunitof L.



24 I Group-algebras

It is easy to see that the isomorphism class of the G-algebra L¢ depends only on
the cohomology class 6 € H?(G; K*) represented by the cocycle {6, g}4.gec- For
6 =0¢e H?*(G; K*), we recover K[G].

I1.2 Inner products and Frobenius G -algebras

2.1 Inner products on G-algebras. An inner product on a G-algebra L is a sym-
metric K-bilinear form n: L ® L — K such that

(2.1.1) n(Le ® Lg) =0ifaf # 1;
(2.1.2) the restriction of nto Ly ® L,—1 is nondegenerate for all ¢ € G;
(2.1.3) n(ab,c) = n(a,bc) forany a,b,c € L.

An inner product n on L is entirely determined by the linear functional f;, € LT =
Homg (L1, K) carrying £ € Ly to n(€,1.). Indeed, fora € Ly,b € Lg, we have
n(a,b) = n(a,bly) = fy(ab)ifaf = 1and n(a,b) = 0 otherwise. This rule allows
us to derive a bilinear form on L satisfying Axioms (2.1.1) and (2.1.2) from any vector
in L}. This bilinear form is an inner product if and only if it is symmetric and its
restriction to Ly ® L,—1 is nondegenerate for all « € G.

2.2 Frobenius G -algebras. A Frobenius G-algebra is a pair (L,n) where L =
@D, cc L« is a G-algebrasuch that each L, is a projective K-module of finite type and
n is an inner product on L. For example, K[G] is a Frobenius G-algebra with inner
product 1 defined by n(a, 8) = 1if ¢f = 1 and (e, B) = 0if e # 1 fora, B € G.

The direct sum and the tensor product of Frobenius G-algebras L, L’ are Frobenius:
the inner products on L, L’ extend to L & L' (resp. to L ® L’) by linearity (resp. by
multiplicativity). The inner product on L induces an inner product on the dual G-
algebra L via the equality of the underlying modules L = L. This turns L into a
Frobenius G-algebra.

For G = {1}, a Frobenius G-algebra is just a pair (an associative unital algebra L
whose underlying K-module is projective of finite type, a non-degenerate symmetric
bilinear form n: L ® L — K such that n(ab, c) = n(a, bc) forall a,b,c € L). For
G = {1}, Frobenius G-algebras are briefly called Frobenius algebras.

2.3 Examples. 1. Consider the G-algebra L = K[G’] from Example 1.2.1 and
suppose additionally that the kernel of the homomorphism ¢: G’ — G is finite. For
a,b € G, set n(a,b) = 0ifab # 1 and n(a,b) = 1if ab = 1. This extends by
bilinearity to an inner product 1 on L. It is clear that (L, 1) is a Frobenius G-algebra.

2. Consider the G-algebra L = @ s Lo from Example 1.2.2. We define an
inner product n on L by n(ly, l—1) = 6, 41 forall @ and n(ly,lg) = 0 for B # a~l.
Let us verify the axioms of an inner product. Substituting 8 = o~ ! and y = « in
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(1.2.a) and using that 61 4 = 64,1 = 1, we obtain that 6, ,—1 = 6,1 , foralla € G.
Hence 7 is symmetric. Axioms (2.1.1) and (2.1.2) are obvious. A direct computation
shows that n(ly,lg) = n(lelg, 1) for all o, B. Therefore n(a,b) = n(ab, 1) for all
a,b € L. This implies Axiom (2.1.3).

I1.3 Crossed Frobenius G -algebras

3.1 Crossed G-algebras. When one attempts to introduce a commutativity constraint
on a G-algebra L, the following difficulty arises. For a € Ly, b € Lg, we have
ab € Lyg and ba € Lg,. Therefore a and b do not commute unless o = Ba or
ab = ba = 0. These conditions are too restrictive. We introduce a milder constraint
ba = a'b where a’ € Lg,p—1 is the image of a under a certain algebra automorphism
of L determined by 8. This leads us to a “crossed” structure on L. The exact definition
of a crossed G-algebra below is motivated by the study of HQFTs in the next chapter.

In the sequel we use the following notation: for an element ¢ of a K-algebra L, the
K-linear homomorphism L — L carrying a € L to ca is denoted p.. The group of
K-linear automorphisms of L is denoted Aut(L).

A G-algebra L = @, La is crossed if each L is a projective K-module of
finite type and L is endowed with a group homomorphism ¢ : G — Aut(L) so that

(3.1.1) for each B € G, the homomorphism ¢g = ¢(B8): L — L is an algebra
automorphism of L carrying Ly to Lgqg—1 foralla € G;

(3.1.2) foranya € L and b € Lg, we have gg(a)b = ba;
(3.1.3) ¢glL, =id, forall B € G;

(3.1.4) foranya,B € Gandc € Lygy—1p-1,

Tr(pe 9p: Lo = Lo) = Tr(@g—1jtc: Lg — Lp). (3.1.a)

Note a few corollaries of the definition. Axioms (3.1.2) and (3.1.3) imply that
ab = ba provided a and b belong to the same homogeneous component L, of L. In
particular, L1 C L is a commutative associative unital K-algebra. The group G acts
on L; by the algebra automorphisms {¢g}gec. Axiom (3.1.2) with = 1 implies
that elements of L; commute with all elements of L. Axiom (3.1.4) with § = 1 and
¢ = 11 € L implies that for any o € G,

Dim Ly = Tr(id: Ly — Lo) = Tr(py—1: L1 — Ly).

In particular, if K is a field of characteristic zero, then the dimensions of all {L,} are
determined by the character of the representation ¢z, : G — Aut(L;).
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3.2 Crossed Frobenius G -algebras. We now give the main definition of this chapter.
A crossed Frobenius G-algebra is a crossed G-algebra with inner product 7 invariant
under the action of G. Note that 7 is G-invariant if and only if the linear functional f;,
defined in Section 2.1 is G-invariant.

The group algebra K [G] with action of G by conjugations and the inner product de-
fined in Section 2.2 is a crossed Frobenius G-algebra. This example will be generalized
in two different directions in the next subsection.

The direct sum and the tensor product of crossed Frobenius G-algebras L, L’ are
crossed Frobenius G-algebras: the actions of G on L and L’ extend to L & L’ (resp.
to L ® L') by linearity (resp. by multiplicativity). The action of G on L induces an
action of G on the dual G-algebra L via the equality of the underlying modules L = L;
this turns L into a crossed Frobenius G-algebra. Another useful operation on a crossed
Frobenius G-algebra (L, n, ¢) consists in rescaling the inner product: for k € K*, the
triple (L, kn, ¢) is also a crossed Frobenius G-algebra.

We define a category @(G) = @(G; K) whose objects are crossed Frobenius
G-algebras over K. A morphism in this category is an isomorphism of G-algebras
preserving the inner product and commuting with the action of G.

For G = {1}, crossed Frobenius G -algebras are nothing but commutative Frobenius
algebras over K.

3.3 Examples. 1. Consider the Frobenius G-algebra L. = K[G’] derived from a
group homomorphism ¢ : G’ — G with finite kernel I' = Ker ¢ (see Examples 1.2.1
and 2.3.1). Suppose that ¢(G’) = G and that I lies in the center of G’ (in particular,
[ is abelian). For € G, define gg: L — L by ¢g(a) = bab™!, where b is
an arbitrary element of ¢~!(B) and a runs over G’. We claim that L is a crossed
Frobenius G-algebra. Axioms (3.1.1)—(3.1.3) and the invariance of the inner product
under the action of G are straightforward. We check Axiom (3.1.4). Let o, € G.
Note that fora € ¢~ (), b € g~ (B), the commutator aba~'h~! depends only on «
and 8. Denote this commutator wg, g. To check (3.1.a), it suffices to consider the case
ceqg YaBa™lB™Y) C Lyga—1p—1- Pick any bg € g '(B). Then

Tr(pe ¢p: Lo — Ly) = card{a € ¢ @) | choaby ' = a}
_Jeardg™H () ifc = wg,g,
o otherwise.

Note that card ¢~ (o) = |T'|, where |I'| is the order of I". Similarly,

IT| if c = wgqg,

Tr — cLg— L =
(po-11tc: Lp p) {0 otherwise.

This proves (3.1.a).
2. Consider the G-algebra L = @, Ko derived from a normalized 2-cocycle
{048 € K*}o pec; see Example 1.2.2. We provide L with inner product 7 as in
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Section 2.3.2. Note that for «, § € G, multiplication in L induces an isomorphism
Ly ® Lg — Lgyg of free K-modules of rank one. This implies that there is a unique
¢g(la) € Lpgp—1 such that pg(ly)lg = lgly. The assignment [, +— ¢p(lo) extends
by linearity to a K-linear automorphism ¢g of L. We claim that (L, 7, ¢) is a crossed
Frobenius G-algebra. It will be denoted LY.

We first verify the multiplicativity of ¢. Pick 8, 8’,« € G. Then

vppla)lpp =1lppla = 05 4lplpl
= 05 51p0pa)lg = 05 308 0pa)lp'lp = 9prpp(la)lpp.

Therefore g g(la) = @ ¢p(ly). Hence, pgp = @pop.
Let us check Axiom (3.1.1). For o, o', B € G,

¢p (lala’)lﬂ = ea,a’(pﬂ (lotot’)lﬂ = Ga,a’lﬂlaa’ = lﬂlala’
= gpa)lpler = ¢pla)pp(lar)lp.

Therefore ¢g(lola’) = ¢pla)pp(ler). Substituting « = o’ = 1, we obtain that
@g(11) = 1. Hence g : L — L ia an algebra homomorphism.

Axioms (3.1.2) and (3.1.3) follow directly from the definition of ¢g. Let us check
Axiom (3.1.4). The homomorphism p. ¢g: Ly — Lg carries [y into kly for some
k € K. The homomorphism ¢,—1 . : Lg — Lg carries [g into k'lg for some k' € K.
Then

klylg = pe pp(la)lp = clgly = lawy—1(clg) = k'lylg.
Therefore k = k' and

Tr(e 9p: Lo = Loy) =k = k" = Tr(py—11ac: Lg — Lp).
It remains to verify the invariance of 1 under the action of G. Fora, b € L,
n(pp(a), pp (b)) = n(pp(@)pp (), 11) = n(gppg(ab), ).
Note that P, | Le is orthogonal to L; and ¢g|r, = id. Therefore
n(pp(ab), 1) = n(ab,1L) = n(a.b).

The following explicit expression for @g(ly) follows from the definition of multi-
plication in L and the equality ¢g(lo)lg = Igly:

vB (lo) = Qﬂ,a eg(iﬂ—l’ﬂ lﬂaﬂ—l .
We can compute 0g,-1 g from the equalities

Qﬂa,ﬂ_l eﬁaﬁ_l,ﬂ e eﬁ—l,ﬂ eﬂa,l — eﬂ_l,ﬂ'
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This gives
(] (loz) = Qﬂ__ll,ﬂ eﬁ,a eﬂa’ﬂ—l lﬂaﬂ_l . (333)

It is easy to see that the isomorphism class of the crossed Frobenius G-algebra L?
depends only on the cohomology class € H?(G; K*) represented by the cocycle
{0u.plap. It is obvious that L0+ = L9 @ L9 for any 0,0’ € H*(G; K*). For
6 = 0, we have LY = K[G].

3.4 Pull-backs. We define one more transformation of group-algebras, the pull-back
along a group homomorphism ¢: G’ — G. The pull-back of a G-algebra L along ¢
is the G'-algebra L’ = ¢*(L) defined by L], = L4 for alla € G’. Multiplication
in L’ is induced by multiplication in L in the obvious way. An inner product  on L
induces an inner product 7" on L’ as follows: forany a,b € G’ and x € L}, = Ly(a),
y € Ly = Lyw), set n'(x,y) = n(x,y) if ab = 1 and n'(x,y) = 0 otherwise.
Similarly, a crossed structure ¢ on L induces a crossed structure ¢’ on L’ by

9p = 0a) Ly = La@) —~ Lowab—1) = Lygp

for a,b € G’. Combining these constructions, we obtain a pull-back L + ¢*(L)
transforming a crossed Frobenius G-algebra into a crossed Frobenius G’-algebra. In
the case where G’ is a subgroup of G and ¢g: G’ — G is the inclusion, we call ¢* (L)
the restriction of L to G'.

II.4 Transfer

Fix a subgroup H of G of finite index. We show that any (crossed Frobenius) H -algebra
gives rise to a (crossed Frobenius) G-algebra, called its transfer.

4.1 Transfer of H-algebras. Let L = @ae g Lo be an H-algebra over K. Its
transfer to G is a G-algebra L = D,ecc Ly over K defined as follows. Let H\G be
the set of right cosets of H in G. For eachi € H\G, fix a representative w; € G of i
so that i = Hw;. (It is convenient but not necessary to take w; = 1 fori = H.) For
o € G, set

N(@)=1{i € H\G |wjaw; ' € H}

and
Ly = @ieN(a) Lwiawi_]'

In particular, if « is not conjugate to elements of H, then Ly =0.
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We provide L= D, L with coordinate-wise multiplication. Thus, for«, 8 € G,
the multiplication Za X Zf; — Za[; restricted to Lwiawﬂ X Lw Borl is0,ifi # j,
and is induced by multiplication in L l

Lwiawi_l x Lwiﬂa)i_l - Lw,'a,Bwi_l
ifi = j € N(@) N N(B). Clearly, L is an associative algebra.

By definition, the algebra L; is a direct sum of [G : H] copies of L; labeled by
elements of N (1) = H \G. The corresponding sum of copies of 1;, € L; is the unit
Iy € Lyof L. Thus Lisa G- algebra. It is called the transfer of L.

An inner product n on L induces a symmetric bilinear form 7: L®L — K whose
restriction to Lo ® Zﬂ is 0 if ¢ # 1 and is given by

f]|za®za—l = @ 77|L -aw;1®Lw a— 1

ieN(@=N@-1)

lw

if B = a~!. Clearly, 7 is an inner product on L. Thus, the transfer of a Frobenius
H -algebra is a Frobenius G-algebra.

4.2 Transfer for crossed H -algebras. Let (L, ¢) be a crossed H -algebra. We pro-
vide the G -algebra L with a crossed structure ¢ as follows. The group G acts on H\G
by B(i) =iB~!, where B € G andi € H\G. Then

Hoggy = () =i~ = Hoi .

Set Bi = wp)Pw;!. The previous equalities show that B; € H.

The fixed point set of the bijection H\G — H\G, i +> B(i) is N(8). Therefore,
for an arbitrary @ € G, this bijection carries N(a) bijectively onto N(BaB™!). For
each i € N(), consider the K -linear isomorphism

@B; - Lwiaw,-_l - Lﬂiwi“wi_lﬂi_l - Lwﬂ(f)ﬂaﬂ—‘w&‘n' (4.2.2)

We define ¢g : Lo > L Bap—1 to be the direct sum of these isomorphisms over all
i € N(a). This extends by additivity to a K-linear automorphism @g of L.

4.2.1 Lemma. The pair (Z, @) is a crossed G-algebra.

Proof. A direct computation shows that (,Bﬁ’), = Bp@)B; for any B, B’ € G and
i € H\G. This implies that ¢ Pppr = @p @p’. It follows from the definitions that g
is an algebra automorphism of L and @1 = id. Hence ¢ is an action of G on L by
algebra automorphisms.

We must verify Axioms (3.1.1)—(3.1.4) for . Axiom (3.1.1) is clear. Fori € N(f),
we have B(i) = i and B; = w;Bw;!. By Axiom (3.1.3) for L, the homomorphism
(4.2.a) with « = B is the identity. This implies Axiom (3.1.3) for @.
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Let us verify Axiom (3.1.2). Leta € L -1 C Za and b € ijﬂw.—l - Zﬁ,
J

w;aw;

where i € N(«) and j € N(B). By definition,
Ppla) = pp;(a) € Lwﬂ(i)ﬂaﬁfl“’@li)'

If i # j, then
B@) # B(j)=j and ba =0=gg(a)b.
Ifi = j,then B(i) = B(j) = j, Bi = w;ipw; ", and by Axiom (3.1.2) for L,

¢p(@)b = ¢ ()b = ¢, -1 (Db = ¢, p,-1 ()b = ba.
To verify Axiom (3.1.4), we must prove that forany «, 8 € G and ¢ € Zaﬁa—lﬂ—l ,
Tr(pe @p: Ly, — Za) = Tr(@y—1 e : Zﬂ — Zﬂ). (4.2.b)
Since both sides are additive functions of c, it suffices to treat the case where
¢ € Lyapaipiot © Lapa-ipt

wherei € N(afa~1B~1). A direct application of the definitions shows that both sides
of (4.2.b) are equal to zero unless i € N(x) N N(B). If i € N(x) N N(B), then
the left-hand side of (4.2.b) is equal to the trace of the endomorphism pi. Pos; o1 of

L s and the right-hand side of (4.2.b) is equal to the trace of the endomorphism

w,
Porja—1—1 He of L 0B The equality of these traces follows from Axiom (3.1.4)
for L. 0

4.3 Transfer of crossed Frobenius H -algebras. If (L, n, ¢) is a crossed Frobenius
H -algebra, then the constructions above give a crossed G-algebra (Z, @) with inner
product 7. The homomorphism (4.2.a) preserves n and therefore ¢ preserves 7. Hence
(L, 7, ) is a crossed Frobenius G-algebra.

As an exercise, the reader may verify that the isomorphism class of (Z, N, @) does
not depend on the choice of the representatives {w; };.

4.4 Example. As we know, any cohomology class # € H?(H;K*) determines a
crossed Frobenius H-algebra L? = (L, 7, ¢). Its transfer (L, 7, §) to G is a crossed
Frobenius G-algebra denoted LE#:%. By definition, L; is a direct sum of [G: H]
copiesof L; = K labeled by elements of H\G. The (left) action ¢ of G on L; permutes
these copies of K via the canonical left action of G on H\G used in Section 4.2. For
the unit element i of a summand L; = K of L, we have /i(i,i) = n(l1,1;) = 1. Given
k € K*, the triple (L, k7, $) is a crossed Frobenius G-algebra denoted LGH-0-k
particular, L¢-#-0-1 = [ G.-H.9
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I1.5 Semisimple crossed G -algebras

5.1 Non-singular and semisimple G -algebras. A G-algebra L = @ .5 Lo Over
K is nonsingular if for any « € G and any nonzero a € Lg, there is b € L,—1 such
that ab # 0. Any Frobenius G-algebra (L, n) is nonsingular. Indeed, for a nonzero
a € Ly, thereis b € L,—1 such that n(a, b) # 0. Since n(a, b) = n(ab, 11), we have
ab # 0.

We say that a crossed G-algebra L = @ g La is semisimple if L; is a direct
sum of several (mutually annihilating) copies of K. For instance, the G-algebra LY
associated with § € H2(G; K*) is semisimple since LY = K. The direct sums, tensor
products, pull-backs, duals, and transfers of semisimple crossed group-algebras are
semisimple.

The aim of this section is to classify nonsingular semisimple crossed G-algebras
over a field of characteristic zero. In the next section we shall classify semisimple
Frobenius crossed G-algebras over a field of characteristic zero. Both classifications
proceed in terms of finite G-sets and their 2-dimensional equivariant cohomology with
coefficients in K*. Here and below by a G-set, we mean a set with left action of G.
We recall now the definition of equivariant cohomology of a G-set.

5.2 Equivariant cohomology. The G-equivariant cohomology of a G-set I with
coefficients in K* is defined by

HG(I:K™) = H*(E xg I: K7),

where E is the universal cover of K(G, 1) with action of G by deck transformations and
E x¢ I is the quotient of E x I by the diagonal action of G (see [Bro], Section VIL.7).
Note that if / is a disjoint union of two G-sets I; and I5, then

Hg(I:K*) = H;(I: K*) @ Hg (12 K™).

The equivariant cohomology of a G-set I can be computed in terms of stabilizers
of elements of /. Denote the stabilizer {&¢ € G | @i = i} of i € I by G;. The
conjugation by y € G induces a group isomorphism G; — G; = yGiy~!. Denote
the induced isomorphism H*(G;; K*) — H*(Gy;; K*) by y«. If the G-set I is
transitive in the sense that the action of G on [ is transitive, then E X I is connected
and the projection £ xg I — E/G = K(G,1) is a covering corresponding to G;.
Thus, E xg I = K(G;,1)and H;(I: K*) = H*(G;; K*) foranyi € I. Fory € G,
the composition of the isomorphisms

H*(Gi: K*) = Hg(I: K¥) = H*(Gyi: K¥)

is y«. Since any G-set [ is a disjoint union of transitive G-sets, we can describe an
element of Hj(/; K*) as a function assigning to every i € I a cohomology class
Vi € H*(G;; K*) such that V,,; = y«(V;) foralli e  and y € G.
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5.3 Basic idempotents. A fundamental isomorphism invariant of a semisimple
crossed G-algebra (L = @, cq Lo, ¢) is a G-set defined as follows. Consider a
decomposition of L as a direct sum of a finite number of copies of K, say { K} },,. Let
iy € K, be the unit element of K,,. We have 17 = ), i, and iyi, = 8yi, for any
u, v, where § is the Kronecker symbol. Each r € L can be uniquely expanded in the
form r = ), ryi, with r, € K. Itis clear that r is an idempotent (i.e., r2 =r)if
and only if r, € {0, 1} for all u. We call the set {u | r, = 1} the support of r. Now,
the product of two idempotents is zero if and only if their supports are disjoint. This
implies that the set {7, },, is the unique basis of L; consisting of mutually annihilating
idempotents. We denote the set {i,, },, C L; by Bas(L) or, shorter, by /. The elements
i of I are called the basic idempotents of L. Clearly, algebra automorphisms of L,
preserve I set-wise. In particular, the action ¢ of G on L preserves I set-wise and
turns / into a G-set.

Note that all elements of L; and, in particular, all basic idempotents lie in the center
of L. The equalities ii’ = §,i fori,i’ € [ and 1 =Y ,;, i imply that L is a direct
sum of mutually annihilating subalgebras {i L};es:

L= & iL, whereiL=Li= @ iL,. (5.3.a)
i€Bas(L) aeG

The subalgebras {i L};cy of L are permuted by the action of G on L.

5.4 The cohomology class V. The second fundamental invariant of a semisimple
crossed G-algebra (L, ¢) over K is an equivariant 2-dimensional cohomology class V
of the G-set Bas(L). Itis defined under the assumption that K is a field of characteristic
zero and L is nonsingular.

Fixi € I = Bas(L). We first compute the dimension of i Ly, C Ly forall @ € G.
Applying (3.1.a)to 8 = 1 and ¢ = i € L and using the assumptions that i is an
idempotent and char K = 0, we obtain that

dim(iLy) = Tr(@a—ia: Ly — Ly) = Tr(a +— @y-1(ia): L1 — L).

The endomorphism a + ¢,—1(ia) of L can be computed on the basis / of L. It
carries i to ¢,—1(i) € I and carries all elements of / — {i} to 0. Hence,

L 1 ifg,(i) =1,
d Ly) = 5.4.
im(iLa) {0 otherwise. (54.2)

In other words, iLy =~ K fora € G; = {& € G | ¢u(i) = i} and iL, = O for
a € G — G;. Pick a non-zero vector s, € iLy for every @« € G; — {1} and set
s1 =1 €iLy. Forany a, € G;, we have 5458 = Vg sqp With V, g € K. We
claim that V, g € K* = K — {0}. Indeed, since L is nonsingular, sg Lg—1 # 0. The
equality sgi’L = O forall i" € I — {i} implies that sg iLg—1 7# 0and sosgsg—1 # 0.
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Then sgsg—1 = ks1 = ki withk € K* and

(5a5p)sg—1 = Sa(sgsg—1) = ksq # 0. (5.4.b)

Therefore sq58 7# 0 and V, g # 0.

The associativity of multiplication in L and the choice s; = i imply that {V, g} g
is a normalized K *-valued 2-cocycle of G;. Let V; € H?(G;; K*) be the cohomology
class of this cocycle. Under a different choice of {sq}, We obtain a cohomological
2-cocycle and the same V;. It is easy to check that the mapping i — V; satisfies the
conditions formulated at the end of Section 5.2 and defines an element V = V(L) of
H (2; (I; K*).

Itis clear that if L is a direct sum of two nonsingular semisimple crossed G-algebras
L', L2, then

Bas(L) = Bas(L') I Bas(L?) and V(L) = V(L") + V(L?). (5.4.c)
5.5 Theorem. Let K be a field of characteristic zero. The formula
L — (Bas(L), V(L))

establishes a bijective correspondence between the isomorphism classes of nonsingular
semisimple crossed G-algebras L over K and the isomorphism classes of pairs (a finite
G-set I, an element of HZ(I; K*)).

Here two pairs (a finite G-set, its equivariant cohomology class) are said to be
isomorphic if there is a G-equivariant bijection between the underlying G-sets such
that the induced isomorphism in cohomology carries one cohomology class into the
other cohomology class.

Formulas (5.3.a) and (5.4.a) allow us to compute the dimension of L, directly from
the action of G on I = Bas(L): forall@ € G,

dmLy =card{i € I |ai =i}.

In particular, dim L; = card [ as it should be because [ is a basis of L. Clearly,
Ly = 0 if and only if the action of @ on [ has no fixed points.

Theorem 5.5 is proven in Section 5.7 The proof is based on a reduction to simple
crossed G-algebras introduced in the next subsection.

5.6 Simple crossed G -algebras. A crossed G-algebra L = @P,c5 La is simple if it
is semisimple and the action of G on L is transitive on the set / = Bas(L). Observe
that every semisimple crossed G-algebra L splits uniquely as a direct sum of mutually
annihilating simple crossed G-algebras. Indeed, the algebra L; splits as a direct sum
of its subalgebras {mL},, generated by the orbits m C I of the action of G on I.
Then L is a direct sum of the (mutually annihilating) subalgebras mL = P,,, iL.
Each mL is preserved by the action of G. Therefore m L is a simple crossed G-algebra.
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Axioms (3.1.1)—(3.1.4) for mL directly follow from the corresponding axioms for L.
Clearly, L is nonsingular if and only if mL is nonsingular for all m. In this way the
study of nonsingular semisimple crossed G-algebras reduces to a study of nonsingular
simple crossed G -algebras.

We now classify nonsingular simple crossed G -algebras over a field of characteristic
zero K. Denote by Sim(G) the set of isomorphism classes of pairs (a nonsingular
simple crossed G-algebra (L, ¢) over K, a basic idempotent i € Bas(L)). The group
G acts on Sim(G) by the formula y(L,¢,i) = (L, ¢, ¢,(i)), where y € G. Denote
by Coh(G) the set of pairs (a subgroup H C G of finite index, a cohomology class 6 €
H?(H:; K*)). The group G acts on Coh(G) as follows: y(H,0) = (yHy ™!, y«(0)),
where y € G and y,: H?>(H; K*) — H?*(yHy™!; K*) is the isomorphism induced
by the conjugation by y.

5.6.1 Lemma. Let K be a field of characteristic zero. Assigning to each pair (a non-
singular simple crossed G-algebra (L, @) over K, a basic idempotent i € Bas(L))
the stabilizer G; C G of i and the cohomology class V; € H?(G;; K*) defined in
Section 5.4, we obtain a G-equivariant bijection Sim(G) — Coh(G).

Proof. That the mapping Sim(G) — Coh(G) is G-equivariant follows directly from
the definitions. We need only to prove that it is bijective.

As we know, any subgroup of finite index H C G and any 6§ € H?*(H;K*)
determine a crossed Frobenius G -algebra L = LO9HO; see Section 4.4. It is simple
because L; is a direct sum of [G H] copies of L‘9 K labeled by elements of
H\G and the action of G on L permutes these copies of K transitively. Since L
is Frobenius, it is nonsingular. Let ig € Bas(L) be the unit element of the copy of
L? = K corresponding to H\H € H\G. The formula (H,0) +— (L% i)
defines a mapping Coh(G) — Sim(G).

We claim that the mappings Coh(G) — Sim(G) and Sim(G) — Coh(G) con-
structed above are mutually inverse bijections. Let us verify that the composition
Coh(G) — Sim(G) — Coh(G) is the identity. Consider the pair (L,ig € Bas(L) =
H\G) derived as above from a subgroup of finite index H C G and a cohomology
class @ € H?(H; K*). The stabilizer of ig = H\ H with respect to the natural action
of G on H\G is H. 1t follows from the definition of L that igL, = LY fora € H
andigza =0fora € G— H. Foreacha € H, set

S =ly € LY = igL,,

where [, is the vector used in thg definition of LY. Now, it is obvious that the construc-
tion of Section 5.4 applied to (L, i) gives V;, = 0.

To accomplish the proof, it suffices to show that the mapping Sim(G) — Coh(G)
is injective. It is enough to prove that a nonsingular simple crossed G-algebra (L, ¢)
with distinguished basic idempotent iy € I = Bas(L) can be reconstructed (up to
isomorphism) from the stabilizer H C G of iy and from the H -algebra

ioL = EB Ksy,

aeH



IL5 Semisimple crossed G-algebras 35

where s, is a non-zero vector in ig L, = K. Since the action of G on [/ is transitive, for
eachi € I thereis w; € G such that ¢, (ip) = i. We take w;, = 1. The isomorphism
@w; - L — L maps igL bijectively onto i L. Therefore the set

{@w; (Sa) |i €1, 0 € H}

is a basis of L = @;; iL. The product of two basis elements is given by

| Pw; (Saser) ifi = i,
Pw; (Sa) (pwi/(sa’) = 0 ifi # i
This computes L as a G-algebra. It remains to recover the action ¢ of G on L. For
o € H,the homomorphism ¢, : ig L — iy L is uniquely determined from the condition
¢a(sg)se = SaSp # 0 for B € H, cf. (5.4.b). Each B € G expands uniquely as a
product w; for some i € I and « € H. This allows us to recover the restriction
of g = Quw; Yo to ipL. Knowing these restrictions for all 8 € G, we can uniquely
recover the whole action of G on L because the basis vectors of L have the form ¢g (s)
with s € igL. O

5.7 Proof of Theorem 5.5. Lemma 5.6.1 implies that Sim(G)/G = Coh(G)/G. It
is clear that Sim(G)/ G is the set of isomorphism classes of nonsingular simple crossed
G-algebras. On the other hand, the formula (H C G) — H\G determines a bijection
of Coh(G)/ G onto the set of isomorphism classes of pairs (a finite transitive G-set /,
an element of H, é (I; K*)). Combining with (5.4.c) and the remarks at the beginning
of Section 5.6, we obtain Theorem 5.5.

5.8 Corollary. Any nonsingular semisimple crossed G-algebra over a field K of char-
acteristic zero splits as a direct sum @J- LOHj-8 \where j runs over a finite set of
indices, H; is a subgroup of G of finite index, and 0; € H?(H,; K*). This splitting is
unique up to replacing (H;, 6;) by (y; H; }/j_l, (vj)«(6))) for some y; € G.

5.9 Remark. The proof of Lemma 5.6.1 yields a computation of the classifying in-
variant of the simple crossed G-algebra L = L9 associated with a subgroup H
of G of finite index and § € H?(H; K*). Namely, Bas(L) = H\G and V(L) €
HZ(H\G, K*) assigns to eachright coseti = Hy € H\G with y € G the cohomol-
ogy class (y 1)« (9) € H?(G;; K*). Note that B € G acts on H\G via multiplication
by B! on the right (cf. Section 4.2), so that the stabilizer G; of i = Hy is equal to
Yy 'Hy.
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I1.6 Semisimple crossed Frobenius G -algebras

6.1 The function Fy. Consider a semisimple crossed Frobenius G-algebra L over
K with inner product 1. We define a map F7 from / = Bas(L) to K by

FL@) =n(@,i) =n(,1L) € K,

where i € I. Thus, Fp is the restriction of the K-linear function L; — K, { —
n(€, 1) to the basis I of L. By Section 2.1, 7 is entirely determined by Fr .

Clearly, n(i,i’) = n(ii’,1) = n(0,1) = 0 for distinct i,i” € I. The non-
degeneracy of n on L; implies that F,(I) C K*. The invariance of n under the
action of G on L implies the invariance of F7 under the action of G on /.

6.2 Basic triples. Let L be a semisimple crossed Frobenius G-algebra over a field
K of characteristic zero. The triple (Bas(L), V(L), Fr) is called the basic triple
of L. For example, if L = LG’H’G’k, where H is a subgroup of G of finite index,
6 € H>(H;K*), and k € K*, then Bas(L) and V(L) are computed in Remark 5.9
and Fr (i) = k for all i € Bas(L).

Two triples of the form (a finite G-set I, an element of H(Z;(I; K™), a G-invariant
mapping I — K™) are isomorphic if there is a G-equivariant bijection between the
underlying G-sets such that the induced isomorphism in cohomology carries the co-
homology classes into each other and the composition with this bijection transforms
the mappings to K* into each other. There is an obvious operation of disjoint union
on the set of isomorphism types of such triples:

(LW, Vi, F)) U (12, V2, F5) = (1 U I,V + V), F),

where F: I} I I, — K™ is determined by F|;, = F; and F|;, = F,. Itis clear
that the basic triple of the direct sum of two semisimple crossed Frobenius G -algebras
L4, L, is a disjoint union of the basic triples of L, L.

The following theorem shows that the basic triple is a complete isomorphism in-
variant of a semisimple crossed Frobenius G-algebra.

6.3 Theorem. Let K be a field of characteristic zero. The formula
L — (Bas(L),V(L), Fr) (6.3.a)

establishes a bijective correspondence between the isomorphism classes of semisimple
crossed Frobenius G-algebras L over K and the isomorphism classes of triples (a finite
G-set I, an element V of Hé(l; K*), a G-invariant function I — K*).

Proof. The injectivity of (6.3.a) follows from the injectivity in Theorem 5.5 and the
fact that the inner product of a semisimple crossed Frobenius G-algebra L is entirely
determined by Fp..
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Every triple (I, V, F) as above splits as a disjoint union of triples with transitive
underlying G-sets. For a triple (/, V, F') with transitive /, the function F is constant
and I = H\G for a subgroup H of G of finite index. Example 4.4 and Remark 5.9
show that such (/,V, F) lies in the image of the map (6.3.a). The surjectivity of
(6.3.a) follows by realizing disjoint unions of triples by direct sums of semisimple
crossed Frobenius G-algebras. O

6.4 Corollary. Any semisimple crossed Frobenius G-algebra over a field K of char-
acteristic zero splits as a direct sum @j LOH;07k) ywhere J runs over a finite set of
indices, H; is a subgroup of G of finite index, 0; € H*(H;; K*), and k; € K*. This
splitting is unique up to replacing (H;, 0;) by (y; H; )/j_l, (v;)+(6;)) for some y; € G.

6.5 Corollary. If G is a free group, then there is a bijective correspondence between
the isomorphism classes of semisimple crossed Frobenius G-algebras over a field K of
characteristic zero and the isomorphism classes of pairs (a finite G-set I, a G-invariant
function I — K™).

Indeed, H&(I; K*) = 0 for a free group G and any G-set /.

6.6 Normal G -algebras. We call a semisimple crossed Frobenius G-algebra (L, 1)
normal if n(i,i) = 1 for all i € Bas(L). The G-algebra LY associated with any
6 € H(G; K*) and the G-algebra LGH-% in Example 4.4 are normal.

6.6.1 Corollary. Everynonsingular semisimple crossed G-algebra over a field of char-
acteristic zero has a unique inner product turning it into a normal crossed Frobenius
G-algebra.

6.7 Example. Consider the crossed Frobenius G-algebra (L = K[G'], n, ¢) derived
from a group epimorphism ¢: G’ — G with finite kernel I" lying in the center of G’;
see Section 3.3.1. Assume that K is a field of characteristic zero. Then L is semisimple
and the basic idempotents of L are the vectors

ep=ITI"" X p()h € Ly
hel

labeled by the group homomorphisms p: I' — K*. The action ¢ of G on Bas(L) =
{e,},istrivial and Fy,(e,) = |T'|~! forall p. We canrescale the inner product 7 of L by
multiplying it by |I"|. This gives a normal crossed Frobenius G-algebra L™ that splits
as a direct sum of the simple normal crossed Frobenius G-algebras {e,L"},. These
G-algebras can be described via the cohomology class 8 € H?(G;T") associated with
¢ in the standard way. Each homomorphism p: I' — K™ transforms 6 into a certain
0, e H*(G;K*)and e, LT = L%,
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I1.7 Hermitian G -algebras

In this section we assume that the ground ring K is endowed with a ring involution
K— K, k—k.

7.1 Hermitian Frobenius G -algebras. A Hermitian involution on a Frobenius G-
algebra (L = @,cq Lo, n) over K is an involutive antilinear antiautomorphism L —
L, a — a carrying each L, into L,—1 and transforming n into 7. Thus, for any
a,belL, keKk,

=a, ka=ka, ab=ha, r](d,lg):r}(a,b). (7.1.a)

Qi

It follows from these conditions that 17, = 1. The term “Hermitian” is suggested by
the fact that the formula (a, b) — n(a,b) with a,b € L, defines a Hermitian form
on every L,. A Frobenius G-algebra endowed with a Hermitian involution is said to
be Hermitian.

Observe that forany a € L,

n(a.a) = n(a.a) = n(a.a) = n(a,a.

In particular, if K = C with complex conjugation then n(a, a) € R. If n(a,a) > 0 for
all non-zero a € L, then L is unitary.

If L is a crossed Frobenius G-algebra, then a Hermitian involution on L is required
to commute with the action of G so that gg(a) = ¢g(a) foranya € L and B € G.

It is easy to check that direct sums, tensor products, pull-backs, duals, and transfers
of Hermitian (crossed) Frobenius group-algebras are again Hermitian (crossed) Frobe-
nius group-algebras. The same is true for unitary group-algebras. We can define a
category, H@(G) (resp. UQ(G)), whose objects are Hermitian (resp. unitary) crossed
Frobenius G-algebras. The morphisms are defined as in Section 3.2 with the additional
condition that they commute with the Hermitian involutions.

7.2 Example. Let {0y g}q gec be a normalized 2-cocycle of G with values in the
multiplicative group S = {k € K | kk = 1x}. By Section 3.3.2 this cocycle gives
rise to a crossed Frobenius G-algebra L = @, 5 Kly. We introduce a Hermitian
involution on L. For ¢ € G, set

l;l = Yg,a~1 ly—1 = (Ga,otfl)_lloﬁl'

This extends uniquely to an antilinear homomorphisma +— a: L — L. We claim that
it satisfies (7.1.a). The involutivity follows from the equalities

Ga’a—19a—1’a = 9‘!,“—16&,“—1 =l
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where we use the identity 6,1 , = 6, o1 (cf. Section 2.3.2). Similarly,

n(l:" llx__l) = 77(901,0(—1 lo—1, Ga—l,a lo)
= ea,a_l ea—l,a n(la—l )

= Oy 01 Oy—1 4 041 o

= Ug,o—1

= N(la. lo—1).

To prove that the involution a +> a is an antiautomorphism we must check that /o /g =
lg Iy for any o, B € G. This is equivalent to the 5-term identity

(904,[3 904[9,(0(/3)_1 )_1 = (Ga’a—l eﬂ,ﬁ_l )_leﬂ—l a1 (723.)

To prove this identity, set y = B! in (1.2.a). This gives Oup,p—1 = Op p—1 0;}13 (we
use that 6, ;1 = 1.) Now, replace o, B,y in (1.2.a) with a8, B~1, a™!, respectively.
Substituting 0pg g1 = g g1 9;; in the resulting formula, we obtain (7.2.a).

It remains to check that pg(ly) = ¢g(ly). Note that [/, = 1. Therefore
@p(la) pp(le) = 1. This characterizes ¢g(/y) as the unique element of Lg,—1g-1
inverse to @g (/). We claim that pg(loa) € Lgg—1pg-1 is also inverse to ¢g(/y). By
(3.3.2), pg(la) = klgyp—1, where k = 93’“9,3_01ﬂ—1,ﬁ € S. Then

0p(le) 9p(la) =k klggp—1 lgap—1 = lgop—1 lggp—1 = 1.

Hence ¢g(ly) = ga,g_(l;).
Note that n(/y,ly) = 1 for all @. Therefore if K = C with complex conjugation,
then L is unitary.



Chapter I1I
Two-dimensional HQFTs

III.1 The underlying G -algebra

Throughout this chapter the symbol X denotes an aspherical connected CW-space with
base point x and fundamental group G = 71 (X, x). The main aim of the chapter is to
classify two-dimensional X-HQFTs in terms of G-algebras.

In this section we derive from a two-dimensional X -HQFT (A, t) the “underlying”
crossed Frobenius G-algebra.

1.1 Preliminaries. By Section 1.3, we can apply (A4, t) to 1-dimensional homotopy
X -manifolds and 2-dimensional homotopy X -cobordisms. One-dimensional homo-
topy X -manifolds will be called X -curves. A connected non-empty X-curve M is a
pointed oriented circle endowed with a homotopy class of maps to X carrying the base
point to x. This homotopy class is an element « = a(M) of G = 71 (X, x). We shall
sometimes write M ~ S! for such X-curve M and denote it (M, ). The K-module
Ay depends only on « up to canonical isomorphism. This follows from Lemma1.3.3.1
and the obvious fact that any two oriented pointed circles are related by an orientation
preserving and base point preserving homeomorphism unique up to isotopy.

For each @ € G, set Ly = Ay for any X-curve M ~ S! representing . Clearly,
L, is a projective K-module of finite type. For a non-connected X-curve M with
components {(M?,a, € G)},, wehave Ay = &), La,-

Two-dimensional homotopy X -cobordisms will be called X -surfaces. When the
underlying surface is a disk, an annulus, or a disk with holes we call the X -surface an
X -disk, an X -annulus, or an X -disk with holes, respectively. To transform a compact
oriented surface W into an X -surface, we must orient the components of W, provide
them with base points, and fix a homotopy class of maps W — X. (The maps
are always supposed to be pointed, i.e., to carry the base points of dW to x. By
homotopy, we mean homotopy in the class of pointed maps.) To specify the orientation
on W we label the components of dW with signs . A component M of dWV labeled
with + is denoted M4 and is provided with orientation induced from that in W. A
component M of dW labeled with — is denoted M_ and is provided with orientation
opposite to the one induced from W. In this way W becomes an X -cobordism between
the X -curves ]_[p (M?,«a,) (the bottom base) and | | p (N_‘i, Bq) (the top base), where
{M?P}, (resp. {N?},) are the components of dW labeled with — (resp. +) and o), € G
(resp. B4 € G) is represented by the restriction of the given homotopy class of maps
W — X to the oriented pointed circle M? (resp. Nqu). The HQFT (A4, t) yields a
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vector

(W) = T(W, ]_[p M,,,]_[q Nq,g)
€ Homg (®p Lap’®q Lﬂq) = ®p L:;p ® ®q Lﬁq.

The gluing axiom (1.2.6), p. 3, can be reformulated in the language of these vectors
as a gluing rule which we state for simplicity only for gluings along single circles:
If Wy, W1, W are X-surfaces such that W is obtained from Wy LI W; by gluing a
boundary circle (M_, o) of Wy to a boundary circle (N4, ) of Wj along a (homotopy)
X -homeomorphism M a N, then the vector t(W) is obtained from the tensor product
7(Wp) ® (W) by the tensor contraction induced by the evaluation pairing L} ® Lo —
K,a®bw a(b),wherea € Ly andb € L,.

1.2 Annuli and disks with holes. We need to discuss in detail the structures of X -
cobordisms on annuli and disks with two holes. Notation introduced here will be
systematically used throughout this chapter.

Set C = S!' x [0,1]. We fix once and for all an orientation in C. Set C* =
S'x0cCdCand C! = S! x 1 C dC. We provide C?, C! with base points (s, 0),
(s, 1), respectively, where s € S!. It is convenient to think of C as of an annulus in
R? with clockwise orientation such that C° (resp. C!) is the internal (resp. external)
boundary component and s is the bottom point of S!; cf. Figure III.1.

Given signs ¢, u = =, denote by C ,, the oriented annulus C with oriented pointed
boundary C? U C,;. In the category of oriented manifolds,

9Csy = £CQU BC,.

For example, if C C R? as above, then both components of dC__ are oriented clock-
wise.

For e, u = =, a homotopy class of (pointed) maps g: C¢,, — X is determined
by the clements «, f of G represented by the loops g[co and g|sx[o,1], respectively.
Here the interval [0, 1] is oriented from O to 1. Note that the loop g|. | represents

~la~#"B € G. Denote by C; . (a; B) the annulus C,,;, endowed with the homotopy
class of maps to X corresponding to «, 8 € G cf. Figure III.1.

Let D be a 2-disk with two holes. Let Y, Z, T be the components of dD with base
points y, z, ¢, respectively. We fix two proper embedded arcs ¢y and 7z in D oriented
from ¢ to y, z and meeting solely at . We provide D with the orientation obtained by
rotating ¢y towards ¢z in D around ¢. It is convenient to think of D as of a disk with
two holes in R? with clockwise orientation such that Y, Z are the internal boundary
components and 7 is the external boundary component.

Given ¢, u,v = =, denote by D, , , the disk with two holes D with oriented
pointed boundary Y, U Z,, U T,,. In the category of oriented manifolds,

D¢y =Y UnZ, UvT,.
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Ci(o; B)

Figure III.1. The X -annuli C— 4 («; B) and C—_(«; B).

For example, if D C R? as above, then all components of dD__ are oriented clock-
wise; cf. Figure I11.2.

Pick again arbitrary signs ¢, u, v = . To a homotopy class of (pointed) maps
g: D¢y, — X we assign the homotopy classes of the loops gly,. glz,, . glsy. &liz-
This establishes a bijection [D; ., X] = G*. For «,B,p,8 € G we denote by
D¢ v (a, B; p. 8) the disk with holes D, ., endowed with the homotopy class of maps
to X corresponding to the tuple (c, B, p,§) € G*; cf. Figure I11.2. Note that the loops
glv..glz,. and g|r, represent o, B, and y = (pa~*p18BTH5)”, respectively. As
an exercise, the reader may construct X -homeomorphisms

De (@, B:ip.8) ~ Dyve(Byip '8, 07" ~ Dyep(y,a; 871,871 p).

Figure II1.2. The X -disk with holes D__ (a, §; p, §).

1.3 Multiplication in L. We provide the K-module

L=@ Lqg

aeG

with a structure of an associative algebra over K as follows. The X-disk with two
holes D__, (a, B;1,1) is an X-cobordism between the X-curves (Y_,«) LI (Z_, B)
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and (T4, af). The corresponding homomorphism
T(D__y(a,B:1,1)): Loy ® Lg = Log
defines a K-bilinear multiplication in L by
ab =t(D__1(a,B:1,1))(a ®b) € Lyg (1.3.a)

fora € Loandb € L g- This multiplication is associative; see Lemma 1.6 below.

The unit of L is constructed as follows. Let B; be an oriented 2-disk whose
boundary is pointed and endowed with orientation induced from By. There is only
one homotopy class of maps By — X. The corresponding homomorphism 7(B4) =
t(B+,0,0B+): K — Ly carries the unit 1x € K into an element of L denoted 1.
This element is a two-sided unit of L; see Lemma 1.6.

1.4 The inner product on L. For ¢ € G, the X-annulus C__(«;1) is an X-
cobordism between (C2,a) I (C!,a™ ') and @. Set

Ne = t(C——(a;1)): L ® L,—1 — K.

Note that the X -annulus C__ (o~ '; 1) is X -homeomorphic to C__(a; 1) via a homeo-
morphism permuting the boundary components. Axiom (1.2.4), p. 3, implies that 7,—1
is obtained from 74 by the permutation of the tensor factors.

We define n: L ® L — K to be the bilinear form whose restriction to Ly ® Lg
is zero if af # 1 and is ny if @B = 1, where «, B € G. It is clear that the form 7 is
symmetric.

1.5 The action of G on L. For a,f € G, the X-annulus C_ (a; ) is an X-
cobordism between (C2, &) and (CL, BaB™1). Set

9p =T(C_y(@:™"): Lo — Lggp—1.
By Axiom (1.2.7), p. 3, ¢; = id. For a,f,y € G, the gluing of C_y (a; B7") to
C_1(Bap™ 1ty yields C_4(a; B~y ™1). By Axiom (1.2.6), p. 3, 9,8 = ¢, ¢p.

1.6 Lemma. The algebra L with bilinear form n and action ¢ of G is a crossed
Frobenius G-algebra.

Proof. Let us prove that (ab)c = a(bc) forany a € Ly,b € Lg,c € Ly, where
a, B,y € G. Consider the X -surfaces

Wo=D__y(a.p:1,1) L C_y(y:1) and Wy =D__y(af.y:1.1).

Recall that the boundary components of an X -surface labeled with 4 form the top base
while the boundary components labeled with — form the bottom base. In particular,
Wy is an X -cobordism between

(Y_,O[) | (Z—v 13) | (C—O’ V) and (T+,Ol,3) | (C-il—’ V)
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By Axioms (1.2.5) and (1.2.7), p. 3, and the definition of multiplication in L, the
homomorphism
t(Wy): Ly QLg®Ly, —> Log L,y

carries a ® b ® ¢ into ab ® ¢. The homomorphism t(W}): Log ® L, — Ly, carries
ab ® c into (ab)c. The gluing of Wy to W; along the obvious X -homeomorphism of
the top base (7T, «f) L (C}r, y) of Wy on the bottom base (Y_,af) LI (Z_, y) of W;
yields an X -surface W, see Figure II1.3. By Axiom (1.2.6), p. 3,

tW)a®@bc)=t(W)t(W)(a®@b®c) =t(W)(ab ® c) = (ab)c.

Figure II1.3. The X -disk with three holes W.

The same X -surface W can be obtained by gluing the X -surfaces
Wo=C_y(; ) UD__y(B,y;1,1) and W3 = D__4(a, By;1,1)
along an X -homeomorphism
(Ci.o) U (T4, By) ~ (Y-, a) L (Z—, By),

see Figure I11.4. Therefore t(W)(a ® b ® ¢) = a(bc). This gives (ab)c = a(bc).
Let us prove that 1 is a right unit of L. For « € G, consider the X -surfaces

Wo=C_4(a;1)UBy and W;=D__,(a,1;1,1).
The gluing of Wy to W) along an X -homeomorphism
(CLLao) T (8B4, 1) ~ (Y_, ) U (Z_, 1)

yields an X -surface X -homeomorphic to C_4 («; 1). By Axioms (1.2.7) and (1.2.6),
p-3,foranya € Ly,

a=1(C(a:))(a) = (W) t(Wo)(a@) = t(W)(a ® 1) = alL.
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aBy @ "

Figure II1.4. Another splitting of W.

The proof that 1 is a left unit of L is similar.

We claim that the triple (L, 1, ¢) satisfies Axioms (2.1.1)—(2.1.3) and (3.1.1)—(3.1.4)
(p- 24, 25), of a crossed Frobenius G-algebra. Axiom (2.1.1) is obvious, and (2.1.2)
directly follows from the definitions and Lemma 1.1.3.1. We verify the remaining
axioms.

(2.1.3): Let us prove that n(ab,c) = n(a,bc) forany a € Ly,b € Lg,c € L,
wherea, B,y € G. Ifafy # 1,thenn(ab,c) = 0 = n(a, bc). Assume thatafy = 1.
Gluing the X -annulus C__(«fB; 1) to D__4(«, B;1, 1) along an X -homeomorphism
(C% aB) ~ (T4, aB), we obtain D___(a, B; 1, 1). Therefore

n(ab,c) = t(D——_(a,B;1,1))(a ® b ® ¢),
where
T(D___(a,B:1,1)) e Homg(Ly ® Lg ® Ly, K).
Similarly, gluing C__(a™';1) to D__,(B,y:1,1) along an X-homeomorphism
(C% a1 ~ (T4, By), we obtain D___ (B, y;1,1). Hence

na.be) =t(D——(B.y: 1.1 Qc®a),

where
?(D——_(B.y:1.1)) € Homg(Lg ® Ly ® La. K).

It remains to observe that there is an X -homeomorphism
D__ (o, p:1,1) ~ D___(B,y;1.1)

mapping the boundary components Y, Z, T of the first X-disk with holes onto the
boundary components T, Y, Z of the second X -disk with holes, respectively. By Axiom
(1.2.4), n(ab, c) = n(a, bc).

(3.1.1): We need to prove only that ¢, (ab) = ¢, (a) ¢,(b) for any a € L, and
b€ Lg,where o, B,y € G. Gluing C_1(ef;y~") to D__4 (e, B; 1, 1) along an X -
homeomorphism (C°%, af) ~ (T4, af), we obtain D__ (a, B; . y), see Figure I1L5.
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yapy

Figure IIL.5. Two splittings of D__ 4 («, B; ¥, ¥).

Hence
py(ab) = 1(D——1(a. By, ¥))(a ® D),

where
T(D——4(a, B3y, y)) € Homg (Lo ® Lﬂ’ Lyaﬂy—l)'

Gluing C—y(a;y™") L C—y (B;y~ ") to Dy (yay™", yBy~";1,1) along
(CLyay ™) I (CLyBy™) ~ (Y-yay™) L (Z_.yBy ™).
we also obtain D__4 («, B; y, y). Therefore
9y (@) @y (b) = (D4 (. B:y.¥))(a ® b) = ¢y (ab).
(3.1.2): Note first that for any «, 8, p,§ € G, the homomorphism

T(D——y(a,B;:0,8): Lo ® Lg — Lygp-15p5-1

can be computed in terms of ¢ and multiplication in L: fora € Ly and b € Lg,

(D (o, B: p. 8))(a ® b) = gp(a) s ().

This directly follows from the gluing axiom (1.2.6) using the obvious splitting of
D__y(a. B:p.8) into C—y(; p~") L C—4(B:67") and D——4 (parp™", pBp~ "1 1, 1).

Consider a self-homeomorphism f of the disk with two holes D which is the
identity on T and permutes (Y, y) and (Z, z). We choose f so that f(tz) = ty and
f(ty) is an embedded arc leading from ¢ to z and homotopic to the product of the arcs
ty,dY, (ty)~',tz. An easy computation shows that f is an X -homeomorphism from
D__4(a,B;1,1)to D__(B,a;1, ﬂ_l). Axiom (1.2.4) implies that the homomor-

phisms
(D4 (o, B;1,1)): Loy ® Lg — Log

and
t(D——y(B,a;1,87Y): Lp ® Lo — Lag
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are obtained from each other by the flip Ly ® Lg — Lg ® Ly. Therefore for any
a€ Ly, belg,

ab = t(D——4 (o, f;1, 1))@ ® b) = t(D——+ (B, 1, 7)) (b ® a) = bgg-1(a).

This is equivalent to (3.1.2), p. 25.

(3.1.3): A Dehn twist about the circle S' x (1/2) € C_(a; 1) defines an X-
homeomorphism C_y(a;1) — C_i(a;a™!). It follows from Axiom (1.2.4) that
T(C_(o; a7 1)) = 1(C_y(@; 1)) = idL,,. Therefore ¢g|L, = id.

(3.1.4): Fix an orientation of S! and a point s € S!. Let P be the punctured torus
obtained from S' x S! by removing a small open 2-disk disjoint from S' x {s} and
{s} x S'. We assume that the circle P meets S! x {s} and {s} x S! precisely at the
point (s,s). We take (s, s) as the base point of dP and provide P with orientation
induced from the product orientation in S x S1.

Fixamap g: P - X = K(G, 1) such that g(s,s) = x and the restrictions of g
to the loops S! x {s} and {s} x S! represent a, B € G, respectively, see Figure IIL6.
(The orientations of S! x {s} and {s} x S! are induced by that of S'.)

B
2
o o
/)
(s,9) B

Figure II1.6. The punctured X -torus P.

Then the loop glsp: (AP)- = —dP — X represents afa !B}, and (P, g)
is an X -cobordism between ((0P)_, g|lsp) and @. Consider now the corresponding
homomorphism (P, g): Loge-15-1 — K. We claim that both sides of formula
(3.1.a) in Chapter II are equal to t(P, g)(c). This would imply (3.1.a).

The X -surface (P, g) can be obtained from D__ (¢Ba~ '™, a; 1, B) by gluing
the boundary circles (Z_, ) and (74, «) along an X-homeomorphism. (These cir-
cles give S! x {s} C P.) As a consequence of Lemma I.1.3.3, the homomorphism
T(P,g): Lypa—1p—1 — K is the partial trace of the homomorphism

t(D__+(cxﬁo¢_1ﬁ_l,oe; 1,8)): Loga—1p-1 ® Ly - Loy = K ® Lg
with respect to the identity map id: Ly — Ly. Ford € Ly,
t(D——1(@Ba™ B~ s 1, B))(c ® d) = c pp(d) = pe 9p(d).
Therefore (P, g)(c) = Tr(pec ¢g: Lo = La).
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The same X -surface (P, g) can be obtained from the disk with two holes

D__y(afa 7t B a7t

by gluing the boundary circles (Z_, ) and (7, 8) along an X-homeomorphism.
(These circles give {s} x S! C P.) Thus, (P, g): Lypa—1p-1 — K is the partial
trace of the homomorphism

t(D__,(aBa” 17, Bia™t a7 h)): Lopa—1p-1®Lg— Lg=K® Lg
with respect to the identity map id: Lg — Lg. Ford € Lg,

t(D——1(@Ba™' B~ Bia™ ™)) (e ® d) = g-1(¢) @q-1(d) = Qo1 (cd).

Therefore (P, g)(c) = Tr(¢y,—1pc: Lg — Lg). This proves (3.1.a).

Finally, the identity n(pg(a),g(b)) = n(a,b) fora € Ly, b € L,—1 follows
from the fact that the X -annulus C__(«; 1) used to define 7, can be obtained by gluing
the X -annuli C_ (a; B~ 1), C——(BaB~t;1),and C_4 (a5 B7Y). O

1.7 The underlying G-algebra. The crossed Frobenius G-algebra (L, n,¢) con-
structed above is called the underlying G -algebra of the X-HQFT (A4, 7). We formulate
here several useful properties of the underlying G-algebra.

Observe first that the 2-sphere S admits only one (trivial) homotopy class of maps
g:S? — X. We can compute 7(S?2, g) in terms of L and 1. Indeed, (S2, g) can be
obtained by gluing the X -annulus C__(1; 1) to a disjoint union of two copies of B.
This implies the equality

t(S%,g) = n(1L.11). (1.7.a)

1.7.1 Lemma. Let (A', ') and (A2, t?) be two-dimensional X -HQFTs with under-
lying crossed Frobenius G-algebras L' and L?, respectively. Then
(a) the underlying crossed Frobenius G-algebra of (A', t1) @ (A%, t?)is L' @ L?;
(b) the underlying crossed Frobenius G-algebra of (A', ') ® (A%, 1?)is L' ® L2.

Proof. This lemma follows directly from the definitions. O

1.7.2 Lemma. If a two-dimensional X -HQFT (A’, t') is obtained from a two-dimen-
sional X-HQFT (A, t) by k-rescaling with k € K*, then the underlying crossed
Frobenius G-algebra of (A’,1') is obtained from the underlying crossed Frobenius
G-algebra of (A, t) by k-rescaling.

Proof. The lemma follows from the fact that for an X-surface (W, M, N) of type
D__y,B;,C_4,C__,thenumber y(W)+bo(M)—bo(N)isequalto—14+2—1 =0,
1+40-1=0,04+41—-1=0,0+2—1 = 1, respectively. O
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1.8 Functoriality. A morphism p: (A4, 1) — (A4’, 7’) of two-dimensional X -HQFTs,
as defined in Section I.1.4, yields for each « € G a K-isomorphism py: Ly, —
L!,, where L and L’ are the underlying G-algebras of (A4, ) and (4’, t’), respec-
tively. The commutativity of the natural square diagrams associated with the X -co-
bordisms D__ 4 («,B;1,1), By, C__(a; 1), and C_y(a; 1) implies that the di-
rect sum P, pe: L — L’ is a morphism in the category of crossed Frobenius
G-algebras @(G). This defines a functor from the category of two-dimensional

X-HQFTs 0»(X) to Q(G).

1.9 Exercises. 1. Prove that if a crossed Frobenius G-algebra L underlies a two-di-
mensional X-HQFT (4, 7), then the dual crossed Frobenius G-algebra L underlies the
dual X-HQFT (4, 7).

2. Let X’ be an Eilenberg—MacLane space of type K(G’, 1), where G’ is a group.
Let (A’, t’) be the two-dimensional X’-HQFT obtained from a two-dimensional X -
HQFT (A, t) by pulling back along a (pointed) map f: X’ — X; see Section I.1.4.
Prove that the underlying crossed Frobenius G-algebra of (4’, t’) is the pull-back of the
underlying crossed Frobenius G-algebra of (4, t) along the homomorphism G’ — G
induced by f, cf. Section 3.5.

II1.2 Computation for cohomological HQFTs

By Sections 1.2.1 and 11.3.3.2, any 6 € H?(G;K*) = H?*(X;K*) determines a
primitive cohomological 2-dimensional X -HQFT (4%, t?) and a crossed Frobenius
G-algebra LY. The following theorem computes the crossed Frobenius G-algebra
underlying (47, z%).

2.1 Theorem. Forall € H?(G; K*), the underlying crossed Frobenius G-algebra
of (A%, <% is isomorphic to L™°.

Proof. Set S! = {z € C | |z| = 1} with clockwise orientation and base point —i. For
eacha € G = m(X, x), fixaloop ug: S! — X carrying —i to x and representing .
We choose u; to be the constant loop at x. Let p: [0,1] — S! be the map carrying
t €[0,1] to —i exp(—2mit) € S'. Let A C R? be the standard 2-simplex with the
vertices vg = (1,0,0), v; = (0,1,0), v, = (0,0,1). For o, € G, pick a map
Ja,p: A — X such that for all ¢ € [0, 1],

Jag(L—=1)vo + 1v1) = uap(t), fa,g((1 —1)v1 + 1v2) = ugp(1),
fa,B((l —1)vg + tvy) = uaﬁp(t)'
We represent § € H?(G; K*) = H?*(X; K*) by a K*-valued singular 2-cocycle ©

on X. Forany o, € G, let 0,3 = O(f,g) € K* be the evaluation of © on the
singular simplex f, g. Observe that 6, g does not depend on the choice of £, g. Indeed,
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if fo: PE A — X is another map as above, then the formal difference f g — fo; 8 is
a singular 2-cycle in X. The homology class of this 2-cycle is trivial because it can
be realized by a map S? — X and m(X) = 0. Therefore O(fy 5) = @(foz,ﬁ). A
similar argument shows that {0, g} geG is a 2-cocycle. Multiplying, if necessary, ©
by a coboundary, we can ensure that 6;; = 1. Both ® and {0, g} geG represent
0 € H*(G; K*)and 6_ = {907;j }a,peG represents —0.

Let L be the G-algebra underlying the HQFT (A4®, t®). We prove that L is iso-
morphic to the G-algebra L%~ determined by the cocycle 6_.

For o € G, the pair (S!,u4) is an X-curve denoted M. The singular 1-simplex
p:10,1] = S'is a fundamental cycle of M,. By definition of (4®, t®) and L, this
cycle determines a generating vector p, = (p) in Ly = A](?,Ia ~ K. We claim that
DaDp = 907}3 Pop for all «, B € G. To compute pypg, we apply 7© to the disk
with holes D = D__ («,f;1,1) viewed as an X-cobordism between M, 11 Mg
and Myg. This gives papg = k pyp for k = g*(©)(B), where g: D — X is the
map determined by the tuple (o, B8;1,1) and B € C2(D; Z) is a fundamental singular
2-chainin D such that 0B = pug — po — pg. Recall the segments ¢y, ¢z C D. Clearly,
D’ = D/ty Utz is an oriented triangle with oriented edges and identified vertices.
Deforming g in its homotopy class, we may assume that g(fy U tz) = x. Then g
expands as the composition of the projection ¢: D — D’ withamap ¢g’: D' — X,
and k is the evaluation of (g")*(®) on ¢«(B). Instead of ¢«(B) we can use more
general 2-chains in D’. Namely, let 0D’ = ¢(dD) be the union of the sides of D’.
Thenk = (g')*(®)(B’) for any 2-chain B in D’ suchthat 0B" = gpap—qpa—qpp and
the image of B in Co(D’, dD’; Z) represents the generator of Hy(D’,0D’;7Z) = Z
determined by the orientation of D’. There is an obvious projection f: A — D’
identifying the vertices of A and such that g’ f = fg g (up to homotopy rel dA). The
singular chain B’ = — f satisfies all the conditions above. Therefore

k= (g)"(©)(B) = ((gN"®)N = (O ) =(Ofup) ™ =065

By definition of L%~ the formula Po > Ly for @ € G defines an isomorphism
of G-algebras L =~ L%-. It remains to compare the inner products and the actions
of G. The inner product, ~, on L- satisfies n~(1z,1z) = 1. By (1.7.a), the inner
product 1 on L satisfies n(1z,1z) = t®(52) = 6(0) = 1. Since L, = L(IL = K,

we have 7~ = 1. The isomorphism L 2~ L% commutes with the action of G because
there is only one action of G on L0~ satisfying the axioms of a crossed G-algebra,
cf. Section 11.3.3.2. O

2.2 Corollary. Let H C G be a subgroup of finite index and 0 € H?*(H; K*).

(a) The underlying crossed Frobenius G-algebra of the cohomological two-dimen-
sional X-HQFT (AG-H:0 +G-H.0) is isomorphic to L¢H (see Sections 1.3.1
and 11.4.4 for notation).
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(b) More generally, for k € K*, the underlying crossed Frobenius G-algebra of the
rescaled cohomological two-dimensional X -HQFT (AG-H:0 1G-H.0.ky g jso.
morphic to LOH. 0k

Proof. By Lemma 1.7.2, it is enough to prove (a). Let p: X — X be the covering
corresponding to H C G. Set Y = X /p~!(x) and consider the Y -HQFT (4%, ¢%)
determined by

0 e HX(H;K*) = H*(X:K*) = H>(Y; K™).

By definition, the X-HQFT (A’ = AG-H0 ¢/ = 1G.H.9) ig the transfer of (49, 77).
We compute the underlying crossed Frobenius G-algebra (L', 1/, ¢’) of (A, ©’). Pick
apoint ¥ € p~!(x), and for each y € p~!(x), fix a path in X from ¥ to y. Let
wy € G = m1(X, x) be the homotopy class of the loop obtained by projecting this path
to X. Then {wy },¢,—1(y) is a set of representatives of the right H-cosets in G. For an
X-curve M = (M, g: M — X), the K-module A, is a direct sum of copies of K

numerated by the lifts of g to X.IfM ~ S'and g: M — Xrepresentsa € G, thenthe
lifts of g to X are numerated by y € p~' (x) such that wyaw; " € H. Thus, L, = L},

is the direct sum of copies of K numerated by such y. Let (L,7n,¢) = L™ be the
underlying crossed Frobenius H -algebra of (A%, 79). Comparing with the transfer
(L.7,@) of (L,n,¢) determined by the same {w,},, we obtain that L’ = L as G-
graded K-modules. Multiplication in L’ is induced by the maps D__ — X carrying
the segmentsty,tz C D___ tothebase point x. A lift of such amap to X carries tyUtz
to one and the same point of p~!(x) and induces multiplication in the corresponding
copy of K. Therefore, multiplication in L’ is a direct sum of multiplications in the
copies of K above. Hence L' = L as G-graded algebras. That ' = 7 is proven
similarly. The definition of the transfer implies that for any 8 € G, both (p}} and ¢g

carry K = Ly, -1 C Ly =Lat0 K =Ly, gapio1 C Lygop

the notation of Section I1.4.2. The equality ‘/);3 = ¢p follows from the uniqueness of
the action of G on L satisfying the axioms of a crossed G-algebra, cf. Section I1.3.3.2.
O

= Zﬁaﬁfl in

2.3 Corollary. Let (A, T) be atwo-dimensional X -HQFT and L the underlying crossed
Frobenius G-algebra.

(a) If (A, t) is cohomological, then L is simple and normal.

(b) If (A, 7) is rescaled cohomological, then L is simple.

(¢) If (A, ©) is semi-cohomological, then L is semisimple.
Proof. Claim (a) follows from Corollary 2.2 because L? is simple and normal for all

6 and the same is true for the transfers of L?. Claim (b) follows from (a). Claim (c)
follows from (b) and Lemma 1.7.1 (a). O
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II1.3 Equivalence of categories

We state the main theorem of this chapter. Recall that Q,(X) = Q2(K(G, 1)) is the
category of two-dimensional X -HQFTs (see Section 1.1.4) and @(G) is the category
of crossed Frobenius G-algebras (see Section 11.3.2).

3.1 Theorem. The functor Q>(X) — Q(G) assigning to a 2-dimensional X-HQFT
its underlying crossed Frobenius G-algebra is an equivalence of categories.

Theorem 3.1 will be proven in Section 4. Note that in Theorem 3.1 the ground ring
K of the X-HQFTs and the G-algebras is an arbitrary commutative ring. For G = {1},
this theorem yields the well known equivalence between the category of 2-dimensional
TQFTs and the category of commutative Frobenius algebras; see [Di], [Ab], [Kock].

3.2 Corollary. The functor of Theorem 3.1 induces a bijective correspondence between
the isomorphism classes of two-dimensional X -HQFTs and the isomorphism classes
of crossed Frobenius G-algebras.

3.3 Corollary. The group of automorphisms of a two-dimensional X -HQFT is isomor-
phic to the group of automorphisms of the underlying crossed Frobenius G-algebra.

3.4 Corollary. Let (A, T) be a two-dimensional X -HQFT over a field of characteristic
zero. Let L be the crossed Frobenius G-algebra underlying (A, 7).

(a) The HQFT (A, ) is isomorphic to a cohomological X -HQFT if and only if L is
simple and normal.

(b) The HQFT (A, t) is isomorphic to a rescaled cohomological X-HQFT if and
only if L is simple.

(¢c) The HQFT (A, t) is semi-cohomological if and only if L is semisimple.

(d) If (A, 1) is semi-cohomological, then its decomposition as a direct sum of rescaled
cohomological X-HQFTs is unique.

Proof. The necessity of the conditions on L in (a)—(c) follows from Corollary 2.3. If L
is simple, then by Corollary I1.6.4, L is isomorphic to L% -0k where H is a subgroup
of G of finite index, § € H?(H;K*), and k € K*. Corollary 2.2 implies that the
crossed Frobenius G-algebras underlying the X -HQFTs (A, 7) and (A9-H:0 ¢ G.H.0.k)
are isomorphic. By Corollary 3.2, these X-HQFTs are isomorphic. This proves the
sufficiency of the condition on L in (b). Similar arguments prove the sufficiency in
(a) and (c). Claim (d) follows from Corollary 3.2 and the fact that the decomposition
of a semisimple crossed Frobenius G-algebra as a direct sum of simple G-algebras is
unique. O

3.5 Computation for semi-cohomological HQFTs. Consider in more detail a two-
dimensional semi-cohomological X-HQFT (A, t) over afield K of characteristic zero.



IL.3 Equivalence of categories 53

Let L be the underlying crossed Frobenius G-algebra of (A4, 7). By Corollary 2.3 (¢),
L is semisimple, and we can consider its basic triple

(I =Bas(L), V(L)€ HZ(I;K*), Fr:1— K*).
The following theorem computes the values of t on certain closed X -surfaces.

3.5.1 Theorem. Let W be a closed connected oriented surface, w € W, and m =
mi(W,w). Let g: (W, w) — (X, x) be amap inducing a group epimorphism g: w —
G. Then

t(W,8) = Y (Fr(i)X™)/2 g* (=) ([W)), (3.5.2)

iely

where Iy C I is the fixed point set of the action of G on I and V; € H*(G; K*) is the
cohomology class defined in Section 11.5.4.

Here g*(—=V;) = —g*(V;) € H?*(w; K*) and

g (VW] = g* (V) (W] = g* (V) ([-W]) = (g*(V)(W]) ' € K*

is the evaluation of g*(—V;) on the fundamental class [W] € Hy(W;Z) = Hy(7; Z).
The evaluation in question H?(w; K*) x Hy(m;Z) — K is induced by the bilinear
form K* x Z — K*, (k,n) — k", where k € K* and n € Z. The summation on the
right-hand side of (3.5.a) is the summation in K.

Proof. As we know, L splits as a direct sum of simple crossed Frobenius G-algebras
L™ = mL numerated by the orbits m of the action of G on I. Each L is iso-
morphic to the crossed Frobenius G-algebra LY-Hm-9m-km \where H,, is a subgroup
of G of finite index, 6,, € H*(H,,; K*), and k,, € K*. By Lemma 1.7.1 (a) and
Corollaries 2.2 (b) and 3.2, the X-HQFT (A4, 1) is isomorphic to the direct sum of the
rescaled cohomological X -HQFTS (A, T) = (A% Hm>=0m G-Hm:=0mkm) There-
fore t(W,8) =, tm(W, 8).

For an orbit m C [ with two or more elements, 7,,(W,g) = 0. Indeed, the
HQFT (A, t) is obtained by rescaling and transfer from the K(H,,, 1)-HQFT
(A=%m =%m)  Since [G: H,] = card(m) > 2, the covering K(Hy,, 1) of X is
non-trivial. The assumption g(7) = G implies that the map g: W — X does not lift
to this covering. Therefore 7, (W, g) = 0.

A one-element orbit m C [ isjust {i} fori € Iy. Then

H,=G, 6,=V;eH*G;K*), kn=FL@),

and (A, T, ) is obtained from the primitive cohomological X-HQFT (A_em , T _9'”) =
(A7Vi, t7Vi) by kp-rescaling. Therefore

(W, §) = tiy(W, &) = FrL()*P/2 g* (V) ((W)).
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Hence

t(W.8) = Y tyy(W.§) = Y FL(i)*M/2 g*(=Vy)([W])). O

iely iely

3.6 Remark. Theorem 3.5.1 can be generalized to amap g: (W, w) — (X, x) induc-
ing an arbitrary, not necessarily surjective homomorphism g: 7 — G = m1(X, x).
Consider the covering p: X’ — X determined by the subgroup G’ = g(x) of G.
Consider the X'-HQFT (A4’, t’) obtained by pulling back the X -HQFT (4, t) along p.
It is clear that g lifts to a map g&': W — X’ inducing a surjective homomorphism of
the fundamental groups. By the definition of 7/, we have t(W, g) = t/(W, &’). If the
crossed Frobenius G'-algebra L’ underlying (A4’, t’) is semisimple, then Theorem 3.5.1
computes t/(W, g’) from the basic triple of L. Note that L’ is the restriction to G’ of
the crossed Frobenius G-algebra L underlying (4, 7). Clearly, L’ is semisimple if and
only if L is semisimple.

II1.4 Proof of Theorem 3.1

4.1 The bijectivity for morphisms. We verify that for any two-dimensional X -
HQFTs (4, 7), (4’, t’) with underlying crossed Frobenius G-algebras L, L', the map

Iso((A4,7), (A", 7")) — Iso(L, L") (4.1.2)

constructed in Section 1.8 is bijective. The injectivity of this map is obvious since all
X -curves are disjoint unions of loops and therefore any two isomorphisms (4, t) —
(A4’, ') coinciding on loops coincide on all X -curves.

To establish the surjectivity of (4.1.a), we first show how to reconstruct (4, 7)
from the underlying crossed Frobenius G-algebra L = (L, n, ¢). It is clear from the
discussion in Section 1.1 that A is determined by L. We need only to reconstruct 7.
It follows from the topological classification of compact oriented surfaces that every
such surface splits along a finite family of disjoint simple loops into a disjoint union of
disks, annuli, and disks with two holes. Therefore every X -surface W can be obtained
by gluing from a finite family of X -disks with < 2 holes. Using the axioms of an
HQFT and Lemmas I.1.3.1-1.1.3.3, one easily deduces that t(W) is determined by the
values of 7 on the X -disks with < 2 holes. It remains to compute these values from
(L.n.9).

We begin by computing 7 for annuli. Any X-annulus is X-homeomorphic to
C_i(a;B),orto C__(a; B),orto Cy4(x; B) wither, B € G. (Note that C_(«; B) is
X -homeomorphic to C_; (B~ 'aB; B~!).) By definition, fora € L,

T(Cy(2: ))(a) = ¢p—1(a). (4.1.b)
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Now the annulus C__(«; ) can be obtained by gluing the annuli C_4(«; ) and
C__(B'apB: 1) along an X -homeomorphism (C}, B~ ap) ~ (C2, B~ 'ap); see Fig-
ure II1.7. The gluing axiom (1.2.6) and the definition of n imply that

t(C——(a; B)) € Homg (Lo ® Lg—14-15, K)
is computed by

T(C——(a: p))(a ® b) = n(gpg-1(a).b) (4.1.0)

foranya € Ly andb € Lg-14-1p.

C__(@h)

C+(0¢;

Figure II1.7. A splitting of C__(«; B).

C__(plapi )

To compute the vector
T(Cyy(a; B)) € Homg (K, Ly ® Lg—14-18) = Lo ® Lg-14-1g,

we expand it as a finite sum ) ; a; ® b;, where a; € Ly and b; € Lg-14-15. The
gluing of C__(a~'; 1) to C4 4 (a; B) along an X -homeomorphism (C1, o) ~ (C2, )
yields C_y (@™ '; B); see Figure IIL.8. The axioms of an HQFT and (4.1.b) yield that
foranya € Ly-1,

Zn(a,ai)bi = @g-1(a). (4.1.d)

Since the restriction of nto L,—1 ® L is non-degenerate, (4.1.d) determines the vector
t(Cy4(a; B)) = 3_; ai ® b; uniquely.

There are two X -disks: B4 where the orientation of the boundary is induced by
that of the disk and B_ where the orientation of the boundary is opposite to the one
induced from the disk; see Figure II1.9. Then t(B4+) = 1p € L;. The X-disk
B_ may be obtained by gluing B4 and C__(1;1) along 0B+ ~ CO°. Therefore
t(B-) € Homg (L1, K) is determined by L. More precisely, fora € L1,

t(B-)(a) = n(1L,a) = n(a, 11). (4.1.)
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Figure IIL8. A splitting of C—4 (e~ !; B).

@

Figure I11.9. The X-disks B4 and B_.

B_

Each X-disk with two holes D splits along three disjoint simple loops parallel to
the components of dD into a union of three X -annuli and a smaller X -disk with two
holes. Choosing appropriate orientations of these three loops we can split D as a union
of three X -annuli and an X -disk with two holes X -homeomorphicto D__4 («, 8;1, 1)
for some o, § € G. The homomorphism 7(D__4 (e, 8; 1, 1)) is multiplication in L.
The values of 7 on the X -annuli were computed above. The axioms of an HQFT allow
us to recover t(D). We conclude that the HQFT (A4, t) can be entirely reconstructed
from (L, n, ).

We now prove the surjectivity of the map (4.1.a). Every isomorphism of crossed
Frobenius G-algebras p: L — L’ defines in the obvious way a K-isomorphism
om: Ay — A}, for any X-curve M ~ S'. These isomorphisms extend to arbitrary
X-curves M by multiplicativity. We claim that the resulting family of isomorphisms
{osm: Ay — Aj;tm is a morphism of HQFTs. To see this, we must check that these
isomorphisms make the natural square diagrams associated with X -homeomorphisms
and X -surfaces commutative. The part concerning homeomorphisms is obvious; see
the discussion in Section 1.1. As explained above, every X -surface can be glued from
a finite family of X -surfaces of types By, Ce (o; B), and D__ (o, 851, 1), where
o, B € G and g, u = £. Therefore it suffices to check the commutativity of the square
diagrams associated with these X -surfaces. For B4 and D__4 («, B; 1, 1), the required
commutativity follows from the assumption that p: L — L'is an algebraisomorphism.
For the X -annuli, the commutativity follows from the formulas (4.1.b)—(4.1.d) since p
preserves the inner product and commutes with the action of G on L and L’'.
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4.2 The surjectivity for objects. To complete the proof of Theorem 3.1, it remains
to show that any crossed Frobenius G-algebra (L = @ g La. 1, ¢) can be realized
as the underlying G-algebra of a two-dimensional X-HQFT (A4, 7).

We associate with every X -curve M a K-module Ay as follows. If M = @, then
Ay = K. If M ~ S! and M represents o € G, then Ay = Ly. If M has two or
more components {M; };, then Ay = ®; Ap; .

For an arbitrary X-homeomorphism f: M — M’, the induced isomorphism
fu: Ay — App isthe identity mapid: K — K if M = M’ = @ and the identity map
id: Ly > Lo if M ~ S' ~ M’ and M, M’ represent « € G. For non-connected
M, M’, the isomorphism fx: Ay — Ap is the obvious tensor product of the identity
homomorphisms.

The construction of T proceeds in seven steps.

Step 1. We define t for X -annuli using (4.1.b)—(4.1.d). To establish the topological
invariance of t (Axiom (1.2.4)) note that the X-homeomorphisms of X -annuli are
generated (up to isotopy) by

(i) the Dehn twists C , (ar; B) — Cg (s of) about the circle S'x(1/2)ccC =
S x [0, 1], where &, u = =+, and

(ii) the reflection Cee(a; ) — Cee(Bla™!B;87!) permuting the boundary
components of C and defined as the product of the orientation reversing involutions
St - Sl s> —sand [0,1] — [0,1], £+ 1 —1.

The invariance of t under the Dehn twists (i) follows from (4.1.b)—(4.1.d) since

Pap)tlL oy = Pp-ta-tlL o, = Pp-1 CarlL 4 = g1l -

The invariance of 7(C_—(; 8)): Ly ® Lg-14-15 — K under the reflection (ii)
follows from (4.1.c) since forany @ € Ly and b € Lg-14-1g,

t(C—(a: B))(a ® b) = n(pg-1(a).b)
= n(a. (b))
= 1(pp(h),a) = t(C—(B~'a B 7N (b ® ).

To show the invariance of 7(C4 4 (a;B)) = >, a;i ® b; € Ly ® Lg—1,-1p under the
reflection (ii), it suffices to deduce from (4.1.d) that for any b € L B—1aB>

;U(b»bi)ai = pg(b). (4.2.2)
Givena € Ly—1,
n(a, lZn(b,bi)ai) = lZn(a,ai) n(b, bi)
= n(b,IZﬁ(mai)bi)

= (b, pg-1(a)) = n(pg-1(a),b) = n(a, pp(b)).
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Now, the non-degeneracy of 1 implies (4.2.a).

Step 2. Consider the gluing of the X -annuli C; ;, (o; ) and C_,, , (y; §) along an X -
homeomorphism (C!, B~ 1a ¥4 B) ~ (CEM, y), where o, B,y,6 € Gande, u,v = %+
are such that y = B~la~*"B. The gluing yields the X -annulus Cy , (or; 85). We verify
here that the vectors t associated with these three X -annuli are related by the gluing
rule formulated at the end of Section 1.1. Note that the gluing of C; _ to C4 ,, along
C! ~ CY is topologically equivalent to the gluing of C, 4 to C_ along C{ ~ C°.
Therefore without loss of generality we can assume that £ = +. We indicate now the
key algebraic argument behind the gluing rule; the detailed computations are left to the
reader.

Case (1): e = —, v = +. Use the identity gs—1¢g-1 = ¢(gg5)-1.
Case (2): e = v = —. Use again that gs—1¢g—1 = ¢(gg)—1.
Case (3): = v = 4. The required formula is equivalent to the identity

Yin(a,a;) ps—1(bi) = ¢gsy-1(a) for any a € L,—1. This identity follows from
(4.1.d).

Case (4): ¢ = +, v = —. The required formula is equivalent to the following
equality of homomorphisms from L gs)-1485 = Ls—1,-15 t0 Lq:

(idz, ® T(Co—(1:8))) © (1(Cot (@ B)) @1dL 5 1, ) = T(C (@t BE)).

The right-hand side carries any a € Lgg)-14p5 10 ¢ps(a) by the definition of ¢gs.
Using an expansion t(Cy(a;B)) = D, a; ® bi € Ly ® L, as above and formulas
(4.1.c), (4.2.2). we compute that the left-hand side carries a € Lgs)—1485 t0

(idr, ® t(C—(y: (X ai ® bi ® a) = X ain(ps-1 (i), a)
= >_ain(bi. ¢s(a))

= ppyps(a) = pgs(a).

Step 3. At Step 3 we define t for X-disks with two holes. For an X-disk with
two holes D = D__, («, B; p,8) (see Section 1.2 for notation), we define (D) €
Homg (Loy ® Lg, Lpyp-1585—1) by T(D)(a ® b) = ¢p(a) ps(b), where a € Ly and
b € Lg. Observe that the group of isotopy classes of orientation preserving self-
homeomorphisms of D___ is generated by Dehn twists in cylinder neighborhoods of
the circles Y, Z C dD__4 and the homeomorphism f: D__, — D__ introduced
in the proof of (3.1.2) in Lemma 1.6. That 7 is preserved under the Dehn twists is
proven by the same computation as the topological invariance of 7 for X -annuli at Step
1. That 7 is preserved under f means that the homomorphisms

T(D__y(a,B;1,1)): Lo ® Lg — Log
and
t(Do—p(Boa: 1, B71): Lp ® Ly — Lag
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are obtained from each other by the flip Ly ® Lg — Lg ® Ly. This follows from
Axiom (3.1.2) using essentially the same computation as in the proof of this axiom in
Lemma 1.6.

Consider now an X-disk with two holes D = D___(a, f;p,8) and set y =
§p 18 pa~p™! € G. We define t(D) € Homg(Ly ® Lg ® Ly, K) by

(D)@ ®b ®c) = n(pp(a)s(b),c),

where a € Ly, b € Lg, ¢ € L. This definition results immediately from the gluing
rule if we present D as the result of a gluing of D__ 4 (a, B;p,8) and C__(y~1;1)
along (T4, y™ 1) ~ (C°, y~1). This definition ensures the gluing rule for this gluing.

To verify the topological invariance, consider an orientation preserving homeo-
morphism h: D___ — D___ which carries (Y, y), (Z, z), (T, t) onto (Z, z), (T, t),
(Y, y), respectively. We choose / so that the arc 7z is mapped onto yt = (ty)~! and the
arc ty is mapped onto an embedded arc leading from y to z and homotopic to the prod-
uct of the arcs yt and 7z. An easy computation shows that / is an X -homeomorphism
D___(a,B;p,8) = D___(y, ;81,8 1p). Itis clear that any orientation preserving
self-homeomorphism of D___ (considered up to isotopy) expands as a composition
of Dehn twists in cylinder neighborhoods of Y, Z, T and, eventually, hE1, The invari-
ance of 7(D) under the Dehn twists in questions follows from the already established
topological invariance of 7(D__ («, B; p,8)) and (C—_(y~!; 1)). The invariance of
T under & follows from the equalities

n(gp(a) ps(b),c) = nlc, pp(a) ps(b))
= n(c pp(a), ps(b))
= n(ps-1(c) ps—1,(a),b).

Now we define t for D = D44 _(«, 8; p,8). We can obtain D by gluing three
X-annuli C44(a;1), Cy4(B:1) and C__(y; 1), where y = pa~1p~ 18871671, to
D__,(a”!, B71; p, §) along the X-homeomorphisms, respectively,

(Cia)~ oo™, (CLpH~Zo ). (Coy) ~(Ty,y).

The gluing rule determines (D) uniquely. The topological invariance of 7 (D) follows
from the topological invariance of the values of 7 on D__ (a~!, 87!; p, §) and on the
three X -annuli above since any self-homeomorphism of D is isotopic to a homeomor-
phism preserving the union of these annuli set-wise.

Similarly, we can obtain D444 (e, f8;p,8) by gluing three X-annuli of type
Cy4(-;1) to the X-disk with two holes D___(a™!, B~1; p, §). The gluing rule deter-
mines t(D 4+ (a, B; p,d)) in a topologically invariant way.

Note finally that any X -disk with two holes D’ is X -homeomorphic to one of the X -
disks with two holes D considered above. This determines t(D’) uniquely. Different
choices of D and of the X -homeomorphism D = D’ lead to the same t(D’) because
of the topological invariance of (D) established above.



60 III Two-dimensional HQFTs

Step 4. At Step 4 we check the gluing rule for gluings of an X -annulus to an X -disk
with two holes along one boundary circle. Consider first a gluing of C_y to D__
(this again produces D___). If the gluing is performed along an X -homeomorphism
C}r ~ Y_ or C}r ~ Z_, then the gluing rule follows from the identity ¢,0y = @,
If the gluing is performed along C® ~ T, then the gluing rule follows from the
assumption that all ¢, are algebra homomorphisms.

Consider next a gluing of C_ to D___ (this produces D___). If the gluing is
performed along Y or Z, then the gluing rule follows from the identity ¢a@g = @ag.
The existence of a self-homeomorphism of D___ mapping 7" onto Y shows that the
gluing rule holds also for the gluings along 7'.

Consider now an arbitrary gluing of an X-annulus C,o .1 to an X-disk with two
holes D¢, . along one boundary circle. By the topological invariance of t estab-
lished at Steps 1 and 3, it is sufficient to consider the gluing performed along an
X -homeomorphism Cs% ~ T, so that ¢* = —v. This gluing yields D, ¢ - There are
16 cases corresponding to different signs &', &, 1, v. The cases where ¢! = v(= —&°)
and the triple ¢, i, v contains at least 2 minuses were considered above at this step.
We check the remaining cases one by one using the fact that tensor contractions along
different tensor factors commute. We begin with the case ¢ = u and indicate the key
argument leaving the details to the reader.

Case e = 4 = —, v = +, ¢! = —. The gluing rule follows from the definition
of t(D—___) and the gluing rule for annuli obtained on Step 2.

Case ¢ = L = —, v = —, &' = +. The gluing rule follows from the definition
of t(D—___) and the gluing rule for annuli.

Case s = u = +,v = +, ¢! = +. The gluing rule follows from the definition
of t(D+++) and the gluing rule for annuli.

Casee = =+,v=—, el = +. The gluing rule follows from the definitions
of t(D4+4-), T(D4++) and the gluing rule for annuli.

Case ¢ = 4 = +, v = —, ¢! = —. The gluing rule follows from the definition
of t(D4+4-) and the gluing rule for annuli.

Casee =p =+4,v =+, gl = —. The gluing rule follows from the definitions
of 7(D44+4), t(D44-) and the gluing rule for annuli.

The case ¢ = —, u = + reduces to ¢ = +, © = — by the topological invariance
(Step 3). Assume thate = + and u = —. If v = g! = +, then the gluing rule follows
from the definition of T(D,_y). We are left with two cases (v = +, ¢! = —) and
(v = —, ! = 4). The gluings in question Dy + Dy__and Dy__ + Dy
are mutually inverse and therefore (taking into account the results obtained at Step 2)
it is enough to consider one of them. We consider the first gluing in detail.

Let o,8,0,8, € Gand y = pa~'p~1886~1 € G. Gluing the X-annulus
C__(y:9)to Dy = Dy_4(a,B;p.8) along (C°,y) ~ (Ty,y) we obtain the X-
disk with two holes

Dy = Dy——(a, ;¢ 10, £719).
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Clearly, D, is X-homeomorphic to

D——+ (:3’ é‘_ly_lé‘; IO_IS’ p_lé‘)'

By Step 3, the map 7(D2): Lg ® Ls-1,-1; — Lo carries a ® b with a € Lg,
b_ € Lg—1,-17 t0 9p-15(a) pp-1¢(b). To compute 7:.(D1) following the. instructions
given at Step 3, present D; as the result of the gluing of the X-annuli C1y(«;1),
C__(B:1),Cix(y"lil)toD3 = D_y_(a™ !, B7; p,8) along X -homeomorphisms,
respectively,

(Cla Y~ -, (CLp Y=z B (CLy H~(T_.y™.

The vector 7(D1) is obtained by the tensor contraction from the tensor product of
four t-vectors corresponding to these four pieces. We must prove that 7(Djy) = 7/,
where 7’ is the result of the tensor contraction of (D7) ® T(C—_(y;{)) along the two
dual tensor factors contributed by (C°%,y) ~ (T4, y). The gluing of Cy(y~1;1) to
C__(y:¢)along (C4.y) ~ (C2,y) gives C1—(y~'; ¢). By Step 2, the tensor contrac-
tion of T(C1+(y~ ;1)) ® t(C__(y;¢)) along the two dual tensor factors contributed
by (C1,y) =~ (C2,y)is equal to T(C1—_(y~";¢)). The gluing of C_(y~':{) to D3
along (C9,y™1) ~ (T, y™") gives

Dy= Dy (@ ", 75810, 5716).

By Step 3, the tensor contraction of 7(Cy_(y~';¢)) ® t(D3) along the two dual
tensor factors contributed by (C?,y~1) = (T_, y~!) is equal to (Dy). Therefore, T’
is obtained from

1(Cri(a; 1) @ T(C——(B: 1)) ® ©(Da)

by the tensor contraction along the dual tensor factors contributed by the circles
(Cl,a™h) ~ (Y_,a Y and (CL, B~ ~ (Z4,B7"). Expand

T(Cop(a:1)) =) a; ®b;

with a; € Ly and b; € L,—1. It is easy to see that D4 is X-homeomorphic to
D__ (¢ 'yt a6, 67 p). This implies that foranya € Lg,b € Lg—1,-1¢, the
value of " € Hom(Lg ® L¢-1,,-1¢, Lg) ona ® b is computed by
T(a ®b) = 3 n(ps—1:(b)ps—1,(bi). a) ai
1
= 2 1@ (b)gp(bi). ps(a)) ai
1
= 2_n(es (@) (b). pp(bi)) ai
l
= 2 1(pp-15(@)pp-1£(b). bi) ai
1

= Qﬂp—lg(a) (pp_lg'(b)v
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where the last equality follows from the definition of 7(C4+ («; 1)). We conclude that
v = 1(D,).

Step 5. Now we define 7 for the X -disks B4 and B_ (see Section 4.1 for notation).
Sett(B+) = 11 € L;. The gluing rule for a gluing of B4 to an X -annulus of type C_ 4
follows from the equality pg(1.) = 1z for B € G. The gluing rule for a gluing of B
to an X -disk with two holes of type D___ follows from the equalities lza = aly = a
for a € L. This fact and the definition of t for X -disks with two holes of types D___
or D4 4_ imply the gluing rule for any gluing of B to such disks with holes.

The disk B_ can be obtained by gluing B4 and C__(1; 1) along 0B+ ~ C2. This
determines t(B_) € Homg (L1, K). The gluing rule for gluings of the disk B_ to
X -disks with < 2 holes follows from the already established properties of the gluings
of C__(1;1) and B+.

Step 6. Now we define t (W) for any connected X -surface W. By a splitting system
of loops on W we mean a finite family of disjoint embedded circles o1, ...,y C W
which split W into a union of disks with < 2 holes. We provide each «; with an
orientation and a base point x;. We choose a map g: W — X in the given homotopy
class so that g(x;) = x € X for all i. The disks with holes obtained by splitting
W along | J; o; endowed with the restrictions of g are X -surfaces. The gluing rule
determines (W) from the values of T on these X -disks with holes.

We claim that 7 (W) does not depend on the choice of orientations and base points
on &q,...,ay. The proof is as follows. Picki € {1,..., N} and set ¢ = «;. Let
D1, D, be the disks with holes adjoint to « from different sides (they may coincide).
A cylinder neighborhood C of « in D; is an annulus bounded by « and a parallel loop
& C Int D;. Consider the disks with holes 51 = D; —C and 52 =D, UC. We
provide & with a base point X and the orientation opposite to that of . We deform g
in a small neighborhood of X so that g(X) = x. In this way the surfaces C, Dy, D,
become X -surfaces. It follows from the properties of 7 established above that

©(D1) = *3(x(D1) ® 7(C)) and (D) = *o(x(C) ® T(Dy)),
where %, denotes the tensor contraction corresponding to the gluing along «. Then
#a(1(D1) ® 1(D2)) = #¢ *5 (1(D1) ® 1(C) ® 1(D2)) = *a(1(D1) ® 1(D2)).

Thus, replacing « with & in the splitting system of loops we do not change t(W). This
implies that t(W) does not depend on the choice of orientations and base points on
a1,...,0N. A similar argument shows that (W) does not depend on the choice of g
in its homotopy class (relative to the base points on dW).

We claim that the homomorphism 7 (W) does not depend on the choice of a splitting
system of loops on W. The crucial argument is provided by the theorem, due to
A. Hatcher and W. Thurston [HT], that any two splitting systems of loops on W are
related by a finite sequence of the following transformations on splitting systems of
loops on W':
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(i) isotopy in W;

(i1) addition of an arbitrary simple loop disjoint from the given loops;

(iii) deletion of one loop from a splitting system of loops, provided the remaining
loops form a splitting system;

(iv) replacement of a loop « adjacent to different disks with two holes D;, D,, by
a simple loop in Int D; U Int D, U «, meeting « transversely in two points and
splitting both D and D into annuli;

(v) replacement of a loop « in a splitting system by a simple loop meeting o trans-
versely in one point and disjoint from the other loops.

We should check the invariance of 7(I¥) under these transformations. The invari-
ance of ©(W) under isotopy is obvious. Consider the transformation (ii) adding a loop
o in W —J; o;. The loop « lies in a disk with < 2 holes obtained by the splitting of
W along | J; ;. The loop « splits this disk with < 2 holes into a union of a smaller
disk with < 2 holes and an annulus or a disk without holes. The invariance of ¢ (W)
follows from the already established gluing rule for gluings of a disk with < 2 holes to
an annulus or a disk along one boundary component. The transformation (iii) is inverse
to (ii) and the same argument applies. To handle (iv), observe that the associativity of
multiplication in L yields two equivalent expressions for the value of t for a disk with
three holes; these expressions are obtained from two splittings of the disk with three
holes as a union of two disks with two holes; see the proof of Lemma 1.6. Since we
are free to choose orientations of the loops in a splitting system, we can reduce the
invariance of t(W) under the transformation (iv) to this model case. Note that in order
to have the maps to X as in the model case (i.e., mapping the arcs ¢y, ¢z to the base
point x € X) we can use transformations (ii) to add additional annuli to the splitting.
Similarly, the invariance of t(W') under the transformation (v) follows from the torus
condition (Axiom (3.1.4)), cf. the proof of Axiom (3.1.4) in Lemma 1.6.

The topological invariance of (W) follows from the topological invariance of t
for disks with < 2 holes and the fact that any homeomorphism of connected surfaces
maps a splitting system of loops onto a splitting system of loops.

Step 7. We already defined t for connected X -surfaces. We extend t to arbitrary X -
surfaces by the tensor multiplicativity (Axiom (1.2.5)). It follows from the definitions
that (4, t) is an X-HQFT. (To verify gluing axiom (1.2.6), we simply compute (W)
using a splitting system of loops containing N = N’ C W.) Itis clear that (L, 1, ¢)
is the underlying crossed Frobenius G-algebra of (4, 7).

III.5 Hermitian two-dimensional HQFTs

In this section we assume that the ground ring K is endowed with a ring involution
K—> K, kw—k.
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5.1 Theorem. The underlying crossed Frobenius G-algebra of a Hermitian two-dimen-
sional HQFT over K with target X = K(G, 1) has a natural Hermitian involution.
This establishes an equivalence between the category HQ,(X) of two-dimensional
Hermitian X -HQFTs over K and the category HQ(G) of Hermitian crossed Frobenius
G-algebras over K.

Proof. Consider a Hermitian two-dimensional X-HQFT (A, t) and its underlying
crossed Frobenius G-algebra L. The Hermitian structure on (A4, t) yields for each
a € G anon-degenerate Hermitian pairing (-, - )q: Ly X Ly — K. By the non-
degeneracy of 7, there is a unique antilinear isomorphism Ly, — L,—1, b — b such
that for any a, b € Ly,

(a.b)e = n(a,b). (5.1.2)
The Hermitian symmetry (a, b)q = (b, a), may be rewritten as
n(a,b) = n(a,b) (5.1.b)

for any a,b € L. We now check that the homomorphism L — L, b +— bis a
Hermitian involution on L. To this end, we shall apply Axiom (4.1.2), p. 16, of a
Hermitian X -HQFT to several X -surfaces.
For W = C_(a; B), we have —W = C_, (B8~ 'aB; B~1). By definition,
t(W)=¢g-1: Ly > Lg-14p and t(—W) =g@g: Lg-148 = Lq.
Axiom (4.1.2) for this W may be rewritten as the identity

(pp—1(a),b)g-14p = {a, 9p(b))a
foranya € Ly and b € Lg—14p. Therefore

n(eg-1(a),b) = n(a, pg (b)) = n(pg-1(a), pg-1(pg(h))).
Since 7 is non-degenerate, the latter formula implies that ¢g (5) = m
For W = C__(a; 1), wehave —W = C44(a; 1). Bydefinition, t(W) = n: Ly ®
L,—1 — K. The homomorphism t(—W): K — L, ® L,-1 carries 1g into a sum
Y iai ® bj, where a; € Lo, b; € Ly—1,and ) ; n(a,a;)b; = a foranya € Ly-1,
cf. formula (4.1.d). Axiom (4.1.2) for this W and Axiom (4.1.1) imply that for any
celyandd € L1,

T](C,d) = <77(C7d)7 1K>@
= Z(C’ai)a(d’bl»a*l

= Y n(c,@)n(d, b)

= Y0 a;)n(d, bi)

= n(d. Y0 anb;) = 1(d.¢) = n(¢.d).
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This gives 7(c,d) = n(¢,d). Using this formula and the non-degeneracy of 7, we
obtain that (5.1.b) is equivalent to the involutivity of the map L — L, b — b.

ForW = D__, («, B; 1, 1), the homomorphism t (W) is the algebra multiplication
Ly ® Lg — Lgg. The X-surface —W is X-homeomorphic to Dy (B,a;1,1).
The homomorphism 7(—W): Log — Lg ® L4 can be computed using the fact that
the gluing of C__(B7!;1) to D44_(B.a;1,1) along (C1,B8) ~ (Y4,pB) gives an
X -disk with two holes X -homeomorphic to D__ (B, 7';1,1). This implies that
T(—W) carries any ¢ € Log toasum ) ; b; ® a; withb; € Lg, a; € Lo such that
cd =3 ;n(d,bj)a; foralld € Lg-1. Axiom (4.1.2) for W gives

(ab.c)ap = > (a.aj)a(b.bj)p

J

foranya € Ly, b € Lg,c € Log. The left-hand side is equal to n(ab, ¢) = n(a, bc)
while the right-hand side is equal to

> n(a.a;) n(b.b;) = Yon(@.ap) n(b.by) = n@. 3 n(b.by)ay)
J J J

= n(d,cl;) = r](a,c_E).

By the non-degeneracy of 5, we have b¢ = cb for any b, ¢ € L. Hence b = ch. We
conclude that b > b is a Hermitian involution on L.

Conversely, having a Hermitian involution on L we define a Hermitian structure
on (A, 7) using (5.1.a) and Axiom (4.1.1). We need only to verify Axiom (4.1.2).
The arguments above in this proof, properly re-phrased, verify Axiom (4.1.2) for the
X-surfaces C_4 (o; ), C__(a; 1), and D__4 (0, B;1,1). Since C;y = —C__ and
(4.1.2) for W isequivalent to (4.1.2) for — W, this axiom holds also for W = C 4 (a; 1).
For W = B, we have —W = B_ and (4.1.2) is equivalent to

(1L.b)1 = (t(B4)(k). b)1 = (1k. 1(B-)(D))g = t(B-)(D) (5.1.0)

forany b € L;. By (4.1.e), t(B-)(b) = n(b,1). Therefore (5.1.c) is equivalent
to the equality (1,b)1 = n(b,1L). Applying the conjugation in K, we obtain an
equivalent formula (b, 12)1 = n(b, 11). Since (b, 1)1 = n(b, 11.), the latter formula

follows from the equality 17, = 1j.
Every X -surface W can be obtained by gluing from some X -surfaces of types

By, Cq(a;p). C——(:1), Cyy(a:l), D—y(a,B:1.1).

Therefore Axiom (4.1.2) holds for W. Thus, the functor HQ,(X) — HQ(G) is
surjective on objects. That this functor is an equivalence of categories directly follows
from Theorem 3.1. O

5.2 Corollary. The underlying G-algebra of a unitary two-dimensional HOQFT with
target X = K(G, 1) is a unitary crossed Frobenius G-algebra. This establishes an
equivalence between the category UQ, (X)) of two-dimensional unitary X -HQFTs and
the category UQ(G) of unitary crossed Frobenius G-algebras.



Chapter IV
Biangular algebras and lattice HQFT's

IV.1 Frobenius G -algebras re-examined

We show in this section that every Frobenius G-algebra admits a natural family of
endomorphisms similar to the family {¢, }4ec in the definition of a crossed G -algebra.
This will lead us to a notion of a biangular algebra formulated in the next section. We
begin with a simple algebraic lemma.

1.1Lemma. Let P and Q be projective K-modules of finite type andletn: P®Q — K
be a non-degenerate bilinear form. There is a unique vector n~ € P ® Q such that
for any expansion n~ = Y, p; ® q; into a finite sum with p; € P, q; € Q and any
pePl qgel,

p=2n(p.qi)pi and q =3 n(pi.q)4i. (1.1.a)
14 14

Forn™ = ), pi ®q; satisfying (1.1.a), theformulak — k ), ¢; ® p; defines aho-
momorphism K — Q ® P satisfying (together with ) the conditions of Lemma [.5.1.
Lemma 1.1 complements Lemma 1.5.1 by saying that 7 gives rise to a unique 7~ as in
Lemma L.5.1.

Proof. Define a homomorphism p: Q@ — P* by p(q¢)(p) = n(p,q) forany p € P
and ¢ € Q. Since 7 is non-degenerate, p is an isomorphism. Forany r = )", p; ®
gi € P ® Q, we define a K-homomorphism v,: P* — Q carrying x € P* to
Y i x(pi)qi € Q. Since P and Q are projective K-modules of finite type, the formula
r > v, defines an isomorphism P ® Q =~ Homg (P*, Q).

Givenr =) ; pi ® q¢i € P ® Q, theidentity p = ), n(p,q;)pi forall p € P
is equivalent to the equality pv, = idp+. Indeed, pv, carries x € P* into the
homomorphism P — K mapping p € P to r;(p, D x(p,-)qi) = x(Zi r;(p,q,-)pi).
The equality p v,(x) = x holds for all x € P* if and only if ), n(p,qi) pi = p for
all p € P. Similarly, the identity ¢ = ), n(pi.q)g; for all ¢ € Q is equivalent to
the equality v, p = idg. Thus, the only vector r = 1~ satisfying the conditions of the
lemma is determined from the formula v, = p~! € Homg (P*, Q). O

1.2 Operators {Yy}aeG. Let (B = P, Ba. 1) be aFrobenius G-algebra over the
ring K. By Lemma 1.1, for « € G, the non-degenerate form 7: B, ® B,-1 — K
yields a vector n, € By ® B,—1. We expand

Ny = 2. Pf ®4qj, (1.2.2)
1
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where i runs over a finite set of indices, J, and pf‘ € B, ql‘-" € B,-1. The vector 1,
is characterized by the following property: for any a € By,

a= Y n(a.q}) pf.

ieJy

Next, we define a K-linear homomorphism ¥, : B — B by

Va(b) = X pibg;

ieJy

for any b € B. Clearly, the right-hand side does not depend on the choice of the
expansion (1.2.a) of n,. If b € Bg, then Y, (b) € Bypgo—1-

Since 7 is symmetric, 7 _, is obtained from 7, by permutation of the tensor factors,
1.e.,

—1 —1
2 o®dg =% q e (1.2.b)
J&€Jy—1 1€Jy
Therefore
-1 —1
JE€Jy—1 iely

In general, the endomorphisms {4 }qe of B are neither multiplicative nor bijec-
tive. The next lemma exhibits their main properties. Recall that for ¢ € B, the symbol
e denotes the homomorphism B — B, b +— cb.

1.3 Lemma. Foranya,f € G anda,b € B,

n(Wa(a),b) = nla, Yo—1(0)), (1.3.a)
Valayp (D)) = Yala) Yap(b), (1.3.b)
Ve W (b) = 1ﬂw(lB) Waﬂ (b) (1.3.0)

Foranya, € G and b € Bg,

Vap(b) = Ya(D). (1.3.d)

Foranya,B € G,a € B, and b € Bg,
Val@)b = b Y 14(a). (13e)

Foranya,p € G and ¢ € Bygy—1p-1,

Tr(pe Vg By — Bo) = Tr(Yo—1/tc: Bg — Bp). (1.3.)
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Proof. We prepare a few preliminary formulas. First of all, the expression n(ab, ¢)
with a, b, ¢ € B is invariant under cyclic permutations of a, b, ¢. Indeed, n(ab,c) =
n(a,bc) = n(be,a). Secondly, for any « € G,a € By—1,a’ € By,

> n(a, p)n(gl.a’) = 3 nla, pf)na’, qf)

i€ty i€ty

(13.)
=n(a, 3. n(d'.q7) pj) = nla.a’).
i€Jy
Thirdly, for any b € Bg—1,
Yo pi®qib= 3 bp;*®q;". (1.3.h)
i€Jy J€JBa

Note that both sides belong to By ® By—1-1. It suffices to prove that they determine
equal functionals on the dual K-module B,—1 ® Bg,. Pick x € B,—1 and y € Bg,.
By (1.3.g), the left-hand side of (1.3.h) evaluated on x ® y gives

Z n(pi', x)n(gi'b, y) = Z n(x, pi) n(gi', by) = n(x, by).
Similarly, the right-hand side of (1.3.h) evaluated on x ® y gives
jZn(bpf“,X) n(g; . y) = jZn(xb,p, “)nlg; . y) = n(xb, y) = n(x,by).
This proves (1.3.h). Formula (1.3.h) implies that forany a € B and b € Bg-1,

> plagib = 3% bp; aqlﬁa. (1.3.1)
i€ty J€J8a

Exchanging « and 8, and replacing a, b with b, ¢, respectively, we obtain that for any
beB,ceB

a1

> pqu]‘.gc = Y cpkﬁbq . (1.3.9)
Jj€Jg keJyp

We can now prove formulas (1.3.a)—(1.3.f). By cyclic symmetry,

n(Ya(a).b) = (Z plaqg.b)

iely
= Y nlag?b, p¥) =n(a, Y. q¥bp?) = n(a.vu—1(b)).
ieJy i€ty

This proves (1.3.a).
Applying (1.3.j) to ¢ = g € B,—1, we obtain

Valayp(®) = Y plapibglq? = ¥ prag?piPba’ = va(a) yap(d).

ieJy ieJy.
Jjelg keJyp



IV.1 Frobenius G-algebras re-examined 69

This proves (1.3.b). Substituting a = 1p in (1.3.b), we obtain (1.3.c).
Formula (1.3.h) implies that for any b € Bg-1,

Va1 ) = X q2bpt = ¥ P bpP = Yigay-1(B) = Ypm15-1 (b).

i€ty Jj€Jga

This is equivalent to (1.3.d).
Replacing 8 by 87! in (1.3.i) we obtain a formula equivalent to (1.3.e).
We now check (1.3.f). By Lemma I.5.1 and formula (1.2.c),

> n(eyg(pY). qf)

i€Jy

Py n(ep? pea? . q®)
i

iEZJ n(gfep? p.qf)
jeJOé

2 10 (p]).q)) = Tr(Wmipic: By — Bp). O
JEJIB

Tr(pe ¥g: By = Ba)

1.4 Lemma. Let « € G. Then we have V(1) = 1p if and only if n(€,1p) =
Tr(welp, : Ba — Ba) forall £ € Bj.

Proof. Clearly, Yo (1) = Y _;c;, P{qf- By LemmaL5.1, for £ € By,

nl, ¥a(1p)) = nl, X piqf) = > n(pf.qf) = Tr(uglp, : B — Ba).

ieJy i€ty
Therefore ¥ (15) = 1p if and only if n(£, 15) = Tr(ue|p,) forall £ € B;. O
Lemma 1.4 implies that ¥, (1p) = 1p for all @ € G if and only if B satisfies the

following two conditions:

(1.4.1) forany £ € By and any @ € G,
Tr(welB, : Ba — Bo) = Tr(wels, : B1 — By),

(1.4.2) forany £ € By, we have n({, 1) = Tr(u¢|B, : Bi — B1).

Condition (1.4.1) means that considered as left B;-modules, all B, give rise to the
same trace function on B;. In particular, for @ € G,

Dim By, = Tr(id: By — By)
= Tr(u1|B, : Ba = Ba)
= Tr(u1|B, : B1 — By)
= Tr(1d B] — B]) = Dim Bl.
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Condition (1.4.1) is met if all B, are isomorphic to B; as left By-modules.
Condition (1.4.2) implies that the inner product n on B is determined by multipli-
cation in B. Namely, fora € B, and b € Bg,

n(a,b) = {O ifaf # 1, (14.2)

Tr(uap|B, : B1 — B1) ifaf =1

IV.2 Biangular G -algebras

2.1 Definition. A G-algebra B = @, By is biangular if all B, are projective K-
modules of finite type satisfying (1.4.1) and formula (1.4.a) defines an inner product
n on B. We call 5 the canonical inner product on B. The condition on 1 amounts to
saying that the restriction of 1 to By, ® B,—1 is non-degenerate for all @ € G all other
requirements on an inner product follow from (1.4.a) and the properties of the trace.
Note that n(1p, 1g) = Dim B; = Dim B, foralla € G.

A biangular G-algebra B with canonical inner product is a Frobenius G-algebra.
By Lemma 1.4, the associated homomorphisms v : B — B carries 1p to itself for all
a € G. Using the expansion (1.2.a) of ,,, we can rewrite this as

> pigf = 1p. (2.1.2)

i€Jy

If a G-algebra B = P, B« is biangular, then the algebra B is non-degenerate
in the following sense. A unital K-algebra C is non-degenerate if its underlying K-
module is projective of finite type and the bilinear form n: C ® C — K defined
by
n(a,b) = Tr(pgp: C - C) fora,beC

is non-degenerate. Examples of non-degenerate algebras are provided by the matrix
rings Mat, (K) such that n is invertible in K. If K is an algebraically closed field, then
all finite-dimensional non-degenerate K-algebras split as finite direct sums of such
matrix rings.

The next lemma associates with any biangular G-algebra B a subalgebra L of B
called the G-center of B. Generally speaking, L is not commutative and differs from
the usual center of the algebra B. On the other hand, L has a natural structure of a
crossed Frobenius G-algebra. By Theorem I11.3.1, L determines an isomorphism class
of 2-dimensional HQFTs with target K(G, 1). An explicit construction of an HQFT in
this class will be given in Section 3.

2.2 Lemma. Let B = @,cq Ba be a biangular G-algebra with canonical inner
product 1) and the associated homomorphisms {{q: B — B}gei. Set L = Pyeq La
where Ly = V1(By) C By. Then
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(1) L is a subalgebra of B and y4(L) = L forall a € G;
(ii) the triple (L, n|L,{Va|L}aec) is a crossed Frobenius G-algebra.

Proof. Since Y1 (1g) = 1p, formula (1.3.c) with ¢ = f = 1 implies that Y1y =
Y¥1: B — B. By (1.3.a), the homomorphism ¥ is self-adjoint with respect to 5. This
implies that B splits as an orthogonal sum of L = Im; and Ker ¥;. (Anya € B
splits as a = ¥1(a) + (@ — ¥1(a)).) Therefore all L, are projective K-modules of
finite type. Clearly, ¥1|p = idp: L — L.

Formula (1.3.b) with @ = 8 = 1 shows that L is a subalgebra of B. It is clear that
1p = ¥1(1p) € L is aunit of L and the restriction of 7 to L is an inner product on L.
Hence L is a Frobenius G-algebra.

Formula (1.3.c) with @ = 1 shows that Yg(B) C L forall B € G. Set pg =
Vgl L — L. Formula (1.3.c) with @ = =1 implies that ¢ and @pg—1 are mutually
inverse endomorphisms of L. These endomorphisms are algebra homomorphisms, as
follows from formula (1.3.b) with 8 = 1. Using (1.3.c), we obtain that g, = ¢4 @
for all @, B € G. Formula (1.3.a) shows that ¢, preserves the inner product 7|z, on L.
Formula (1.3.d) with @ = 1 implies that ¢g acts as the identity on L. Formula (1.3.e)
with o = B implies that gg(a)b = ba foralla € L and b € Lg. Finally, for any
a,BeGandc € Lopg—1p-1s

Tr(pe ¢ - Loy — Lo) = Tr(pe Wﬂ i Loy = Lg)
= Tr(jc Vg: By — By)
= Tr(lﬁa—l,uc: Bﬂ — Blg)
=Tr(Yy-1pe: Lg — Lp)
= Tr(gpy-1c: Lg — Lg),

where the second and fourth equalities follow from the inclusion ¥g(B) C L and
the third equality is (1.3.f). Thus L satisfies all requirements on a crossed Frobenius
G-algebra. O

2.3 Examples and constructions. 1. The group ring B = K[G] with canonical
G -algebra structure is biangular. Here y; = id so that the G-center of B is B itself.
The next three examples generalize this one.

2. Let g: G’ — G be a group epimorphism with finite kernel I whose order is
invertible in K. Let B = K[G’] be the group algebra of G’ viewed as a G-algebra
as in Example II.1.2.1. It is easy to check from the definitions that the G-algebra
B is biangular. The canonical inner product n on B is computed on the generators
a,b € G' C Bbyn(a,b) = |I'|ifa = b~! and n(a,b) = 0 otherwise. For o € G,
the homomorphism v, : B — B is computed on any b € B by

Ya(b) =|TI7" Y aba™'.

acqg—1(a)
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In particular, the projection ¥; : B — B on the G-center of B acts by

y1(b) = |T|7" X aba™".
ael
If T is central in G’, then ¥; = id and B coincides with its G-center. This explains
why B is crossed in this case (cf. Example I1.3.3.1). Forg = idg: G — G, we recover
Example 1.

3. Consider the G-algebra B = @5 Kl derived from a normalized 2-cocycle
{00,p € K*}qpec as in Example I1.1.2.1. The G-algebra B is easily seen to be
biangular. The canonical inner product n on B is computed by n(ly,lg) = Oy pif o =
B~ ! and n(a, B) = 0 otherwise, cf. Section 11.2.3.2. For o € G, the homomorphism
Yo: B — B actson any /g by

lﬁa(lﬂ) = Qa_’;_] ly lﬂ ly—1 = 9‘;’;_1 Qa,ﬂ Qaﬂ’a—l laﬂa—l .

Hence ¥, = id and the G-center of B is B. This explains the existence of a crossed
structure on B in Example 11.3.3.2.

4. The previous examples have the following common generalization. Letg: G’ —
G be a group epimorphism with finite kernel I' whose order is invertible in K. Fix
a normalized 2-cocycle {0, 5 € K*},peqr on G'. Let B = P, Kla be the free
K-module with basis {/,},eg’ and with multiplication l, I, = 0, l4p fora.b € G'.
Given o € G, set By = D ,ey~1(a) Kla C B. Clearly, B = Pyeq Bo is a G-
algebra. It is biangular. In particular, Condition (1.4.1) follows from the fact that for
anyoe € Gandb € T,

0 ifb#1,

Tr(ﬂ£b|Ba: By — By) = {|F| b =1

The canonical inner product 7 on B is computed on the generators l,, I, witha, b € G’
by n(la,lp) = 0, |T|ifa = b~ and n(l,, 1) = 0 otherwise. For & € G, the vector
Ny € By ® By—1 defined in Lemma 1.1 is computed as follows:

g =017 X 0 la®l-1. (2.3.2)

acqg— ()

The homomorphism ¥, : B — B acts on [, with b € G’ by

Vallp) = |F|_1 > Ga_[ll—l lalply—1 = T~ > 9;(11—1 Oa.b eab,a_l laba—1-
acg— (@) acg— (@)
Note that [, € B is invertible in B and /;' = 671_ [ ,—1. This implies that for any
a,a

| € B,

vo(l) =TT S Ll (2.3.b)

aeqg~1 ()
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5. Let A be a non-degenerate algebra over K. Suppose that G acts on A by algebra
automorphisms. Consider the direct sum A = P, c; Aa, Where each A, is a copy of
A labeled by or. We provide + with associative multiplication * by a x b = a«/(b),
wherea € Ay = A,b € Ag = Awitha, B € G andaa(b) € Ayg = Ais the product
of a and «(b) in A. It is straightforward to check that #4 is a biangular G-algebra.

6. Further examples of biangular G-algebras may be constructed using the standard
operations on G-algebras. In particular, direct sums and tensor products of biangular
G -algebras are biangular G-algebras. The pull-back of a biangular G-algebra along a
group homomorphism G’ — G is a biangular G’-algebra.

24 Lemma. Let B = @, B be a biangular G-algebra over an algebraically
closed field K. Then the G-center of B is semisimple in the sense of Section 11.5.1.

Proof. Since the K-algebra B, is non-degenerate, B; is a direct sum of matrix rings
over K. This allows us to compute explicitly the canonical inner product  on B and the
associated projector ¥; : B — B. If B; is a matrix ring, B; = Mat, (K) withn > 1,
then n(a,b) = nTr(ab) for all a, b € B; = Mat,(K). Since B; is non-degenerate,
n must be invertible in K. The vector n; € B; ® Bj associated with n; = 7|p, via
Lemma 1.1isequalton™! Z;’I —1 €,j®ej;, wheree; ; isthe elementary (n xn)-matrix
whose (i, j)-term is 1 and all other terms are zero. The homomorphism v; : B; — Bj
carries any a € By to n~! Z?,j:l e;jaej; = n~'Tr(a)E,, where E, is the unit
(n x n)-matrix. Thus, ¥ is a projection of Mat, (K) onto its 1-dimensional center. If
B, is a direct sum of m matrix rings then v/, is a projection of B; onto its m-dimensio-
nal center K. Hence v1(B1) = K™. Thus the crossed Frobenius G-algebra y1(B)
is semisimple. O

Note that if the characteristic of the field K in Lemma 2.4 is zero, then the iso-
morphism type of the G-center L = v;(B) of B is entirely determined by the basic
triple (I, V, F) (Theorem 11.6.3). Here I = Bas(L) C Bj is the G-set of the identity
elements of the direct summands Mat, (K) of B; (the algebra Bj is a direct sum of
matrix rings over K, cf. the proof of Lemma 2.4). The action of G on [ is given by
ae = Yy(e)fora € Gande € I. Ife € [ is the identity element of a direct summand
Mat, (K) of By, then

F(e) = n(e,e) = Tr(u.: By — By) = n?.

The equivariant cohomology class V associates to every e € I the cohomology class of
the following K *-valued 2-cocycle {Vy g }q,g Onthe group Ge = {o € G | Yq(e) = e}
(cf. Section I1.5). For each @ € G,, pick a non-zero vector s, € eLy = K. Then
Vq,p € K™ is defined from the equality 5458 = Vy g Sa8-
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IV.3 Lattice HQFTSs

Let X be an aspherical connected CW-space with base point x and fundamental group
G = m1(X, x). We describe a state sum model on X -surfaces that derives from any
biangular G -algebra a two-dimensional X -HQFT. This generalizes the state sum model
of C. Bachas, P. Petropoulos [BP] and M. Fukuma, S. Hosono, H. Kawai [FHK] for a
2-dimensional TQFT (G = 1).

3.1 Mapsto X as combinatorial systems. Itis well known that the homotopy classes
of maps from CW-complexes to X = K(G, 1) admit a combinatorial description in
terms of elements of G assigned to the 1-cells. We recall this description adapting it
to our setting.

Let T be a CW-complex with underlying topological space | T|. By vertices, edges,
and faces of T, we mean O-cells, 1-cells, and 2-cells of T, respectively. Denote the
set of vertices of T" by Vert(T') and the set of oriented edges of T by Edg(T). Each
oriented edge e € Edg(T') leads from an initial vertex i, € Vert(T) to a terminal vertex
te € Vert(T) (they may coincide). The orientation reversal defines a free involution
e — e~ ! on Edg(T).

A face A of T is obtained by adjoining a 2-disk to the 1-skeleton T of T along
a (continuous) map fa: S' — T In general fo may be rather wild; for example,
it may contract a subarc of S! to a point. We shall impose the following property of
regularity. We say that 7" is regular if for any its face A, the set f ! (Vert(T)) C S!is
finite and non-empty and the restrictions of fa to the components of S*— f,* (Vert(T))
are injective. Then the points of f,° 1(Vert(T)) split S! into arcs called the sides of
A. The image fa(e) of a side e of A is an edge of T called the underlying edge of
e. By abuse of notation, we shall often denote the underlying edge of e by the same
letter e. An orientation of S! induces an orientation and a cyclic order ey, ez, ..., e,
on the sides of A so that the terminal endpoint of e, is the initial endpoint of e, for
all r (mod n), where n > 1 is the number of sides of A. The corresponding cyclically
ordered oriented edges of 7 form the boundary of A. The opposite orientation of S
gives the cyclic sequence e, !, ..., e; !, e;!. Examples of regular CW-complexes are
provided by triangulated spaces. An example of a non-regular CW-complex is provided
by the 2-sphere S2 with CW-decomposition having one vertex, one face, and no edges.

Let T be a regular CW-complex with a fixed CW-subcomplex 7, (possibly empty).
A G-systemon T is amap Edg(T) — G, e — g, such that

() g,—1 = (ge)~! for any e € Edg(T);
(ii) if ordered oriented edges ey, €2, ..., e, of T with n > 1 form the boundary of a
face of T', then g, 8¢, ** * 8e,, = 1
(iii) for any e € Edg(7,) C Edg(T), we have g, = 1.

Note that Condition (ii) is preserved under cyclic permutations of ey, es, ..., ey
and under the inversion of orientation and cyclic order.



IV.3 Lattice HQFTs 75

Two G-systems g, g’ on T are homotopic if there is a map y: Vert(T) — G such
that y(Vert(7.)) = 1 and g, = y(i.) g (y(t.)) ™! forall e € Edg(T). If y takes value
1 on all vertices of T except a vertex v, then we say that g’ is obtained from g by a
homotopy move at v. It is clear that two G-systems on T are homotopic if and only
if they can be related by a finite sequence of homotopy moves at vertices of 7' not
belonging to 7,. Note that homotopy of G-systems on 7T is an equivalence relation.

Every homotopy class F of maps (|T|,|7.]) — (X, x) determines a homotopy
class of G-systems gr on T as follows: choose amap f: (|T],|7T.]) — (X, x) in the
class F such that f(Vert(T)) = {x} and assign to each e € Edg(T) the element of
G = m1(X, x) represented by the loop f|.. Conversely, Conditions (i)—(iii) and the
asphericity of X imply that for any G-system g on 7', there is amap |g|: (|T|,|T.| U
Vert(T)) — (X, x) that carries each e € Edg(T') to a loop in X representing g, € G.
The formulas g — |g|and F +— gF establish mutually inverse (and therefore bijective)
correspondences between the homotopy classes of G-systems on 7" and the homotopy
classes of maps (|7'|, |T.|) — (X, x).

3.2 State sums on closed surfaces. Fix a biangular G-algebra B = (D, Bg over
K with canonical inner product 7. Let W be a closed X -surface, i.e., a closed oriented
surface endowed with a homotopy class of maps W — X. We define a state sum
invariant 73 (W) € K as follows.

Pick a regular CW-decomposition 7" of W. By a flag of T', we mean a pair (a face
A of T, aside e of A). The flag (A, e) induces an orientation on e such that A lies on
the right of e. This means that the pair (a vector looking from a point of e into A, the
oriented edge of T underlying e) is positive with respect to the given orientation of W.

Let g be a G-system on T representing the given homotopy class of maps |T| =
W — X. With each flag (A, e) of T we associate the K-module B(A, e, g) = By,,
where e is oriented so that A lies on its right.

Every edge e of T appears in two flags, (A1, e), (Az, e), and inherits from them
opposite orientations. Since the corresponding values of g are mutually inverse, Sec-
tion 1.2 yields a vector Ng, € Qi=1,2 B(A;, e, g). Formula (1.2.b) implies that this
vector does not depend on the order in the 2-element set { A1, Ay}. Set

7’; = Qe 77;6 € ®(A,e) B(A,E,g),

where on the left-hand side e runs over all unoriented edges of 7" and on the right-hand
side (A, e) runs over all flags of T.

Let A be a face of T with n > 1 sides. We orient and cyclically order the sides
e1,€z,...,e, of Asothat A lies on their right; see Figure IV.1, where the plane of the
picture is oriented clockwise. Then ge, ge, . .. g&e, = 1. The n-linear form

B(A,e1,8) ® B(A,e2,8) ® - ® B(A, ey, 8) — K, (3.2.2)

defined by
a1Qaz Q-+ ®an > n(araz - --an. 1),
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where a, € B(A,er, g)forr = 1,2,...,n,isinvariant under cyclic permutations and
therefore is well defined. The tensor product of these forms over all faces A of 7 is a
homomorphism

Dg: ®e) B(A,e,g) = K,

where (A, e) runs over all flags of T'.

Figure IV.1. Oriented ordered edges of a face A.

3.2.1 Lemma. The element (g) = Dg(ng) of K does not depend on the choice of g
in its homotopy class and does not depend on the choice of T .

This lemma will be proved in Section 4. It implies that

(W) = (g) = Dg(ng) € K

is a well-defined invariant of the X -surface W. This invariant is multiplicative with
respect to disjoint unions of surfaces. By definition, if W = @, then t(W) =1 € K.

The biangularity condition on B arises from the following argument. Consider a
regular CW-decomposition 7" of W and an embedded arc eg C W connecting a vertex
v of T to a point w inside a face A and meeting the 1-skeleton 7V only at v. Adding
e to T we obtain a regular CW-decomposition 7’ of W with one additional vertex
w, one additional edge eg, and the face A’ = A — ¢g replacing A. We say that T’ is
obtained from 7 by a stick addition. Given a G-system g on 7" and an arbitrary o € G,
we can extend g uniquely to a G-system g% on T’ assigning « to the edge eq oriented
from v to w. The form (3.2.a) associated with A" has two additional consecutive factors
By and B,—1. The edge eq contributes the vector n, = Y, p¥ @ q € By ® B,-1.
To ensure that (g) = (g%), it is enough to require that n( Y i piqla, 1) = 1n(a,1) for
all a € B;. This is equivalent to the biangularity condition ) ; pfgf = 1.

3.3 A lattice HQFT. We derive here from a biangular G-algebra B a two-dimen-
sional X-HQFT (Ap, tp) extending the invariant of closed X -surfaces defined in the
previous subsection. The construction proceeds in three steps. At the first step we
assign K-modules to so-called trivialized X -curves. At the second step we extend
this assignment to a preliminary HQFT (A3, t3) defined for trivialized X -curves and
X -surfaces with trivialized boundary. At the third step we get rid of the trivializations.



IV.3 Lattice HQFTs 77

Step 1. Recall that a manifold M is pointed if every component of M is endowed
with a base point. Recall that an X -curve is a pair (a pointed closed oriented 1-dimen-
sional manifold M, a homotopy class of maps M — X carrying the base points of M
to x). An X -curve M is trivialized if we are given

(i) a CW-decomposition 7" of M such that all base points of M belong to Vert(T).
The set of base points of M is denoted 7,;

(ii) a G-system g on T inducing the given homotopy class of maps (||, |T.]|) —
(X, x).

For a trivialized X-curve M = (M, T, g), set A}, = ®. Bg,, where e runs over
the edges of T and the orientation of e is induced by that of M. Itis clear that A}, is
a projective K-module of finite type. For example, if M = S! and T has one vertex
and one edge e, then A;’u = By, where the orientation of e is induced by that of M.

For any trivialized X -curves M, N, we have A}, y = Ay, ® A?V. By definition,
M = @ is trivialized and A = K.

Step 2. Consider an X-surface W with bases My and M (cf. Section III.1.1).
Thus, W is a compact oriented surface with pointed boundary 0W = My U M, where
My, M, are disjoint closed oriented 1-dimensional manifolds with orientation of M,
(resp. of My) induced by that of W (resp. of —W). Let F': W — X be the given
homotopy class of maps carrying the base points of dW to x. The bases M, and M,
of W become X -curves by restricting F'. If both My and M; are trivialized, then we
define a K-homomorphism °(W): Ay, = — Aj, as follows. Pick a regular CW-
decomposition 7" of W extending the given CW-decompositions of My and M;. Let
T, C Vert(T') be the set of base points of dW. We call a G-system g on T characteristic
if g extends the G-systems on the X -curves M, and M, provided by the trivializations
and |g| = F: (|T|,|T.]) — (X, x). By Section 3.1, characteristic G-systems on T’
exist for all F.

Pick a characteristic G-system g on T. The notion of a flag (A, e) of T and the
K-module B(A, e, g) = Bg, defined in Section 3.2 in the case dW = @ generalizes
to surfaces with boundary word for word. Each edge e C dW extends to a unique flag
(Ae, e). Asin Section 3.2, we have the vector

Ng = e Ny, € ®a,ecmw)B(Ae.8),

where e in ®, runs over all unoriented edges of 7' lyinginInt W = W —dW and (A, e)
in ®(A ecme w) runs over all flags of T' such that e C Int W. The same construction as
in Section 3.2 defines a homomorphism Dg: ®a ) B(A,e,g) — K, where (A, e)
runs over all flags of 7'. Contracting D, with 17, we obtain a homomorphism

QecMoum, B(Ae.e,g) > K, ar> Dgla®ny). (3.3.2)

This homomorphism is denoted by (g).
We provide each edge e of T lying on M, (r = 0, 1) with the orientation induced
by that of M,.. Since the latter is induced by the orientation of W for r = 1 and by the
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opposite orientation for r = 0, the face A, of T adjacent to e lies on the left of e for
r = 1 and on the right of e for r = 0. Therefore

if e C My,

B(A ) Bge
7€’ = .
e8 = (Bg,)* ifeC M.

Bge—l

Here we identify B,—1 with the dual of Bg, using the canonical inner product on B.
In this way we can view (g) as a homomorphism

° _ __ 4o
Ay = @ Bge > Q B, = Ay,
eCMoy eCM,

The next lemma will be proven in Section 4.

3.3.1 Lemma. The homomorphism (g) does not depend on the choice of the charac-
teristic system g and does not depend on the choice of T'.

Set T°(W) = (g): Ay, — Ajy,- In particular, if My = M, = 0, then
°(W): K — K is multiplication by the invariant tp(W) € K introduced in Sec-
tion 3.2. We express this by writing t°(W) = tp(W).

The next lemma describes the behavior of t° under the gluing of X -surfaces.

3.3.2 Lemma. Let My, M1, N be trivialized X -curves. If an X -surface W with bases
My and M is obtained from an X -surface Wy with bases My, N and an X -surface
W1 with bases N, My by gluing along N, then

(W) = t°(Wy) o t°(Wo): Ay, — Ajy,-

Proof. For r = 0, 1, pick a regular CW-decomposition 7, of W, extending the given
CW-decompositions of the bases. Let (7). C T} be the set of the base points of M,
and N. Gluing Tp and T; along N we obtain a regular CW-decomposition 7" of W with
T, C T being the set of the base points of My and M;. Lemma 3.3.2 is a reformulation
of the following claim:

Let g, be a characteristic G-system on T, for r = 0,1. Let g be the unique
G-system on T extending go and g1. Then g is a characteristic G-system on T and
(g): A3y, — A}y, is the composition of (go): Ay, — Afy and (g1): Ay — Ay,

This claim follows from the definitions. ]

Step 3. The constructions above assign a K-module A3, to any trivialized X -
curve M and assign a homomorphism t°(W): AJ"MO — A;’ul to any X-surface W
with trivialized bases My and M;. This data looks like an HQFT and satisfies an
appropriate version of Axioms (1.2.2)—(1.2.6) and (1.2.8). However, in general t(M X
[0,1]) # id4e . There is a standard procedure which transforms such a “pseudo-
HQFT” (A°, t°) into a genuine two-dimensional X-HQFT (A4,t) = (Ap,tp) and
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gets rid of the trivializations at the same time. This procedure is described in detail in a
similar setting in [Tu2], Section VII.3. The idea is that if ¢y, #; are two trivializations of
an X -curve M, then the cylinder cobordism W = M x [0, 1] gives a homomorphism

plto. t1) = t°(W): A(()M,zo) - A?MJI)'

By Lemma 3.3.2, p(to,t2) = p(t1,t2) p(te,t1) for any trivializations tg, #1,#, of M.
Taking to = t; = t, we obtain that p(fo, 7o) is a projection onto a direct summand
AM.10) Of A?M,to)' Moreover, p(to,t1) maps A(as,z,) isomorphically onto Aaz ).
This allows us to identify the modules {Az,s)}: (Where ¢ runs over all trivializations
of M) along these isomorphisms and to obtain a K-module Ay independent of . To
define the action of an X-homeomorphism f: M — M’, we pick a trivialization ¢
of M and consider the induced trivialization ¢’ = f(¢) of M’'. The homomorphism
fu: Ay — Apg is defined as the composition of the isomorphisms

Ay = A(M,t) = A(M/,t/) ~ Ay

Here the first and the third isomorphisms are the identification isomorphisms from the
definition of Aps and Ay while the middle isomorphism is the identity map of the
module A(ar,r) = A(m,ry. Itis easy to check that the homomorphism fi: Ayr — Ay
does not depend on the choice of 7.

Finally, we observe that for an X -surface W with trivialized bases My, M, the
homomorphism t°(W): A}’MO — A}’Ml maps Ay, C A}’MO into Ay, C A;’ul. This
yields a homomorphism t(W): Apg, — Ap, independent of the trivializations of the
bases.

3.3.3Theorem. The modules Aps and the homomorphisms t(W) form a 2-dimensional
X-HQFT. The underlying crossed Frobenius G-algebra of this HOFT is isomorphic to
the G-center of B.

Proof. The first claim directly follows from the definitions and Lemma 3.3.2. We
verify the second claim. Let (L' = @, cq L, 1. {¢,}a) be the crossed Frobenius
G-algebra underlying the HQFT (A, t) = (Ap, tp). To compute L), for« € G, we
represent o by a loop f: S! — X, where S' = {z € C | |z| = 1} with clockwise
orientation and base point s = —i. The X-curve M = (S', f) has a canonical
trivialization ¢ formed by one vertex s, one edge e, and the G-system assigning « to
the edge e oriented clockwise. By definition, L;, = Ay is the image of the projector
Py A‘(’M’t) — A‘(’M’t). Here A‘(’M,t) = By and Pyy = t(W, f: W — X), where

W = S! x [0,1] is the cylinder cobordism between two copies of (M, 1) and f is
the composition of the projection W — S! with f: S! — X. Let T be the CW-
decomposition of W formed by the vertices (s,0), (s, 1), the edges e¢g = e x {0},
e1 = e x {1}, eo = {s} x [0, 1], and the face (S' — {s}) x (0,1). We orient eg, e

clockwise and e; from (s,0) to (s, 1). The map f is presented by the G-system g
defined by ¢ > «, e; > «, and e, — 1 € G. The X-surface (W, f) is nothing but
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the annulus C_4 («; 1) shown on the left part of Figure III.1 (where 8 = 1) together
with the CW-decomposition 7' and the G-system g. It is clear from the definitions
that Pyy = (W, f) = (g): By — By carries any a € By to Y_; plag}, where
Y pi1 ® qil = n] € B; ® By is the vector associated with the canonical inner product
non B. Hence Py = vy and L), = Im(y1: By — By) = L. This identifies L’ as
a K-module with the center L of B.

We now compute the inner product, the action of G, and the multiplication in
L' = L induced by (4, 7). Inverting the orientation of S' x {1} C dW (and keeping
the map f: W — X and the CW-decomposition T of W), we transform (W, f') into
an X -cobordism between (M, t) LI (—M,t) and @. In the notation of Section III.1.2,
this cobordism is C__(«; 1). By definition,

Ny =T(W. f): Lo ® Le—1 > K
is the restriction of 7°(W, f): By ® B,~1 — K. Fora € By, b € B,—1,

(W, f)(a ®b) = Yn(ap}bq}, 15) = n(ay1(b), 18) = n(a, y1(b)).

Since 1|z = id, we conclude that 1’ = 5| eL.

Consider again W = S! x [0, 1] as a cobordism between two copies of (M, t) with
the same CW-decomposition T. For B € G, the formulas ey +— o, e; — Baf™!,
and e, > B! define a G-system g# on T representing a map f#: W — X. The
X-surface (W, f#) is the annulus C_ (a; 1) used to define 90;9' By definition,

VUl = TW. fP) = W [Py = (8")|La La — Lpap1-

The homomorphism (g#): By, — Bgyp—1 carriesanya € By to ) pfaqf} = Yg(a),
where ) ; piﬂ ®ql/-3 =g € Bg ® Bg—1. Hence (p}’g = ¥g|L. Thus, the inner product
and the action of G on L’ and L coincide.

To compute multiplication L), ® L’ﬁ — L, p in L', we use the CW-decomposition
of the X-disk with two holes D__,(«, f8;1,1) shown in Figure III.2. This CW-
decomposition has the vertices y, z, f, the edges ty, f z, three more edges parametrizing
the boundary circles, and one face. A direct computation from the definitions shows
that the productofa € L, andb € L:g in L’ is equal to the product of ¥1 (a) and v, (b)
in B. However, ¥1(a) = a and ¥1(b) = b since a,b € L’ = L. Thus, multiplication
in L’ is the restriction of multiplication in B. We conclude that L’ = L as crossed
Frobenius G-algebras. O

3.4 Remark. The construction B +— (Ap, tp) transforms direct sums (resp. tensor
products, pull-backs) of biangular G-algebras into direct sums (resp. tensor products,
pull-backs) of HQFTs.
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IV.4 Skeletons of surfaces

The aim of this section is to prove Lemmas 3.2.1 and 3.3.1. To this end, we first study
skeletons of surfaces. Throughout this section, W is a compact oriented surface with
pointed boundary.

4.1 Skeletons of W. By a graph, we mean a 1-dimensional CW-complex with finite
number of vertices and edges. The valency of a vertex of a graph is the number of
edges incident to this vertex counted with multiplicity.

A skeleton of W is a graph F embedded in W such that

(i) each component of W — F' is either an open 2-disk or a half-open 2-disk home-
omorphic to [0, 1) x (0, 1) and meeting W along {0} x (0, 1);

(i1) F has at least one vertex in the interior of each component of W and has no
isolated vertices (i.e., vertices of valency 0);

(iii) each component N of dW meets F at a finite non-empty set consisting of 1-valent
vertices of F' and disjoint from the base point of N.

Condition (i) implies that the intersection of F' with a connected component of W
is connected. Condition (ii) excludes the case where W is a 2-disk and F is its diameter
with no internal vertices and the case where W = S2 and F is a point.

Note that a skeleton may have loops (i.e., edges with coinciding endpoints) and
multiple edges (i.e., different edges with the same endpoints). It may also have 1-va-
lent and 2-valent vertices lying in Int W.

A 1-valent vertex of a skeleton F of W lying on dW is called a foot of F. An open
subset of F' consisting of a foot and the adjacent open edge is called a leg of F.

For 0W = @, an example of a skeleton of W is provided by the 1-skeleton of the
CW-decomposition of W dual to a triangulation of . This example will be generalized
in Section 4.4.

4.2 Moves on skeletons. We define two local moves on a skeleton F of W transform-
ing it into another skeleton of W with the same feet. The contraction move contracts
an edge f of F into a point. We allow this move only when both endpoints of f lie
in Int W and are distinct. The loop move adds a small loop based at a vertex of F.
The loop should be disjoint from F except at its endpoint and should bound a disk in
W —F.

4.3 Lemma. Any two skeletons of W with the same feet can be related by a finite
sequence of contraction moves, loop moves, the inverse moves, and isotopies of W
constant on W,

Proof. This lemma is a simple application of the theory of spines of surfaces. A
(generalized) spine of W is a trivalent graph G embedded in Int W such that W — G
consists of a cylinder neighborhood of dW and disjoint open 2-disks. Here a graph is
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trivalent if all its vertices have valency 2 or 3. There are three local moves on spines.
The V-move adds a new vertex of valency 2 inside an edge of the spine. The H-move
replaces a piece of the spine looking like the letter H by the same piece rotated in the
plane of the page to the angle of 90°; see Figure IV.2. The biangular move introduces
a small biangle (or bigon) in the middle of an edge of the spine, see Figure IV.3.
This move replaces a small subarc of the edge with two embedded arcs with the same
endpoints. These arcs should be disjoint from the rest of the spine and from dW.
Note that the inverse V-moves and the inverse biangular moves decrease the number
of vertices; we allow these inverse moves only when at least one vertex is left on the
component of the spine undergoing the move. We call V-moves, H-moves, biangular
moves, and the inverse moves elementary moves on spines. It is well known that any
two spines of W can be related by a finite sequence of elementary moves and isotopies
of W constant on dW.

Figure IV.2. The H-move.

—> —Q—
Figure IV.3. The biangular move.

We similarly define H-moves, V-moves, and biangular moves on the skeletons of W'.
These moves produce new skeletons. As above, the inverse V-moves and the inverse
biangular moves on the skeletons of W are allowed only when the component of the
skeleton undergoing the move keeps at least one vertex in Int .

Let us call a skeleton F' of W special if all its vertices have valency 1, 2, or 3, every
leg of F is adjacent to a vertex of valency 3, and F has no vertices adjacent to two
or more legs. Any skeleton of W can be transformed into a special one by biangular
moves on the legs. Therefore it is enough to prove the lemma for special skeletons.

Deleting from a special skeleton F of W all its legs, we obtain a spine G = G(F)
of W. We can reconstruct F from G by adjoining the legs back. These legs lie in the
cylinder components of W — G and their feet form the set F N dW. The points of G
where the legs are adjoined may vary, but all the skeletons of W obtained in this way
can be related by contraction moves and inverse contraction moves. Since any two
spines of W can be related by a finite sequence of elementary moves, any two special
skeletons of W with the same feet can be related by a sequence of H-moves, V-moves,
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biangular moves, contraction moves, and the inverse moves. It remains to observe that
a V-move on a skeleton is an inverse contraction move, an H-move is a composition
of a contraction move with an inverse contraction move, and a biangular move is a
composition of a loop move with two inverse contraction moves. O

4.4 Dual CW-decompositions. With each skeleton F of W we associate a dual
regular CW-decomposition Tr of W. Choose in each component U of W — F a point
called its center. If U meets W along an arc then the center of U is chosen on this arc.
Moreover, if the arc U N W contains a base point of dW, then we take the latter as the
center of U. The centers of the components of W — F are the O-cells of Tr. Each edge
f of F givesrisetoa l-cell f* C W of Tr which crosses f transversely in one point
and connects the centers of the components of W — F adjacent to f. If f is aleg of
F, then we choose f™* sothat f* C dW and f* N f is the foot of . This describes
the O-cells and the 1-cells of Tr. Their union, I, is a graph in W containing 0WW. The
connected components of W — T are the 2-cells of Tr. Each of these 2-cells contains
a vertex of F lying in Int W. This establishes a bijective correspondence between the
2-cells of Tr and the vertices of F lying in Int W.

By construction, all base points of dW are among the vertices of Tr. The CW-
decomposition Tr of W is well defined up to isotopy in W constant on the base points
of aW.

It is easy to see that the formula F' — TF establishes a bijective correspondence
between skeletons of W and regular CW-decomposition of W such that the base points
of W are among the vertices. Here both skeletons and CW-decompositions are con-
sidered up to isotopies of W constant on the base points of W

4.5 Moves on CW-decompositions. We define two local moves on a regular CW-
decomposition 7" of W transforming it into another regular CW-decomposition of W.
The edge erasing deletes an open edge e of T provided e is adjacent to two different
faces of T'. The resulting regular CW-decomposition 77 of W has the same vertices
as T and one edge less. The union of e and the two faces of 7" adjacent to e is a new
face of T’. The other faces of 7’ are the same as in 7. The inverse move adds to a
regular CW-decomposition a new edge connecting two vertices (possibly equal) inside
a face. The stick erasing on T deletes a 1-valent vertex of 7" lying in Int W and deletes
the only open edge of 7" adjacent to this vertex. The inverse move is the stick addition
described at the end of Section 3.2, see p. 76. The edge/stick erasings and additions
are called basic moves on regular CW-decompositions of W.

As an exercise on the basic moves, consider the transformation 7 +— T adding
to T one new vertex ¢ inside an open edge e of T. This transformation expands as a
composition of basic moves as follows. Let a and b be the endpoints of e (possibly
a = b). The point ¢ splits e into two half-edges ac and bc. If e is adjacent to two
distinct faces of T', then erasing e, we obtain a CW-decomposition 77 of W. Consider
the stick addition 7’ + T” adjoining to 7' the vertex ¢ and the edge ac, both lying
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inside the face of T’ created by the move T +> T’. Next, add to T"” the edge bc inside
the same face. The resulting CW-decomposition of W is isotopic to 7. If the faces
of T adjacent to e from two sides coincide, then we first add to T a new edge e’ lying
closely to e and having the same vertices @, b. In the resulting CW-decomposition
of W, the edge e is adjacent to two distinct faces so that we can apply the previous
sequence of basic moves adding ¢ to the set of vertices. Then we erase ¢’ and obtain
T4+ as required.

4.6 Lemma. Any two regular CW-decompositions of W coinciding on 0W can be
related by a finite sequence of basic moves and isotopies of W constant on W .

Proof. Given two regular CW-decompositions of W coinciding on dW, we can present
them in the form Tr and TF/, where F and F’ are skeletons of W with the same
feet. By Lemma 4.3, F and F’ can be related by a finite sequence of contraction
moves, loop moves, the inverse moves, and isotopies of W constant on dW. Under the
transformation F +— TF, the contraction move and the loop move on the skeletons of
W correspond to the edge erasing and the stick addition. Therefore T and Tr- can be
related by a finite sequence of basic moves and isotopies of W constant on 0W. [

4.7 Proof of Lemmas 3.2.1 and 3.3.1. Lemma 3.2.1 is a special case of Lemma 3.3.1
so that it is enough to prove the latter. Pick a regular CW-decomposition 7" of W
extending the given CW-decomposition of dW. It is obvious that an isotopy T +— T’
of T in W constant on dW transforms any G-system g on T into a G-system g’ on
T’ such that (g) = (g’). Similarly, any basic move T + T lifts to a transformation
g+ g’ of aG-system g on T into a G-system g’ on T’ as follows. For an edge/stick
erasing, g’ is the restriction of g to the edges of 7’. For an edge addition, g’ is uniquely
determined by g and the condition that ¢’|7 = g. For a stick addition, g’ is any
G-system on T’ extending g. In the latter case, g’ is not unique since its value on the
newly attached edge may be an arbitrary element of G. (Note that g’ is unique up to
homotopy moves at the newly added vertex.) In all cases, we say that the pair (77, g’) is
obtained from (7, g) by a basic move. Observe that if g is a characteristic G-system on
T, then g’ is a characteristic G-system on 7’ and (g) = (g’). This was checked for the
stick addition at the end of Section 3.2. For the edge erasing, the equality (g) = (g’)
directly follows from formula (1.3.g).

Lemma 4.6 implies that if 7 and T’ are regular CW-decompositions of W, then
for any G-system g on T, there is a G-system g’ on T’ and a sequence of basic moves
transforming (7, g) into (7", g’). By the arguments above, (g) = (g’).

To accomplish the proof, it remains only to show that (g) does not depend on the
choice of the G-system g on T in its homotopy class. Let g, g’ be two characteristic
G-systems on 7. By the definition of a characteristic system, g and g’ coincide on
the edges of T lying in W . Also, g is homotopic to g’ in the sense that there is a
map y: Vert(T) — G such that y(Vert(7.)) = 1 and g, = y(ie)ge(y(te))™! for
any oriented edge e of T'. Here Vert(T,) = T, is the set of base points of dW. These
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conditions imply that y carries all vertices of 7" lying in dW to 1. Aninductive argument
shows that it is enough to consider the case where y takes value 1 on all vertices of
T except one vertex u € Int W. In this case, g’ is determined by g and y(u) € G.
We shall show that there is a sequence of basic moves transforming (7, g) into (7, g’).
This will imply the equality (g) = (g’).

Suppose first that 7' does not have edges with both endpoints in u. Letn > 1
be the valency of u, and let ey,..., e, be the edges of 7 adjacent to u, oriented
towards u, and numerated cyclically in the order determined by the orientation of W.
Let uju, ...unu; be a closed polygon in a small neighborhood of u such that u; lies
on ¢; and each side u;u; 41 of the polygon meets ey, ..., e, only at u; and u;4q (by
definition, u,+1 = u). We construct regular CW-decompositions 77, 7>, T3 of W as
follows. The CW-decomposition 77 is obtained from 7" by adding the points uy, ..., uy
to the set of vertices. Observe that u; splits e; into two oriented subedges, the edge
u;ju leading from u; to u and the complementary edge e;” C e; oriented toward u;.
For any h € G, we define a G-system g *; # on T} by

gxrh(uju) =h, g+ h(e) = g(ei)h_l, and g *; h(e) = g(e)

for all oriented edges e of T' not adjacent to u. The construction at the end of Section 4.5
yields a sequence of basic moves transforming (7, g) into (77, g *; h). Therefore
(g) = (g *1 h). The CW-decomposition 7> of W is obtained from T by adding the
edges U Uy, ..., Up—1Uy, Upu1. The G-system g x; h on T extends to a G-system
g *2 h on T, that takes value 1 on the newly added edges. Deleting the edges u;u,
U, ..., Uy—1u from T3, we obtain a CW-decomposition of W having a stick u,u.
Deleting this stick, we obtain the CW-decomposition 75 of W. The G-system g *; h
restricts to a G-system g *3 & on T3. Thus,

(g) = (g*1h) = (g*2h) = (g*3h).

Observe now that if G-systems g and g’ on T are related by a homotopy move at u as
above, then g x3 h = g’ %3 W/ forh = y(u) € G and i’ = 1 € G. Therefore

(g) = (g*x3h) = (g *x3h") = (g').

The case where T has edges with both endpoints at u is considered similarly with the
only difference that some u;’s may lie on the same edge of 7" and split it into three
subedges.

IV.5 Hermitian biangular G -algebras

In this section we assume that the ground ring K is endowed with aninvolution K — K,
k — k. We introduce a class of Hermitian biangular G-algebras and show that their
G-centers are Hermitian.
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5.1 Anti-involutions. An anti-involution on a biangular G-algebra B = @, c; Ba
over K is an involutive antilinear antiautomorphism carrying each By into B,—1. A
biangular G-algebra B endowed with an anti-involution is said to be Hermitian. The
following lemma shows that the G-center of a Hermitian biangular G-algebra over an
algebraically closed field is Hermitian. Then, by Theorem II1.5.1, the HQFT (Ap, tB)
is Hermitian.

5.2 Lemma. Let B be a biangular G-algebra over an algebraically closed field K.
Let n be the canonical inner product on B and let x — X be an anti-involution on B.
Then

() n(a,b) = n(a,b) foralla,b € B;
(ii) the G-center L of B is invariant under the anti-involution x — X on B and the

restriction of this anti-involution to L turns L into a Hermitian crossed Frobenius
G-algebra in the sense of Section 11.7.1.

Proof. Since K is an algebraically closed field, the algebra B; splits as a finite direct
sum of matrix rings Mat, (K) such that n is invertible in K (cf. Section 2.1). This easily
implies that for any ¢ € B the trace of the homomorphism p.: By — Bj carrying any
X € B to cx is equal to the trace of the homomorphism By — B carrying x € B
to xc. To prove the equality n(a,b) = n(a,b), it suffices to consider the case where
a € By and b € By for some a € G. By definition, n(a, b) = Tr(uz;: B — By).
Conjugating ;5 = Uj,: B1 — By by the K-antilinear automorphism x — X of By,
one obtains the K-linear endomorphism x +— xba of By. Therefore the trace of the

latter endomorphism is equal to Tr ;5 = n(a, 15). On the other hand, by the argument
at the beginning of the proof, this trace is equal to

Tr pa = Tr pippta = Tr plaptp = Tr pap = n(a, b).

The resulting equality 1(a, b) = n(a, b) implies that n(a, b) = n(a, b).
Recall the vector n, = ) ; p¥ ® qf € By ® By—1 for @ € G. Claim (i) implies
that

Y af @ pf = pf ®qp.
1 14
Therefore for all x € B,

Va(x) = 2 pfxqy =3 qf X pf =2 pf 4 = Ya(3).
1 1 l

Setting « = 1, we obtain L = L. Moreover, for all @ € G, the homomorphism
Yo = VYqo|L: L — L commutes with the anti-involution x + Xx. Hence, L is a
Hermitian crossed Frobenius G-algebra. O

5.3 Unitary biangular G -algebras. Let B be a Hermitian biangular G-algebra over
K = C with complex conjugation in K. Lemma 5.2 yields n(a,a) € Rforalla € B.
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If n(a,a) > 0 for all non-zero a € B, then B is said to be unitary. It is clear that the
G-center of a unitary biangular G-algebra is a unitary crossed Frobenius G-algebra.
By Corollary 111.5.2, the HQFT (Ap, tp) is unitary.

5.4 Example. The biangular G-algebra B = K|[G'] defined in Example 2.3.2 has
an anti-involution carrying each element of G’ to its inverse. This turns B into a
Hermitian biangular G -algebra. The biangular G-algebra B determined by a 2-cocycle
in Example 2.3.4 is Hermitian provided the cocycle takes values in the subgroup {k €
K |kk = 1} of K*. The anti-involution on B is defined by the same formula as in
Section I1.7.2. If K = C with complex conjugation, then the biangular G-algebras in
both examples are unitary.



Chapter V
Enumeration problems in dimension two

Throughout this chapter, we fix a group epimorphism ¢ : G’ — G with finite kernel T".

V.1 Enumeration problem for homomorphisms

Consider a homomorphism g from a group 7 to G. A [ift of g to G’ is a homomorphism
g': m — G’ such that qg’ = g. The set (possibly empty) of all such lifts is denoted
Homg (7, G’). If & is finitely generated, then this set is finite. The number of its
elements is bounded from above by |I"|", where 7 is the minimal number of generators
of . The computation of this number encompasses the problem of finding whether or
not g lifts to G’.

The aim of this chapter is to compute the number of elements of Homg (77, G”) for
7w = 1 (W), where W is a closed connected oriented surface. We begin with the case

g=1

1.1 The Frobenius—Mednykh formula. If g(r) = 1, then, obviously,
Homy (7, G') = Hom(x, I').
The well-known Frobenius—Mednykh formula says that for 7 = 71 (W),

|Hom(x,T)| = T| Y (IT|/ dim p) ™ = |1 ¥ (IT)/ dim p)** ™%, (1.1.a)
) P

where the vertical bars stand for the cardinality of a set, d is the genus of W, and
p runs over the set Irr(I"; C) of equivalence classes of irreducible finite-dimensional
complex representations of I'. Recall that |Irr(I"; C)| = ¢, where ¢ is the number
of conjugacy classes of elements of I'. For W = S§2, formula (1.1.a) is equivalent
to the well-known equality Y (dim p)* = |T|. For W = S' x ', formula (1.1.a)
was established by Frobenius [Fr]. It may be reformulated in this case by saying that
the number of pairs of commuting elements of I" is equal to ¢ |[I'|. The general case
of (1.1.a) is due to Mednykh [Me]. In the context of TQFTs, formula (1.1.a) was
rediscovered by Dijkgraaf and Witten [DW] and by Freed and Quinn [FQ].

Note a few simple corollaries of (1.1.a). It is well known that for all p € Irr(T"; C),
the number dim p divides |I'/Z(T")| = |T'|/|Z(T")|, where Z(I") denotes the center
of I'. Therefore, if W is a surface of genus d > 1, then all summands on the right-hand
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side of (1.1.a) are positive multiples of | Z(I")|?¢~2 bounded from above by |I"|2¢~2.
Therefore
¢|IP47! = [Hom(x. )| = ¢|T[|Z(I)P42 (1.1b)

and | Hom(r, I')| is a multiple of || | Z(T")|>¢~2. If T is abelian, then the inequalities
(1.1.b) become equalities.

1.2 The general case. To generalize (1.1.a) to arbitrary homomorphisms g from 7
to G, we recall a few basic notions of the theory of representations. By a (linear)
representation of I' over K, we mean a group homomorphism I' — GL,(K), where
n=1,2,.... Here GL, (K) is the group of invertible (n x n)-matrices over K. Two
representations p: I' — GL,(K) and p': I' — GL,/(K) are equivalent if n = n’
and there is a matrix M € GL,(K) such that p'(h) = M ~'p(h)M forall h € T.
A representation p: I' — GL,(K) is irreducible if the induced action of I' on K"
preserves no K-submodule of K" except 0 and K”. The set of equivalence classes of
irreducible representations of I" over K is denoted Irr(I"; K).

Given a € G’ and an irreducible representation p: I' — GL,(K), the formula
h +— p(a'ha): T — GL,(K) defines an irreducible representation of I" denoted
ap. This defines a left action of G’ on Irr(I"). The induced action of I' C G’ is
trivial because ap = p(a)~! pp(a) for any @ € I'. We obtain thus a left action
of G = G'/T on Irr(T"; K). The stabilizer G, C G of an irreducible representation
p: ' = GL,(K)consistsofalla € G such that for some (and then forany)a € ¢~ («)
the representations p and ap are equivalent. It is clear that G, is a subgroup of G
depending only on the equivalence class of p.

Under certain assumptions on p, we associate with p a cohomology class ¢, €
H?(Gp; K*) depending only on the equivalence class of p; see Section 2. The as-
sumptions in question are fulfilled for all irreducible p provided K is an algebraically
closed field of characteristic zero.

We now state the main theorem of this chapter.

1.2.1 Theorem. Let W be a closed connected oriented surface with fundamental group
. Let g: w1 — G be a group homomorphism and let K be an algebraically closed
field of characteristic zero. Then

|Homg (v, G| =T X (IT)/dim p) *™ g*(@,) (W), (1.2.)

pelr(I':K)
GpDg(m)

where p runs over the equivalence classes of irreducible representations of I' over K
suchthat G, D g(m), and g*({,)((W]) € K* isthe evaluationof g*({,) € H*(m; K*)
on the fundamental class [W] € Hy(W;Z) = Hy(mw; Z) of W.

Here the cohomology class g*(¢,) is well defined because g (r) C G,. The equality
Hy(W;Z) = Hy(rr; Z) follows from the fact that W is an Eilenberg—MacLane space.
The evaluation of elements of H?(rr; K*) on elements of H,(r; Z) is induced by the
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bilinear form K* x Z — K*, (k,n) +— k™. The summation on the right-hand side of
(1.2.a) is the summation in K.

The sum on the right-hand side of (1.2.a) is always non-empty because the trivial
one-dimensional representation po: I' = {1} € K* = GL(K) satisfies Gp, = G D
g (7). This representation contributes the summand ||~ since g* (¢ 00) (W] = 1.

Note a few interesting special cases of (1.2.a). If g: 7 — G is an epimorphism,
then the inclusion G, D g(rr) simplifies to G, = G. In this case the set of p such that
G, D g() is nothing but the fixed point set of the action of G on Irr(I'"; K).

If g =1, then G, D g(x) and g*(,)([W]) = 1 for all p. Formula (1.2.a) is then
equivalent to (1.1.a).

IfG' =T xG and ¢: G’ — G is the projection, then (1.2.a) directly follows from
(1.1.a) since in this case Homg (7, G’) = Hom(sr, I") and ¢, is trivial for all p.

If ' = Kergq is central in G’, then formula (1.2.a) can be obtained by a rather
simple algebraic argument. In this case G, = G and dim p = 1 for all p, while ¢,
is the image of the standard cohomology class ¢ € H?(G;T") determined by ¢ under
the coefficient homomorphism H?(G;I') — H?(G; K*) induced by p: ' — K*.
Formula (1.2.a) can be deduced then from the following two easy assertions: g has a
lift to %;/ i)f and only if g*(¢) = 1; if there are such lifts, then their number is equal to
T2,

Theorem 1.2.1 will be generalized and proved in Section 6. The proof uses the
theory of 2-dimensional HQFTs developed above. Note that formula (1.1.a) admits a
direct algebraic proof; see [Jo]. It would be interesting to give a purely algebraic proof
of Theorem 1.2.1.

Theorem 1.2.1 was announced in [Tu6] and proved in [Tu7]. This theorem extends
to orientable surfaces with boundary (see [Tu7]) and to non-orientable surfaces. For-
mula (1.1.a) extends to homomorphisms from & = 71 (W) to certain Lie groups; see
[Wi2]. Theorem 1.2.1 presumably admits similar extensions.

1.3 Corollaries. We keep the assumptions of Theorem 1.2.1 and establish several
corollaries of this theorem.

1.3.1 Corollary. The homomorphism g: m = w1(W) — G lifts to G’ if and only if

> (dimp)*™) g*(g,)([(W]) # 0.

pelr(I:K)
GpDg(m)

Observe that

g () (WD = Colgm) (g« ([WD).

where {ple(r) € H?(g(r); K*) is the restriction of ¢, to g(7) C G, and

g«: Ho(W.Z) = Hy(n; Z) — Hy(g(m): Z)
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is the homomorphism induced by g. Formula (1.2.a) can be rewritten as

|Homg (,G") = T] Y (ITI/ dim p) *™ @l (g (W), (1.3.2)

pelr(I': K)
GpDg(m)

1.3.2 Corollary. The number |Homg (v, G')| is entirely determined by the homomor-
phism q: G' — G, the genus of W, the group g(w) C G, and the homology class

g«([W]) € Ha(g(m): Z).

For example, if g(w) = G and g«([W]) = 0 € H,(G), then (1.3.a) implies
that | Homg (77, G’)| is a positive integer divisible by |I'|. Thus, any epimorphism
g: m — G with g, ([W]) = 0 has a lift to G’, and the number of such lifts is greater
than or equal to |T'|.

The following assertion will be proven in Section 7.

1.3.3 Corollary. If W # S2, then for any homomorphism g: = = w1(W) — G, the
number | Homg (v, G')| is divisible by |T'| | Z(T)|??=2, where d > 1 is the genus of
W and Z(T") is the center of T'.

If K = C, then for all p in Theorem 1.2.1,
¢p € H*(Gp; SY) € H*(G,; C*); (1.3.b)
see Section 2. Therefore g*({,)([W]) € S! and

| g* (W] | = 1. (1.3.0)
The formulas (1.1.a), (1.2.a), and (1.3.c) imply the following assertion.

1.3.4 Corollary. For any homomorphism g: 7 = m1(W) — G,
| Homg (7, G")| < |Hom(x, T')|. (1.3.d)

This inequality is an equality if and only if g(w) C G, and g*({,)([W]) = 1 for all
irreducible (finite-dimensional) complex representations p of T'.

The inequality (1.3.d) does not hold for arbitrary groups . For example, let G’ be
the group of permutations of the set {1,2,3} and let ¢g: G’ — Z /27 be the surjection
carrying all transpositions to 1 (mod 2). Clearly, I' = Kerg = Z/3Z. Let 7 be the
group with m > 1 generators xy, ..., X, and defining relations x% = x% == x2.
A homomorphism 7 — T has to carry all the generators xj, ..., Xz, to the same
element. Therefore, | Hom(sr, I')|] = 3. On the other hand, the homomorphism 7 —
7./27 carrying x1, ..., Xm to 1 (mod 2) admits at least 3 lifts to G’ carrying x1, ...,
Xm to arbitrary transpositions.

A section of a group homomorphism p: 7’ — 7 is a homomorphism s: 7 — 7’

such that ps = id,. The set of sections of p (possibly empty) is denoted S« (p).
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1.3.5 Corollary. Let p: i’ — 7w = m1(W) be a group epimorphism with finite kernel
®. Then
IS«(p)l = 1@ > (1®|/dim p)*M) ¢,((W]),

pEIr(P:K)
Tp=1

where {,([W]) € K* is the evaluation of ¢, € H*(m; K*) on [W] € Hy(n; Z).
This is obtained by setting in Theorem 1.2.1,G = n, G’ = a', T = ®, g = p,
and g =id: w — m. Corollary 1.3.4 implies that
[S«(p)| < [Hom(r, @)|.

This inequality is an equality if and only if 7, = 7 and {,([W]) = 1 for all irreducible

complex representations p of ®. Corollary 1.3.3 implies that if W # S2, then the

number | S, (p)| is divisible by |®| | Z(®)[*?~2, where d > 1 is the genus of W.
Further corollaries of Theorem 1.2.1 will be discussed in Sections 7-9.

V.2 Linear representations of I' and cohomology

Fix a representation p: I' — GL,(K) with n > 1. We define the cohomology class
¢, € H*(G,; K*) appearing in Theorem 1.2.1. We first introduce a cohomology class
kp € H?(G,; K*) which is somewhat weaker than ¢, but is defined for all p. Then,
under an irreducibility-type assumption on p, we define {,.

2.1 The cohomology class k ,. Recall the group G, C G from Section 1.2. For each
o € G,, pick@ € g~ () C G'. We assume that 1 = 1 € G’. Forany &, 8 € G, set

-1 -
hep =af ap el and
Kko,p = detp(hyg) € K*.

The following lemma shows that

{Ka.B}e.8<G, (2.1.a)

is a normalized 2-cocycle on G,,. Its class in H?(G; K*) is denoted by k. It is clear
that k, is an obstruction to the existence of a homomorphism s: G, — G’ such that
gs = id.

2.1.1 Lemma. The family (2.1.a) is a normalized 2-cocycle on G,. Its cohomology
class k, does not depend on the choice of the lifts {0 }qeG,,-

Proof. Itisclear thatk;; = 1. Forany o, B,y € G,,

QBT =aBhap? =aB7 7  hap? =aByhasy 7 hap ¥
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On the other hand,
a7 =apyhpy =aByhapyhpy.
Therefore

hag.y 7 hapV = hagy hp.y-
Applying p, we obtain

p(haﬁ,y) p();_l ha,ﬂ y) = p(ha,ﬁy) :O(hﬂ,y)-

The inclusion y € G, implies that the matrix p(y ™! hq g 7) is conjugate to p(hy g).
Taking the determinant we obtain kog , Ko, = Ko By KB,y -
To prove the second claim of the lemma, suppose that each & is replaced by &' =

@ go With g € T. For o, B € G,, we have ap = O?B,h:x p» Where

wp = 8up hap B g Bgp. (2.1.b)
Then ) )
p(hly ) = p(8ap) Plhap) P(B™" ga B) p(25)-
Taking the determinant and using the inclusion 8 € G,, we obtain

det p(hy, g) = det p(ga) detp(gg) det p(gup)™" Ka,p-

This shows that the cohomology class of the cocycle {«4 g }a,p does not depend on the
choice of the lifts {&}. O

2.2 The cohomology class §,. Assume that p: I' — GL,(K) is a Schur represen-
tation in the sense that the only matrices A € GL, (K) such that A p(h) = p(h) A for
all h € T, are scalar matrices. We define {, € H?(Gp; K*) as follows.

As above, choose @ € ¢! () for each a € G, so that 1 = 1. By definition of Go,
for o € G, the representation &¢p: I' — GL,(K) is equivalent to p. Thus, there is a
matrix M, € GL, (K) such thatforall 2 € T,

p@ ha) =M p(h) M,. (2.2.2)

By the assumptions on p, such a matrix My, is unique up to multiplication by an element
of K*; we fix My foralla € G,. Fora = 1, we take M, to be the unit (n x n)-matrix.

~—1 o~
As above,sethy g =af ap €T fora, B € G,.

2.2.1 Lemma. Forany o, B € Gy, there is a unique {y g € K* such that

Ca,ﬂ M, Mﬂ = Ma,B P(ha,ﬂ)- (2.2.b)

The family {Cq g}a,p is a normalized 2-cocycle on G,. Its cohomology class {, €
H?(Gp; K*) depends only on the equivalence class of p and does not depend on the
choice of the matrices {My}q or the lifts {0 }q.
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Proof. Fora,f € Gyand h € T,

_ ~-1 ~
Myg p(h) Mop = p(af ~ hap)

= plhap B @ haBhyl)

= p(hot,ﬁ) Mﬁ_l Ma_l :O(h) M, Mﬁ p(htx,ﬁ)_l-

Since p is a Schur representation, there is a unique {, g € K* satisfying (2.2.b).
Consider the subgroup G, = g~ (G)) of G’. This subgroup contains I" and any
element of G /’) expands uniquely in the form &g with @ € G, and g € I". The formula

p+(ag) = My p(g) (2.2.0)

defines a mapping p4: G, — GL,(K) extending p: I' — GL,(K). By definition,
p+(@) = M, forall & € G,. Observe that forall a € G,’J andh e T,

p+(a) p(h) = p+(ah). (22.d)

To see this, expand a = &g, where ¢ = g(a) € G, and g € I". Then

p+(a) p(h) = Mo p(g) p(h) = Mo p(gh) = p+(@gh) = py(ah).

Observe also that for , 8 € G,

p+(@B) = pi(aP hap) = Mug phap)
= {ou.p Mo Mg = Lo p p+(@) p+(B).

We claim that more generally, for all a, b € G;,
p+(@b) = L4(a).q) P+(@) p+ (D). (2.2.1)

Indeed, leta = ag, b = Bh witha, B € G, and g,h € I". Then

pi(ab)=pr(@gPh) =pr@BB " ghh
= p+(@B) p(B~" g B) p(h)
= Cap Mo Mg p(B~" g B) p(h)
= Cap My Mg Mg p(g) Mg p(h)
= Cu,p Mo p(g) Mp p(h) = Lo p p+(a) p+(b),

where we use formulas (2.2.a), (2.2.c)—(2.2.e).

Formula (2.2.f) and the associativity of multiplication in G; imply that the family
{84(a).q(b) }a,b is @ 2-cocycle on G ,. Therefore, the family {{y g}a,g is a 2-cocycle on
G,. Itis normalized, since {1,; = 1. That the cohomology class of this 2-cocycle does
not depend on the choice of {M,}, follows directly from (2.2.b). If & is traded for

2.2.e)
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&' = & gq with g4 € T, then hy g is traded for h(’x’ﬂ given by (2.1.b) and M,, is traded
for M), = My p(g«). Substituting these new values of 4 and M in (2.2.b), we obtain
the same cocycle {{y g}a,8-

When p: I' = GL,(K) is conjugated by M € GL, (K), the group G, is preserved,
while the matrices { My} are replaced by {M ' M, M },. Formula (2.2.b) shows that
the cocycle {{y g }«,p is then preserved. Thus, ¢, depends only on the equivalence class
of p. O

2.3 Properties of k, and §,. The following two lemmas show that , determines «,,
and both k, and ¢, have finite order in H2(G,; K*). Note that we use additive notation
for the group operation in H?(G,; K*) induced by multiplication in K*.

2.3.1 Lemma. We have k, = n {,, where n = dim p.

Proof. This lemma is a direct consequence of (2.2.b): taking the determinant on
both sides we obtain that the cocycle {7 P representing n {, differs from the cocy-
cle det p(hq,g) representing k, by a coboundary. O

2.3.2 Lemma. Let a, be the minimal positive integer a such that det p(h)* = 1 for all
hel. Thenayk, = 0anda,(dimp) ¢, = 0.

Proof. Theinteger a, exists because the homomorphism I' — K*, h > det p(h) splits
as a composition of the projection from I' to the finite abelian group H;(I') = T'/[T, ']
and a homomorphism H{(I') — K*. The equality a,«, = 0 follows from the
definitions. By the previous lemma, a, (dim p) {, = a,k, = 0. 0

2.3.3 Lemma. Set G, = q~'(G,). Let ¢*: H*(G,: K*) — H?*(G,: K*) be the
homomorphism induced by q. Then
(dim p) ¢*(§p) = q" (k) = 0. (2.3.2)

Proof. We use notation of Section 2.1. By Lemma 2.3.1, it is enough to prove that
q*(x,) = 0. By definition, the cohomology class ¢*(«,) € H?(G/; K*)isrepresented
by the cocycle

{det p(hq(a),q))}a.beG),- (2.3.b)

For any a € G;,, there is a unique g, € I" such that q/(\a/) =a g,. Then
hg@.a@) = 4@ q(®)™" q(@) q(b) = q(ab)™" q(a) ¢(b) = g5, (b™" gab) gb-
Applying p and taking the determinant, we obtain
det p(hg(ay.q(p)) = det p(gap) ™" det p(ga) det p(gp).
Hence, the cocycle (2.3.b) is a coboundary. So, ¢*(x,) = 0. O

Further properties of «, and ¢, will be studied in Section 4 in a more general setting
of projective representations of I'.
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2.4 Proof of Formula (1.3.b). In (1.3.b) it is assumed that K = C and p is an
irreducible representation of I". Since T is finite, the image of the homomorphism
I' - C*, h + det p(h) is a finite subgroup of C*. Such a subgroup is contained in the
unit circle S'. Therefore det p(h) € S forall h € I'. Multiplying all the matrices M,
in the definition of ¢, by non-zero complex numbers, we can ensure that det M, = 1
for all @ € G,. Formula (2.2.b) implies then that {, g € S forall o, 8 € G,. This
yields (1.3.b).

2.5 Remark. The definition and properties of , and ¢, (except Lemma 2.3.2) do not
use the finiteness of I' = Ker(q¢: G’ — G) and directly extend to group epimorphisms
with infinite kernel. The same is true for the definitions and results of Sections 3 and 4.

V.3 Projective representations of I'

The constructions of Section 2 are generalized here to projective representations of the
group I' = Ker ¢ associated with a certain 2-cocycle 8 on G’. This will be instrumental
in the generalization of Theorem 1.2.1 in Section 6. The reader interested mainly in
the proof of Theorem 1.2.1 may skip this section and assume everywhere in the sequel
that 6 = 1.

Fix throughout this section a normalized 2-cocycle 8 = {0, € K*}4 pec’-

3.1 0-representations of I'. A mapping p: I' - GL,(K) withn = 1,2,... isa 8-
representation of T"if p(1) is the unit n x n matrix and p(g) p(h) = 04, p(gh) for all
g.h € T'. For a O-representation p: I' — GL,(K) and a matrix M € GL,(K),
the mapping M~ 'pM: T — GL,(K) carrying h € T to M~ 'p(h)M, is a -
representation. We say that two @-representations p: I' — GL,(K) and p': T —
GL,/(K) are equivalent and write p ~ p' if n = n’ and p’ = M~'p M for some
M € GL,(K). Clearly, ~ is an equivalence relation on the set of f-representations
of I'. We denote by Ry the corresponding set of equivalence classes. For more on
projective representations of groups; see [Kar].

The definition of f-representations of I" uses only the restriction of the cocycle 6
to I'. We now use the other values of 6 to define an action of G’ on Rg. Givena € G’
and a f-representation p: I' — GL,(K), consider a mapping ap: I' — GL,(K),
whose value on any & € I is given by

ap(h) = 6 41 64-1 pa Ona pla” " ha). (3.1.a)

3.1.1 Lemma. The mapping ap is a 0-representation of . The formula (a, p) — ap
defines a left action of G’ on Rg. This action induces a left action of G on Ry.

Proof. Consider the associative algebra B = @, K/, with multiplication /, [, =
Oa.b lap for a,b € G’ and with unit /;, where 1 is the neutral element of G'. It is clear
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that /, € B is invertible in B for all @ € G'; in fact, la_1 = 9;;_1 l,—1. Since "'is a
normal subgroup of G’, the module B; = @, K/} is a subalgebra of B such that
I7'Byl, C By foralla € G'.

Any mapping p: I' = GL,(K) induces a K-linear homomorphism
p: B — Mat, (K)

by p(ly) = p(h) for h € T. Itis clear that p is a 8-representation if and only if p is an
algebra homomorphism.

Given a f-representation p: I' — GL,(K) and a € G’, we can rewrite the defini-
tion of ap: I' - GL,(K) in the form

ap(h) = (17 1y 1a)

for all h € T. Then ap(l) = p(I;'11,) for all | € By. Since p is an algebra
homomorphism, sois @p: B; — Mat, (K) and therefore ap is a 8-representation of I".
It is clear that if p ~ o', then ap ~ ap’. Foranya,b € G’ and h € T,

(ab)p(h) = p(lgy I lab)
= 0Oy la o)™ 10 Oy La I)
=p(ly 1 iy La )
= a(bp)(h).
This and the obvious equality 1p = p prove the second claim of the lemma.

To prove the last claim of the lemma, we must show that the action of ' C G’
on Ry is trivial. If a € T", then

ap(h) = pUz " nla) = pUa)"" BUn) plla) = p(a)™" p(h) pla)
for all 4 € I'. Therefore ap ~ p. O

3.2 The cohomology class k,. Letp: I' — GL, (K) be a f-representation of I". Let
G, C G be the stabilizer of p, i.e., the subgroup of G consisting of all @ € G such that
a[p] = [p], where [p] € Ry is the equivalence class of p. By definition, the group G,
depends only on [p]. An element « of G belongs to G, if and only if ap ~ p for some
(and then for all) a € ¢~ ' () C G'.

We define a cohomology class k, € H?(Gp; K*) as follows. Fix foreach @ € G,
an element & of ¢~ («) and assume that I = 1 € G’. Fora,f € Gy, set hgp =

~ —1 ~
af ap el and
kap = (05 5 %lﬁa.ﬁ)" det p(hgp) € K*. (3.2.2)

This formula can be rewritten in terms of the algebras B, By C B and the algebra
homomorphism p: B; — Mat, (K) introduced in the proof of Lemma 3.1.1. Set

Lop =055 %l,ha,ﬁ Ihy 5 € Bu. (3.2.b)
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Then
Ko, = det /_)(La’ﬂ).

3.2.1 Lemma. The family {Ko g}q,p is a normalized 2-cocycle on G . Its cohomology
class k, € H*(Gp; K*) depends only on the equivalence class of p and does not
depend of the choice of the lifts {Q }q.

Proof. Observe that for any «, B € G,

l& l'g = 9&,5 Z&E = 9&,3 lOlehaﬂ = l‘ﬁ} La,ﬂ. (3.2.0)
We can rewrite this as
Log = la:ﬂl g l[;.
This formula implies that for any «, 8,y € G,
Lag,y ;7_1 Lop 117 = Lapy Lp,y-
Applying p to both sides, we obtain that
P(Lapy) pU5" Lagly) = p(Lapy) p(Lp,y). (3.2.d)

Since y € G, the matrix

pUs" Laply) = yo(Lap)

is conjugate to p(Ly,g). Therefore, taking the determinant on both sides of (3.2.d)
we obtain Kug,y Ko, = Ko gy Kg,y- Thus, the family {ky g}q g is a 2-cocycle. It is
normalized, since k1,1 = 1.

To prove that k, does not depend of the choice of the lifts {&}, suppose that each
@ is replaced with @ = & g, for some g, € T'. We have

lo =07y lale, =lara.
where
o =03y lg, € B1. (3.2.¢)

Fora, B € G,, we have lg/ lg, = loﬁe’ L;,ﬁ, where

_7—1g_ 7.

L(/x,ﬂ — l(;B/ l(!/ lﬂ,
= (x_ﬁl l£ l&ralgrﬂ 3.25)
= ;é (1;751 lz 15) lﬂfl T ZE rg

= ;ﬂl Log lﬂ?l ralg rg € Bj.
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Applying p, we obtain
P(Lyp) = p(rap) ™" P(Lap) 5" 1a15) p(rp)-
Taking the determinant and using the inclusion 8 € G,, we obtain

det 5(Ly, g) = det p(ry) detp(rp) det p(rap)™" det p(La,p).

This proves that the cohomology class k, of the cocycle {ky g}, does not depend on
the choice of the lifts {&},. That «, depends only on the equivalence class of p follows
from the definitions. O

3.3 The cohomology class {,. Assume that a f-representation p: I' — GL,(K) is
a Schur 0-representation in the sense that the only matrices A € GL,(K) such that
Ap(h) = p(h) A forall h € T, are scalar matrices. We define {, € H?(G,; K*) as
follows. As above, choose & € g~ («) for each @ € G, so that 1=1 By definition
of G,, for a € G, there is a matrix M, € GL,(K) such that

ap=M;"'pM,. (3.3.2)

By the assumptions on p, such M, is unique up to multiplication by an element of K*;
we fix My for all @. For @ = 1, we take M, to be the unit (n x n)-matrix. Recall
the algebras B, B; C B, the algebra homomorphism p: By — Mat,(K), and the
elements L, g of By satisfying (3.2.b) and (3.2.c). Formula (3.2.b) implies that Ly g
is invertible in Bj.

3.3.1 Lemma. Forany o, B € Gy, there is a unique o, g € K* such that
Ca,p Ma Mp = Mog p(La,p). (3.3.b)

The family {Co g}a,p is a normalized 2-cocycle on G,. Its cohomology class {, €
H 2(Gp; K*) depends only on the equivalence class of p and does not depend on the
choice of the matrices { My} or the lifts {G}q.

Proof. Fora,f € Gyand h € T,

Mg p(h) Mag = (@Bp)(h)
= /3(1;731 Inlgg)
= p(Lap zﬁtl I3 nlals Ly p)
= p(Lap) Mg My " p(h) My Mg 5(Lap) ™"

Since this holds for all # € T and p is a Schur f-representation, there is a unique
la,p € K™ satistying (3.3.b).



100 V Enumeration problems in dimension two

The rest of the proof uses a certain extension p1 of the algebra homomorphism
p: Bi — Mat,(K). Consider the subgroup G, = ¢ (Gp) of G’ and the K-
submodule B, of B with basis {/; | @ € G,}. Clearly, B, is a subalgebra of B
containing B;. Any element of G/,) expands uniquely in the form &g with ¢ € G, and
g € I'. The formula

ptlag) = 054 Mo p(g) = 073 My pllg) (3.3.0)

defines a K-linear homomorphism p : B, — Mat, (K). We have p4|p, = p because
p+(lg) = 013 My p(lg) = p(lg) for any g € T'. By definition, p (Ig) = M, for all
a € Gy. Also

p+ (D) p+(I") = p+ (1) (3.3.d)
forall/ € B, and I’ € By. Indeed, it suffices to verify this for / = lg, and I’ = [,
where o € G, and g, h € T'. We have

p+Uag) p+(In) = Oy Mo p(g) p(h)
= 0.4 Og.n Mo p(gh)
= 05 ¢ 0.1 Oa.gn P+ (agn)
= Oag.h p+agh)
= p+lag In)-
Though we shall not need it in this proof, it is instructive to note that
p+(I") p+ (1) = p+ (') (3.3.0)
foralll € B,and !’ € By. Indeed, if | = lg, and /" = [, witha € G, g, h € T, then
p+(Un) p+(ag) = 05 5 p(h) My p(g)
= 0.0 Mo @p(h) p(g)
= 055 P+Ua) p+ (5" Inlg) pr(g)
= O P+ Ualy Inlaly)
= p+(Inlag),

where the fourth equality is obtained by applying (3.3.d) twice.
Observe now that for any «, 8 € G,

p+Ualz) = p+(gg Lap)
= p(5) o+ (Lasp) (3.3.6)
= Mg p(Lap) = Sap Ma Mp = Lop p+(a) p+(Up),

where the second equality follows from (3.3.d). We claim that more generally, for all
a,b e G;,,
p+la lp) = Lq(a).qb) P+(la) p+(Ip). (3.3.g)
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To see this, expand a = &g, b = Bh witho = q(a), B = q(b) € Goand g, h € T
Then

ﬁ+(lalb)=ﬁ+(9a},,9ﬂ}ll lg151h)
= 6,465 5 (al; 15 g 15 1)
= 0, 195hP+(1 lg) p+(g Vg 1g) p+(ln)
= O7¢ 03 3 Sop Mo Mg Bo(g) p(h)
=§aﬁ9a}g,9ﬂz My p(g) Mg p(h)
= Ca,p P+ (la) p+(Up),

where we use formulas (3.3.a), (3.3.¢), (3.3.d), (3.3.).

Formula (3.3.g), the invertibility of the matrices p (/,) fora € G, and the associa-
tivity of multiplication in B imply that {{, g}« g is a 2-cocycle on G,. Itis normalized,
since £1,; = 1. That the cohomology class of this cocycle does not depend on the choice
of {M,}, follows directly from (3.3.b).

If & is traded for &' = & go With g € T, then L, g is traded for L;’ p given by
(3.2.e), (3.2.f) and M, is traded for M) = My p(gs). Substituting these new values
of L, M in (3.3.b), we obtain a cocycle that differs from {{y g }4,p by a coboundary.

When p is conjugated by M € GL,(K), the group G, is preserved while the
matrices { My, } are replaced by { M ~! M, M },. Formula (3.3.b) shows that the cocycle
18w, }a,p is then preserved. Thus, {, depends only on the equivalence class of p. [

3.3.2 Lemma. We have k, = n {,, where n = dim p.

This lemma is deduced from (3.3.b) by taking the determinant.
Formula (1.3.b) generalizes to the present setting: if K = C and 0, g € S ! for all
a,B €T, then
¢p € H*(G,; SY)y € H*(G,;C*). (3.3.h)

The proof goes as in Section 2.4. The assumptions on 6 ensure that the mapping
I' = Ry, h +— |det p(h)|is a group homomorphism. Since I is finite, det p(h) € S
forall 7 € T. By (3.2.b), det p(Ly g) € S! forall @, B € G,. We can also assume
that det My = 1 forall @ € G,. Formula (3.3.b) implies then that {, g € S for all
o, € G,. This yields (3.3.h).

V.4 Properties of k, and ¢,

We establish a few properties of the cohomology classes «, and {,. In particular, we
show that these classes are equivariant with respect to conjugation in G and depend
only on the cohomology class of the given normalized 2-cocycle 6 = {0, 5 }4,peG’-
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4.1 Lemma. For any y € G and any 0-representation p: I' — GL, (K), we have
Gyp =y Gy~ Letys: H*(Gp; K*) — H?(Gyp; K*) be the isomorphism induced
by the conjugation by y. Then y«(kp) = kyp. If p is a Schur 0-representation, then

Y« (8p) = Cyp.

Proof. Fixc € ¢7'(y) C G'. In the statement of the lemma yp = cp: I' — GL,(K).
This agrees with the fact that the group G, and the cohomology classes k., and ¢,

do not depend on the choice of ¢ in g~ (y).

The equality G, = y G,y ™! is obvious since G, C G is the stabilizer of the

equivalence class of p in Rg and G, C G is the stabilizer of the equivalence class of
yp = cp in Ryg.
Fora € G/, set

ec—l,ac 90,0

0

c,c !

lale = € K*.

A similar expression appears in the definition of the f-representation cp of I'. By
(3.1.a), forall h € T,

co(h) = |hle p(c™ he). (4.1.a)
We need the following two formulas: for any a € G/,
lale e tac|.—1 =1 (4.1.b)
and for any a,b € G’,
Oc=tac,c=1pe = lalz" 1bIc" able fap. (4.1.c)

Formula (4.1.b) is deduced from the cocycle identity for . Namely,

-1 90—] ,ac ea,c ec,c—]a ec—lac,c—l
lale |c acl—1 = 7 0
c,c— 1L c— 1,
. gac,c*1 Qa,t‘ ec,cfla ecfl,a
- 2
ec,c—l
_ 90,1 ec,c—1 el,a Qc,c—l
= o2 =1,
c,c™1
where in the second equality we use that 6,1 4. 0.~14c 1 = 040 01 0.-1 , and
0. c~1 = 0.-1.; in the third equality we use that 6,. .—1 05 = 04,10, .1 and

Oc.c=14 0c—1 4 = 01.4 0, c—1; in the last equality we use that 65,1 = 01,4, = 1.
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The proof of (4.1.c) is similar:
0,

ac,c—lbc Qc—l,abc

ec_lac,c—lbc 0
c— 1 ac

_ eﬂ,c‘ eac,c—lbc ec—l,abc

951,0 Gcfl,ac

ea,bc ec,c—lbc Gc_l,abc

ea,c Oc“,ac

_ eb,c ea,bc ec,c—lbc Oc—1 ,abc

Qb,C 00,6 96_1 ,ac

ea,b eab,c Qc,cflbc gcfl,abc‘
eb,c ea,c Gc_l,ac

Expressing 6, .—1p, from 0, .—1p. 0.—1 po = O1,pc 0. —1 = 0. .1 and substituting
in the previous formula, we obtain

Ooot Bocomt Ot ape Oabe o
c~lac,c=lbc = < e L Ga,b=|a|c |b|c |ab|69a,b-

0
ec_l,ac 90,0 ec_l,bc eb,c Qc,c_l

Note one corollary of (4.1.a), (4.1.b): forall h € T,
co(che™) = [che™ e p(h) = (Ihl—1) 7" p(h). (4.1.d)

In the following argument we use the superscript p (respectively, ¢p) to indicate that
a cocycle or a matrix is associated with p (respectively, with cp). Fix alifta € g o)
foreacha € G,sothat1 = 1. Consider the cocycle {/cg ﬁ} on G, givenby (3.2.a). Here

and below a, B run over G,. Clearly, cac™! € G'isaliftof yay~! foralla € G,. We

shall use these lifts to compute the cocycle {K;Zy_l ypy—13onGyp = Gep = yGpy~ L.
We follow the definition of kP given in Section 3. Set

c

h = chc
yay~LyBy~! ’

~—1 ~
where h = hy g = aff  apB. Then

cp _ - -1 n c
Kyay=typy—t T (GC&C_',Cﬁc_‘ eco?Bc—l,h“ - 71) det cp(4p—1,ypy-1)
yay YbYy
-1 -1
= (Ooge—1 cfo1 Qcoﬁsc—l Chc_l)” detcp(che™)

~ ( 6Blc—1 laBlo—1 |hl 1 6, 5

n
=|— = = detcp(che™).
|&]c—1 [Ble—1 [eBh]—1 90;3,;,)
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Using the equality & ,é = oZBh and (4.1.d), we obtain
~ n n
ch _ |alB|c_1 95[,.5 det p(h)
-1 -1 =\ = =
v Nl 1Ble-r ) \Oapn

~ n
:( joBe-1 )K,,
@l Bl ) P

This shows that the 2-cocycles

(yay L yBy™H >« and (yay~ L yBy™!) =kl g

yay ~Lypy—1
on G, differ by a coboundary. Hence «,, = y« (k).

Let p be a Schur O-representation. For all @ € G,, fix My, = My € GL,(K) such
that @p = M ' pM,. We have the following equalities of f-representations of I':

(cac™")(cp) = cap = c(My ' pMy) = My " (cp) M.

Thus, to compute the cocycle ¢° _, associated with cp, we can use the matrix

M;zy_l = My forall o € G,.
Consider the vector Ly g € By associated with any «, B € G, via (3.2.b) and the

vector

yay~lyBy

LC

_ -1
yay—1ygy-1 = s > lene=1 € B,

cac!cfe™! YeaBe—1, che!
~—1 -
where h = hy g = aff  @pB. By (4.1.c),

L¢ _ eBlerlhlemr L
yay~—LyBy~! 1@l g—1 1Bt @B “ap.nche”

Applying cp: By — Mat, (K) and using (4.1.d), we obtain

|1 [~

Bt Bler 9

_ ol
1@t Bl P

Bl
= ——— = p(Lap).
|&]c—1 |Ble—1
Thus, cp(Lyay . yﬁy,l) € GL,(K) is obtained from p(Ly g) € GL,(K) via multipli-
cation by a scalar coboundary. Then it follows from the definitions that the 2-cocycles

LS 1) = cplche™)

05, P

(yay~ ' yBy™ ) =¥ and (yay L yBy ) =0,

yay~LyBy~!

on G, differ by a coboundary. Hence, y«({p) = {yp. O
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4.2 Relation to . We now relate k, and {, to the cohomology class of 6.

4.2.1 Lemma. Let p: I' — GL,(K) be a 0-representation and G, = g 1(Gy).

(a) We have q*(k,) = n[6)], where ¢*: H*(G,; K*) — H*(G; K*) is the homo-
morphism induced by q and [0] € H*(G'; K*) is the cohomology class of the
restriction of 0 to G,

(b) If pis a Schur 0-representation, then there is a function D : G, — GLy (K) such
that forall a,b € G/,

8q@).q) En = 0ap D(ab) D(a)™" D(b)™", (4.2.2)
where E, is the unit n X n matrix over K.

Proof. Fix the lifts @ € G, of all @ € G, so that 1 =1. Foreach ¢ € G, we can

expandqf(vc) = cyc with y. € I'. Picka,b € G, and setax = q(a), B = q(b) € G.

Then & = ay, and Iz = 0 }1,“ lqly,. Substituting this expansion of /5 and similar
. . S _ _1 . - .

expansions of /5 and [ in Lo g = 10?[9 lg 15 € By, we obtain

Log=d(@b) ) 1 oy, 1y ly,,

Yab ab
where
d(a.b) = Oabyy Ons, Ops,s

a,Ya
is a coboundary. The equalities I, I, = 6,5 [ and ,3 = by, imply that
(d@.b) ™ Lag =10 1) laly 1y 1y 1y Ly,
= Oaply), 1y Ly, Iy 1y,
= Yab ly_alb ly, (ly_bl lb_l) ly, Uply,)
= Oupl;t 1y, z;l Ly, 15

Yab

Then
P(Lag) = d(@.b) bup pll5}) blly,) 55" by, 15). (42.b)

Taking the determinant on both sides, we conclude that
Kq(a).q®) = Ka,p = (d(a.b))" 6], det p(1;} ) det p(ly,) det p(ly,).

Hence, the cocycles {k4(a).4%)} and {0 ,} on G, differ by a coboundary. This yields
the claim (a) of the lemma.
If p is a Schur 6-representation, then

Cu,b En = of '(_)(th,ﬁ) Mﬁ_l Ma_1~
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Substituting here the expansion (4.2.b) of p(L4,g) and using that ;3(113?1 ly, IE) =
Mﬁ_1 p(ly,) Mg, we obtain (4.2.a) with

D(C) = Qc,yc Mq(c) Ié(ly_cl)

forall ¢ € G;,. O

Lemma 4.2.1 implies that ng*({,) = n[f]. This can be deduced from (a) since
ko, = ng, or from (b) by taking the determinant. I do not know whether in general

q*(5p) = [0].

4.3 Dependence on . We explain now that the cohomology classes « and ¢ depend
only on the cohomology class of the 2-cocycle 6 = {6, 5}4pec’. Pick a function

k: G’ — K* with k(1) = 1 and define a 2-cocycle %) = {Qékg}a,beG, by
0%) = k(@) k(b) k(ab)™" 6, € K*.

Every 6-representation p: I' — GL, (K) determines a Q(k)—representation pr: I —
GL,(K) by

pi(h) = k(h) p(h)

for h € T'. Equivalent f-representations yield equivalent #*)-representations, so
that the formula p — p defines a mapping Rg — Ryw). It is a bijection because
(ox)x—1 = p for all p; here k! is the function a + (k(a))~! on G'.

The mapping p > px is G'-equivariant, i.e., apy = (ap)i for alla € G’. Indeed,
forh eT,

e(k) Q(k)
a=1,ha "h,a 1
apg(h) = Q(Tpk(a ha)
a,a—!
k(@YY k(ha)k(h) k(a) 6,-1 pqOha » B
= , y k h h
k(a=Yha)k(ha)k(a)k(a™') 6, .1 (@ "ha) p(a™ " ha)

0, Oh.a
Zk(h) agl,ha h,

= k(h)ap(h)
= (ap)k(h).

p(a" ha)

The bijection Ry — Ryw), p > Pk is equivariant with respect to the induced action
of G. Therefore, G, = G,, for every f-representation p: I' — GL,(K). We next
verify that k, = k,, . Fixing the lifts @ € G’ of all @ € G, as above, we represent k,
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by the 2-cocycle (3.2.a) and represent k', by the 2-cocycle

6% \"
;kg: 9(5‘;"’3 det(px (ha,p))
aﬂaha.ﬂ
k@ kB k@p) \"
— — — (k(ha, ))n Ka,
k(aﬂ)k(aﬁ)k(ha,ﬂ)) ! ’
_ k(a)k(ﬂ)) N
k() ’

Thus, the cocycles {kq g} and {K;ké} lie in the same cohomology class.

We claim that if p is a Schur 6-representation, then {, = {,,. To see this, fix
matrices {My € GL,(K)}q such that @p = M p M, and consider the associated
2-cocycle {{y g} representing ¢,. It is clear that Gpx = (@p)k = My ' px My. A

2-cocycle {Eékg} representing {,, is determined from the formula

k - k
Z( ) M, Mﬂ = Maﬂ Pk(L((x,;;),

a,p
where 5
L% = g® @® Tty k(@ k(p) .
P ah Ve k(@B) k(hap)
Therefore
(L% = k@ kY k@B H(Lacp)
and

(5 = k@ k(B k@B Lup-

Hence, the cocycles {{q g} and {é‘ik[);} lie in the same cohomology class.

V.5 Equivalence of two approaches

Throughout this section we assume that the ground ring K is an algebraically closed
field of characteristic zero. Fix a normalized 2-cocycle 8 = {0, € K*},pex
on G’. The constructions above yield two different methods associating with the
homomorphism¢g: G’ — G an equivariant 2-cohomology class of the set of irreducible
O-representations of I' = Kerg. We summarize these methods and establish their
equivalence.



108 V Enumeration problems in dimension two

5.1 Irreducible f-representations. A f-representation p: I' — GL,(K) is irre-
ducible if the induced action of I" on K" preserves no submodule of K except 0 and
K™. Tt is obvious that a 6-representation equivalent to an irreducible one is itself irre-
ducible. The set of equivalence classes of irreducible 0-representations of I over K
will be denoted Irry (I'; K) or, shorter, /9. The action of G on the set Ry of equivalence
classes of O-representations of I" introduced in Section 3.1 preserves /g set-wise. This
allows us to view Iy as a G-set.

Irreducible 8-representations of I' correspond bijectively to irreducible represen-
tations of the algebra B introduced in the proof of Lemma 3.1.1. Since Bj is a direct
sum of matrix algebras over K (cf. Section IV.2), the set Iy is finite and non-empty. By
the Schur lemma, all irreducible 8-representations of I" are Schur 6-representations in
the sense of Section 3.3.

5.2 Cohomology classes (#) and V(0). Giveni € Iy, consider the stabilizer G; C
G of i under the action of G on Is. Consider the cohomology class {; = ¢, €
H?(G;; K*), where p is an arbitrary irreducible -representation in the equivalence
class i. By Lemma 3.3.1, the class {, does not depend on the choice of p. By
Lemma 4.1, for any y € G, we have G,; = yG;y~! and {,; = y«({), where
y«: H*(Gi; K*) — H?(Gy;; K*) is the isomorphism induced by the conjugation
by y. By Section I1.5.2, the function i + ¢; defines an element of the equivariant
cohomology group HZ (Ip: K*). This element is denoted by ¢(6).

Consider the biangular G-algebra B = @,cq Bo derived from g: G’ — G
and 6 in Example IV.2.3.4. By Lemmas IV.2.2 and IV.2.4, the G-center L of B is a
semisimple crossed Frobenius G-algebra. By Section IL.5, this G-algebra gives rise
to a cohomology class V(0) € HZ(I: K*), where I = Bas(L) is the G-set of basic
idempotents of L.

5.3 Lemma. There is a canonical G-equivariant bijection I ~ Ig. Under this bijec-

tion, £(0) = V(0).

Proof. Let L = @,cq Lo be the G-center of B. As was shown in the proof of
Lemma IV.2.4, the algebra B; C B is a direct sum of matrix algebras over K, and
L; = y¥1(By) is the center of By, i.e., the direct sum of the 1-dimensional centers
of these matrix algebras. The basic idempotents of L are the unit elements of the
matrix algebras in question. More precisely, each basic idempotent i € L is the
unit element of a direct summand Mat,, (K) of By, where n; is a positive integer.
Let p;: By — Mat,, (K) be the projection onto this summand annihilating all the
other direct summands of B;. Clearly, p; is a surjective algebra homomorphism and
pi(i) = Ej,,, where E, is a unit n x n matrix. Moreover, p;(j) = 0 for all basic
idempotents j of L; distinct fromi.

The homomorphism p; determines a 0-representation p;: I' — GL,, (K) by
pi(h) = pi(ly) for h € T'. The definition of p; and p; uses an identification of
the direct summand of B; containing i with a matrix algebra. Any other such identifi-
cation is obtained through conjugation by an invertible n; x n; matrix. Therefore the
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equivalence class of p; is uniquely determined by i. We can describe p; as the unique
(up to equivalence) irreducible 6-representation of I" such that p; (i) # 0.

It is clear that the mapping I — Iy, i +> p; is bijective. We now show that this
bijection is G-equivariant. Let @ € G and i € I. By (2.3.b) in Chapter IV,

ai =Y(i)=ITI7" Y il h

acq— (o)

Observe that all summands on the right-hand side are equal to each other. Indeed, if
a€q '(a)and h € T, then

lanilyy = Oanbplalni 17 = 1ai 177

The latter equality follows from the fact that i lies in the center of L, and [, € L.
Therefore i = l,i 1! for any a € g~'(). By Section 3.1, ap; (1) = pi(I;111,)
forall/ € B;. Setting/ = ai =1, 1!, we obtain

api(ei) = pi(l; " i 17" 1) = pi(i) # 0.

Therefore ap; = py; foralla € ¢~ (). This shows that the bijection I — Ig,i > p;
is G-equivariant. From now on, we identify / with /4 along this bijection.

We can view V(0) € HZ(I; K*) as a function assigning to every i € I acohomol-
ogy class V; € H?(G;; K*). To prove the equality £(6) = V(6), it is enough to show
that V; = ¢; foralli. Fixi € I = Iy. Setn = n; and p = p;: I' - GL,(K). The
cohomology class V; is represented by a K*-valued 2-cocycle {Vy g}o,p on G; = G,
defined from the equality 5458 = Vg g Sq for some non-zero vectors sq € i Ly = K
(cf. Section I1.5.4). The cohomology class ¢; is represented by a K *-valued 2-cocycle
{a,p}a,p determined by a family of lifts {& € ¢~'(«)}oec, and matrices {Mq}oec,
as in Section 3.3. We fix the lifts & and the matrices M, and verify that Vy, g = {4 g
for an appropriate choice of {sq}q.

Recall the subalgebra B, of B and the K-linear homomorphism p4: B, —
Mat, (K) defined in the proof of Lemma 3.3.1. As we know, p4|p, = p so that
p+(i) = p(i) = E,. Since p(B1) = Mat,(K), for each o € G, there is dy, € By
such that p(dy) = M. Then

pi(da) prla) = plda) pr(la) = My My = Ey. (5.3.2)

Set

se =iV1(dyly) =T Y ilydylzl;' €ily C By.

acl
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By (3.3.d), (3.3.e), and (5.3.a),

p(a) = TI7" Y pi(iladalal; ")
ael’
= TI7' ) ps(ila) py(da) pr(la) py (171)
ael’

=017 X A (ila) 4 (15

acl’

= T|7" Y pelilallh)

a€el’
=TI X p+(i) = En.
ael
In particular, s, # 0.
Applying p4 to both sides of the equality Vy g 548 = so5g and using (3.3.g), we
obtain

Voz,ﬂ E, = Voz,ﬂ ﬁ—i—(saﬂ) = I6+(Sasﬂ) = Za,ﬂ P+ (Sa) :5+(Sﬂ) = é‘a,ﬂ E,.
Hence, Vy g = o p forall a, B € G,,. O

5.4 Remark. For 6 = 1, the element i € I = Bas(L) corresponding to an irreducible
linear representation p of I" can be explicitly computed by the formula

i =|T|7  dimp 3 xp(h) Iy,
hel
where x,: I' — K is the trace of p; cf. [Co], Chapter 2, Theorem 5. It would be
instructive to have a similar formula for all 6.

V.6 A generalization and a proof of Theorem 1.2.1

6.1 Theorem. Let W be a closed connected oriented surface with fundamental
group w. Let K be an algebraically closed field of characteristic zero. Let 8 =
{6a.p € K*}4pec’ be a normalized 2-cocycle on G’ representing a cohomology class
[0] € H?(G'; K*). For any group homomorphism g: w1 — G,

> (@)aenawn

g’€Homg (7,G’)

=1 Y (Tl dimp) M) g* () (W) (6.1.2)

pElrg (I'; K)
GpDg(m)

Here (g/)*([0])([W]) € K* is the evaluation of (g')*([#]) € H?*(n; K*)on [W] €
H(r;Z) and g*(£,)([W]) € K* is the evaluation of g*({,) € H?(x; K*) on [W].
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For 6 = 1, the left-hand side of (6.1.a) is equal to | Homg (7, G’)|, and we obtain
Theorem 1.2.1. For g = 1, Theorem 6.1 was first obtained in [Tu5].
If g: @ — G is an epimorphism, then (6.1.a) may be rewritten as follows:

> &) (eD(wD
g’€Homg (7,G’)
=|T| Z (IT'|/ dim p)—X(W) g* (&) (W)). (6.1.b)

peElrg (I K)
Gp=G

6.2 Proof of Theorem 6.1. Replacing, if necessary, G by g(r) and G’ by ¢~ (g (7)),
we reduce ourselves to the case where g(r) = G. It is enough therefore to prove
(6.1.b).

The proof goes by computing both sides of (6.1.b) as state sums on a triangu-
lation of W. Pick a base point w € W so that = 7 (W, w). Fix a triangulation
T of W such that w is among the vertices of 7. Let T, be the one-point set {w}.
By Section IV.3.1, every G-system on T determines a homotopy class of mappings
W — K(G,1) carrying w to the base point of K(G,1). These mappings induce a
homomorphism 7 = 71 (W, w) — G, and any homomorphism 7 — G may be pre-
sented in this way by a G-system on 7. Fix once and for all a G-system {g.}e on T
presenting g. Here e runs over the set Edg(T’) of oriented edges of 7.

A labeling of T is a mapping £: Edg(T) — G’ such that £(e™!) = (£(e))~! and
q(L(e)) = g, forall e € Edg(T). A labeling £ is admissible if £(e1) £(e2) £(e3) = 1
for any three consecutive oriented edges ej, €3, e3 forming the boundary of a face
(a 2-simplex) of T'. In other words, a labeling is admissible if it is a G’-system on
T. Denote the set of labelings of T by &£ and denote the subset of &£ formed by the
admissible labelings by £y.

Givenalabeling { € £, weassignto any path p in T formed by consecutive oriented
edges eq, ..., ey the product £(p) = L(e1) £(ez)...L(ex) € G'. For admissible £,
this product is a homotopy invariant of p: if two paths p, p’ have the same endpoints
and are homotopic relative to the endpoints, then £(p) = £(p’). Applying the mapping
p > £(p) to loops based at w, we obtain a homomorphism 7 — G’ denoted by ¢ (£).
It is clear that g o ¢(£) = g so that ¢({) € Homg (7, G'). The formula £ — ¢({)
defines a mapping ¢: £o — Homg (1, G').

Denote by kg, k1, k2 the number of vertices, edges, and faces of T, respectively.
We claim that for any g’ € Homy (77, G'),

lp~(g")| = [Tk, (6.2.2)

To see this, pick an arbitrary spanning tree A C W formed by all vertices and k¢ — 1
edges of T'; here we use that W is connected. For every vertex v of T, there is a path p,
in A formed by oriented edges of A and leading from w to v. Since 4 is a tree, the path
p is unique up to homotopy. Any oriented edge e of 7" not lying in A determines a loop
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Di.e p;l, where i, and ¢, are the initial and the terminal endpoints of e, respectively.
The homotopy classes of such loops corresponding to all oriented edges e of T not
lying in A generate 7 = 1 (W, w). Therefore the set ¢ ~!(g’) consists of the labelings
£ € £ such that for all ¢ as above,

U(pice p,') = g'(pice piY).
This equality may be rewritten as
tle) = Epi) " &'(pice pr.1) Upe,).- (6.2.b)

Thus, to specify £ € ¢~'(g’), we can assign arbitrary labels to the ko — 1 edges of A
oriented away from w, the inverse labels to the same edges oriented towards w, and
use (6.2.b) to label the oriented edges of 7" not lying in A. The resulting labeling of 7'
is necessarily admissible. This implies (6.2.a).

For every admissible labeling £ of T', we compute (¢ (£))*([6])([W]) as follows.
Fix a total order < on the set of vertices of 7. Any face A of T has three vertices P,
0, Rwith P < Q < R. Setea(W) = +1 if the orientation of A (induced by that of
W) induces the direction from P to Q on the edge PQ C 0A and set ep(W) = —1
otherwise. Let {& = {(PQ) € G’ and {2 = £(QR) € G’ be the labels of the edges
PQ, OR oriented from P to Q and from Q to R, respectively. Then

IR l;[(f)glA,ng)%(W) € K*,

where A runs over all faces of T'.
Formula (6.2.a) and the results of the previous paragraph allow us to compute the
left-hand side of (6.1.b) as follows:

X @raenaw =TI 2 @ @) (e

g’€Homg (,G’) tetoy

=T ¥ H(sz,eg)%(w)-
ZGIQ A

(6.2.c)

We now compute the right-hand side of (6.1.b). Let B = @, B« be the bian-
gular G-algebra derived from ¢: G’ — G and 6 in Example IV.2.3.4. Let L be the
G-center of B. Lemma 5.3 and the discussion at the end of Section IV.2 compute the
basic triple of L to be (I, ¢, F), where I = Irrg("; K) is the G-set of equivalence
classes of irreducible 6-representations of I" over K,

¢ =1¢(0) € HG(I: K¥)

is the cohomology class defined in Section 5.2, and F(p) = (dim p)? forall p € 1.
Formula (3.5.a) in Chapter III implies that

w(=W)= X (dimp)*™ g* (&) ([W]).

pel
Gp=G
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Therefore the right-hand side of (6.1.b) is equal to |I'|'"*W) ¢z (—W). Comparing
with (6.2.c), we conclude that to finish the proof it is enough to show that

(= W) = |TXM7F0 57 T (6ya (2)72 ™).

Ze:ﬁo A
Since ep (W) = —ea(—W), the latter formula is equivalent to the following one:
tp(W) = [T ~ko S~ TT(0,a a)22 W), (6.2.d)
Zex() A 12

We now prove (6.2.d). To this end, we associate with each labeling £ € £ an element
(€) of K* as follows. By Section 11.2.3.2, we have 6, ,—1 = 0,1, foralla € G.
Therefore for any oriented edge e of T, the expression 0y ey ¢(e—1) = Oge—1),4¢e) € K™
does not depend on the orientation of e and may be associated with the underlying
unoriented edge. Set

(€) = I10ke) 01y € K,
e

where e runs over all non-oriented edges of T'.

Recall that a flag of 7" is a pair (a face A of 7', aside e of A). Let { Br}r be a set of
copies of B labeled by the flags f = (A, e) of T. With a labeling £ € £ we associate
a vector V() € ®y By as follows. For a flag f = (A, e), orient e so that A lies on
its right. Let £( /) € G’ be the value of £ on thus oriented edge e and let /;( sy be the
corresponding basis vector of By = B. Set V({) = ®r ly(r) € @ By.

Recall the vector n, € By ® B,—1 defined for all « € G in Section IV.1.2 and the
vector Ny, = Qe 1, € @y By defined in SectionIV.3.2. Formula (2.3.a) in Chapter IV
computes 71, and implies that

g = ITI7*0 3 ()L V().
et

By definition, tp(W) = Dg(n;), where Dg: ®f By — K is the homomorphism
defined in Section IV.3.2. We now analyze D, in more detail.

We say that a trilinear form A: B ® B ® B — K is cyclically symmetric if
Ala1 ®a ®asz) = Alas ®a; ®ay) forall ay,az,as € B. Such a form A induces a
homomorphism A X ¢ By — K asfollows. Every face A of M has three consecutive
edges ey, e2, e3 oriented so that A lies on their right. Since B(a ;) = Bfori =1,2,3,
the form A induces a trilinear form

Ap: Bae) @ Biaes) ® Ba,es) = K.

This form is cyclically symmetric and therefore independent of the numeration of the
edges of A. The tensor product A = ®a A a over the faces A of 7" is ahomomorphism

By definition, Dy = K, where A: B BB — K isthe homomorphisma; ®a,®
asz — n(ayazas, 1), where ay, az,az € B and 1 is the canonical inner product on B.
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By the results of Section IV.2.3.4, for any a,b € G’, we have n(lg.lp) = 6, |T'| if
ab = land n(l,, ) = 0 otherwise. We define a homomorphismA: BRB® B — K
by the formula

0 ifabc # 1,

Ml ® 1y ®10) =
(la®l ®L) {ea,beab,c if abe = 1,

for any a, b, ¢ € G’'. Itis clear that A = |T"| . The cyclic symmetry of A implies that
A is cyclically symmetric. Then

(W) = Dg(n) = Ang) = T[22 A(n;) = |T|k2 e% (O AV ().

It is clear that k, — k1 = (M) — ko and Z(V(K)) = 0 for non-admissible £. Hence

(W) = [T~k 5= ()=t X (v (©)). (6.2.¢)
leLy

We now fix £ € £ and compute A(V(£)). For any face A of T, set
VA = ®elie) € ®e Ba,e),

where e runs over the three sides of A oriented so that A lies on their right. Then
V({) = ®ava, where A runs over the faces of 7', and

AV @) = T1Aa(a).
A
To compute Ax(va), we use the fixed total order < on the set of vertices of T. Let
P < Q < R be the vertices of A. Set
g1 =8 =UPQ)eG, g =15=LQR) G, g3=15=LRP)eG

If ea(W) = —1, then A lies on the right of the consecutive edges PQ, OR, and RP
oriented from P to Q, from Q to R, and from R to P, respectively. Then

va =g, ®lg, ®lgy € Bia,po) ® Ba,or) ® B(a,rP)
and
Aa(va) = g1, g, 05162, 835 = Og1, 05 eg;‘,g3 = 0g1.5> 9g3,g3_1’

where we use the equality g1g,g3 = 1. If ea(W) = 1, then A lies on the right of the
consecutive edges PR, RQ, and QP oriented from P to R, from R to Q, and from Q
to P, respectively. Then

VA = lg;1 ® lg271 ® lgrl € Ba,pr) ® Ba,r0) ® Ba,0P)
and

_ _ _ -1
Aa(va) = eggl,g{‘ Gg;‘gz_‘,gl_‘ = eglgz,g{‘ egl,gl_‘ = 01,25 le,gl_‘ egz,g{"
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The last equality follows from the cocycle identity (1.2.a) in Chapter II applied to
o= g1, B =gy =g, Inboth cases, set

0,. .- ifea(W) = —1,
o =a(a) 6529 = { 85,83 . 2
le,gl—l ng,gz—l ifea(W) = +1.
Then 5
A0) = [Traa) = [T a T1(6p 100>, (6.2.)
A A A

where A runs over all faces of T'.

We claimthat [ [, ta = (£). Note that the product [ | , £ expands as a product of
the expressions 6y (e),¢(—e) associated with edges e of 7. We show that every edge e =
PQ of T with P < Q contributes exactly one such expression. Setaw = £(PQ) € G'.
The edge PQ is incident to two faces A = PQR and A’ = PQR’ of T. We choose
the notation so that the orientation of W restricted to A and A’ induces on PQ the
direction from P to Q and from Q to P, respectively. If Q < R, then ea(W) =1,
o = EIA, and PQ contributes the factor Qa,a_l to ua. If R < P, then ea(W) =1,
o = {2, and PQ contributes the factor Oy.q—1 t0 ua. Finally, if P < R < O, then
eaA(W) = -1, a = E3A, and ua = 6y 4—1. A similar computation shows that PQ
contributes no factors to pa’. Therefore

E[MA = [16e(e).e—e) = (£).

By (6.2.), )
AV (8)) = (£) l;[ (B g2)7o2 .

Substituting this expression in (6.2.e), we obtain (6.2.d) and the claim of the theorem.

V.7 A homological obstruction to lifting

Let W be a closed connected oriented surface of positive genus. We discuss a homo-
logical obstruction to the existence of a lift of a homomorphism g: 7 = m; (W) — G
to G'. Replacing G and G’ by g(r) and ¢~!(g(m)), respectively, we can reduce our-
selves to the case where g is an epimorphism. We shall therefore consider only this
case.

7.1 A homological obstruction. If an epimorphism g: 7 — G lifts to G’, then
g«([W]) € H,(G;Z) necessarily belongs to the image of the homomorphism
g«: Hy(G';Z) — H,(G;Z) induced by q: G’ — G. If the latter condition is
satisfied, then we say that the homological obstruction to the lifting of g to G’ is trivial.
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In general, the triviality of the homological obstruction may not imply that g lifts to G’;
see Section 7.6. The next two theorems show that if the group I' = Ker(¢: G’ — G)
is abelian or the genus of W is big enough, then there are no further obstructions.

In the sequel the symbol [T, G’] denotes the subgroup of " generated by the com-
mutators of elements of I" with elements of G'.

7.1.1 Theorem. Suppose that the group I is abelian. An epimorphism g: w — G lifts
to G’ if and only if the homological obstruction to the lifting is trivial. Moreover, if g
has a lift to G, then the number of such lifts is equal to

|Homg (, G')| = [T|” [T, G']| ™", (7.1.2)
where b = 2 — y(W) is the first Betti number of W.
Formula (7.1.a) can be rewritten as
| Hom, (77, G')| = |Hom(xr, T)| x |[T, G']| 7. (7.1.b)

This formula does not directly extend to groups 7 distinct from the fundamental groups
of closed oriented surfaces. For instance, if 7 is a free group of rank n, then the left-
hand and right-hand sides of (7.1.b) are equal respectively to [T'|"* and |T'|" |[T, G']|!.
These numbers are equal if and only if [T, G'] = 1, i.e., if and only if T lies in the
center of G'.

7.1.2 Theorem. Suppose that the first Betti number b = 2 — y(W) of W satisfies
b > log,(|[T, G']| — 1). (7.1.0)

An epimorphism g: © = w1 (W) — G lifts to G’ if and only if the homological
obstruction to the lifting is trivial. Moreover, if g lifts to G, then

IG']|—-1
Hom, (r, 6] = [P0, 617 > (1= R20=0) g
It is understood that if [I", G'] = 1, then condition (7.1.¢) is empty.
In the next subsection we introduce certain numerical functions vy, vy, ... on

H,(G;Z) needed in the proof of Theorems 7.1.1 and 7.1.2. Then we prove these
theorems and Corollary 1.3.3.

7.2 The functions {vy}x. We derive from the epimorphism ¢: G’ — G a sequence
of numerical functions vy, v3, ... on H2(G; Z). By definition,

vk (h) = 2. (b €C,

pEIr(I:C)
dimp=k,Gp=G

forall h € Hy(G;Z) and k = 1,2,.... Starting from a certain k, the functions v
are equal to zero. Indeed, if k > |T/Z(F)|1/2, where Z(I") is the center of I, then
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v = 0 because the dimensions of irreducible complex representations of I can not
exceed |/ Z(I)|"/2. Similarly, vy = 0if k does not divide |T'/Z(T')|.
Theorem 1.2.1 implies that for any epimorphism g: 7 = 7 (W) — G,

| Homg (. G| = [T 5% 3 vy (gu (W) kX, (72.)

k>1
The next lemma summarizes the properties of the functions vy, v, ... .

7.2.1 Lemma. For k = 1,2,..., let Ny be the number of equivalence classes of
irreducible k-dimensional complex linear representations p of I' = Ker(q: G’ — G)
such that G, = G. Let Q be the image of the homomorphism qx: H>(G';Z) —
Hy(G;Z). Then

(a) the functions vy, v,, ... take only integer values and are zero outside Q;
(b) v (0) = Ny forallk =1,2,...;

(c) forall h € Q and all k, we have |vi(h)| < Ny and vi(—h) = vi(h);
(d) forallh,h' € Q,andk = 1,2,..., we have vi(h + kh') = vi(h);

(e) forallh € Q, we have vi(h) = N, = |[T'/[[,G']| > L

Proof. (a) It is well known that for any & € H,(G; Z) there are a (closed connected
oriented) surface W and a homomorphism g: 7r1(W) — G such that g.([W]) = h;
see, for instance, [Zi]. We say that such a pair (W, g) realizes h. Consider a (finite-di-
mensional) complex linear representation p of I' with G, # G. Adding to W a handle
and mapping its meridian to 1 € G and its longitude to any element of G — G, we
obtain a realization of / by a pair (a surface, a homomorphism of its fundamental group
to G) such that the image of the homomorphism is not contained in G,. Repeating
this process, we can realize & by a pair (a surface W with fundamental group x, a
homomorphism g: # — G) such that g(w) C G, if and only it G, = G. Formula
(1.3.a) implies then that

|Homg (r, G')| = [TP?~" 30 ve(h) k2724, (7.2.b)
k>1

where d is the genus of W. Any surface of a bigger genus admits a degree one map
to W. Such a map induces a surjection of the fundamental groups. We can apply (7.2.b)
to the composition of this surjection with g. This implies that Y .., vk (h) k*72" € Q
for all n > d. By linear algebra, vi (h) € Q for all k. -

Lemma 2.3.2 implies that for any irreducible complex linear representation p of I'
with G, = G, the number {,(h) € C is a root of unity. Thus, vk (%) is a sum of roots
of unity, hence, an algebraic integer. Therefore vg (h) € Z for all k.

If h ¢ Q, then a homomorphism g realizing & as above cannot lift to G’. Formula
(7.2.b) and the argument after this formula show that > ., vk (h) k*72" = 0 for
all sufficiently big natural numbers 7. This gives a non-degenerate system of linear
equations satisfied by the numbers {vg (%) }x. Therefore vg(h) = 0 for all k.
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(b) The equality vg (0) = N follows from the equality {,(0) = 1 for all irreducible
complex linear representations p of I'.

(c) The proof of (a) shows that vy (k) is a sum of Ny complex roots of unity. Hence
vk (h)] < N.

If p is a k-dimensional complex linear representation of I' with G, = G, then
£o(—h) = (£p(h))™" = ¢, (h). This and the inclusion v (k) € Z imply that vg (—h) =
vk (h) = v (h).

(d) We have (k¢,)(h') = 1 since ¢*(k¢,) = 1 (Lemma 2.3.3). Thus,

Eolh + ki) = Ep(h) Ep(kh') = Cp(h) (ko) (R)) = Ep(h).

Therefore vg (h + kh') = vk (h).

(e) By definition, vy (h) = }_, {,(h), where p runs over all homomorphisms I' —
C* such that G, = G. Lemma 2.3.3 and the assumption # € Q imply that {,(h) = 1
for all such p. Therefore vi(h) = N;. The condition G, = G holds if and only
if p(aha™'h™') = 1 foralla € G’ and h € T'. The latter holds if and only if
o(IT, G']) = 1. Thus, Ny = |T'/[T, G']|. O

7.3 Proof of Theorem 7.1.1. We need only to prove the “if”” part. Assume that the
homological obstruction in question is trivial so that 7 = g.([W]) € Img«. By
Lemma 7.2.1(e), we have vy (h) = |T'/[T, G’]| > 0. Since T is abelian, all irreducible
complex linear representations of I' are one-dimensional. So, vg(h) = 0 for k > 2.
Now, the claim of the theorem directly follows from (7.2.a).

7.4 Proof of Theorem 7.1.2. Fork = 1,2,..., denote by M} the number of equiv-
alence classes of irreducible k-dimensional complex linear representations of I". It is
clear that Y .., Myk? = |T|.

Pick any & € H,(G;Z). Let Ni be the same number as in Lemma 7.2.1. The
inequality |vg (h)| < Nj established in Lemma 7.2.1 and the obvious inequality Ny <
M. imply that for any integer n < 2,

> vk(W) k" = vi(h) = > |ve(W)| K"
k>1 k>2
>vi(h) — ) M k"
k>2
= vi(h) = Y Mk kn=2
k>2
> vy (h) — (Y Mgk?)2"—2
k>2

=v1(h) = 2" (T — My)
> v1(h) = 2" (IT'| — Ny).
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If & € Im g4, then vy (h) = Ny = |T'|/|[T, G’]| by Lemma 7.2.1. This gives

Y ve(h) k™ > |T/[T, G')|(1 — ==L

22—n
k>1

Setting here n = y(W) = 2 — b and combining with (7.2.a), we obtain the following:
if h = g«([W]) € Im g, then

| Homg (, G')| = TP |[T, 6] " x (1 — IEGI=L),

Under the assumption (7.1.c), the right-hand side is positive. This proves the first claim
of the theorem. The second claim is now obvious.

7.5 Proof of Corollary 1.3.3. Replacing G and G’ by g(r) and ¢~ !(g(n)), respec-
tively, we can reduce ourselves to the case where g is an epimorphism. Let us rewrite
(7.2.a) in the following form:
2d-2
[Homg (. G')| = |T| 3 ve(g« (WD) ()™
k>1

Here v (g«([W])) € Z by Lemma 7.2.1(a). Also, vy = 0 if k does not divide
|T'/Z(T")|. Therefore the number | Homg (7, G')| is divisible by |I| |Z(F)|2d_2.

7.6 Example. We give an example showing that, in general, the homological ob-
struction introduced in Section 7.1 is insufficient to detect the existence of lifts of a
homomorphism 71 (W) — G to G’. Letn > 2 and I" be the finite nilpotent group with
2n generators xi, . . ., X2, subject to the relations x? = 1 and [[x;, x;], xx] = 1 for all
i,j k (here [x,y] = xyx~'y~!). Let F be the free group with 2d > 2 generators
at, Bi,...,aq, Baq. Set

n d
Y = ]_[[xzi_l,xz,']e[F,F] and § = H[O[j,ﬂj]EF.
Jj=1

i=1

Consider the direct product I' x F' and its smallest normal subgroup ((y, §)) containing
(y,6). Set

G' = (' x F)/{(y.5)).

and denote the projection I' x F — G’ by ¢. Clearly, ¢(I") is a normal subgroup of G'.
Set G = G'/¢(T") = F/{8), and denote the projection G’ — G by ¢. It is clear that
G is isomorphic to the fundamental group 7 of a closed connected oriented surface of
genus d. An isomorphism 7 = G lifts to a homomorphism 7 — G’ if and only if ¢
has a section. We claim the following.

(i) The homomorphism ¢|r: I' — G’ is injective and Kerg = ¢(I") = T".

(ii) The projection ¢ : G’ — G induces an epimorphism H»(G’; Z) — H»(G:Z)
so that the homological obstruction to the existence of a section of g is trivial.
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(iii) If d < n, then ¢ has no sections.

We outline a proof of these claims.

(i) Any a € ((y,8)) is a product of several conjugates of (y,§)*!. Since y lies
in the center of I', we have a = y” [, fs8° f,~', where s runs over a finite set of
indices, fs € F,eg = £1,andr = Y &, Ifa € T, then [[, /i85 f;,! = 1 in
F. Interpreting F as the fundamental group of a punctured surface of genus d and
using the maximal abelian covering, one easily deduces from the latter equality that
r=7y .6 =0.Thena = y" = 1. Hence, ¢|r is an injection.

(i1) Consider the exact sequence

Hz(G,;Z) —> H2(G,Z) —> F/[F, Gl] — Hl(G/;Z) —> HI(G,Z)

To prove (ii), it suffices to show that the homomorphism I'/[T", G'] — H1(G’;Z) in
this sequence is injective. This follows from the obvious equalities [T, G'] = [T, T]
and H1(G";Z) = H\(T'; Z) & H1(F; Z).

(iii) The projection ¢ : G’ — G has a section if and only if there are elements
H1s--.sd, V1, ..., Vg of ' such that the elements {¢; = (/Lj,aj)};’;l and {8; =

(vj,ﬁj)}jl:l of ' x F satisfy ]_[;izl[dj,,gj] € {(y,6)). We have

||:|a~

d d d
[Otj Bil=( _HI[MLVJ], l—[l[aj,ﬂj )= ( H 1y vjl. 8).
j= j= j=1

J

By the argument in (i), the inclusion (]_[;?zl[uj,v‘/],S) € {(y,8)) implies that
]_[jlzl[,uj, v;j] = y” for some r € Z. Thus, both (y,8) and (y", §) lie in the group
((y.8)). Then (y"~1,1) lies in this group. Claim (i) implies that Y"1 = 1 so
that ]_[;-121 [j.v;] = y. Therefore, to prove (iii), it is enough to show that y can-
not be expanded as a product of d commutators in I" for d < n. The formula
[x,y] = x A y allows us to identify [I", I'] with the exterior square H A H, where
H = H(I';Z) = T'/[I',T'] is a 2n-dimensional vector space over Z/27Z. Set
H* = Hom(H,Z/27Z). We can identify elements of H A H with symmetric bi-
linear forms F : H* x H* — Z/27Z such that F(x,x) = Oforall x € H*. Itis
easy to see that if an element of [I", I'] is a product of d commutators, then the rank of
the corresponding bilinear form H* x H* — Z /27 is less than or equal to 2d. The
bilinear form corresponding to y is the direct sum of n bilinear forms presented by the

2 x 2 matrix
0 1
1 0)°

The rank of this direct sum being equal to 27, the element y of I" cannot be a product
of d commutators in I" for d < n.

The arguments above show that ¢ has a section for all d > n. This is compatible
with Theorem 7.1.2 which guarantees the existence of a section for d > n? —n/2.
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V.8 Applications of Theorem 1.2.1

We discuss several applications of Theorems 1.2.1 and 6.1. Throughout this section,
W is a closed connected oriented surface of positive genus, 7 = w1 (W), and K is an
algebraically closed field of characteristic zero.

8.1 Enumeration of fiber bundles. The Frobenius—Mednykh formula (1.1.a) can be
reformulated in terms of principal I"-bundles over W. Recall that a principal I"-bundle
over W is a regular covering W — W with group of automorphisms I'; cf. Re-
mark 1.3.5.2. Let (W, T') be the set of isomorphism classes of principal I"-bundles
over W. Any group homomorphism g: &= — I'" determines a principal I'-bundle &,
over W by pulling back the universal covering over K (T, 1) alongamap W — K(I', 1)
inducing g in ;. It is well known that every principal I"-bundle over W is isomor-
phic to &, for some g. Two homomorphisms g1, g>: ¥ — I' determine isomorphic
principal I'-bundles over W if and only if g; = hg,h~! for some h € T'. Therefore

PW,T) =Hom(x,T')/T,

where I acts on Hom(, I') by conjugation. The stabilizer of g € Hom(s, I') under
this action is the group {h € ' | hgh™! = g} isomorphic to the group of automor-
phisms Aut(£,) of £;. Combining these facts, we obtain

|Hom(z, )| = > [T|/[Aut(§)].
geP(W,I)

Formula (1.1.a) implies therefore that

> YlAu@l= Y (IT1/dimp) ¥, (8.1.a)

EeP(W,I) pelr(T;K)

We view the left-hand side of this formula as the global measure of & (W, I') that counts
the elements & € P (W, I') with the weights 1/] Aut(§)|.

Theorem 1.2.1 yields a relative version of (8.1.a) associated with the epimorphism
q: G' — G. Fix a principal G-bundle & over W. By a lift of £ to a principal G’-
bundle, we mean a pair (a principal G’-bundle £ over W, an isomorphism of G-bundles
f:&/T =~ §&). Here &'/ T is the principal G-bundle over W obtained by factorizing
the total space of &' by I' = Kerq. An isomorphism (§1, f1) ~ (&5, f2) of two such
lifts of £ is an isomorphism of principal G’-bundles £&; — &} such that the induced
isomorphism of principal G-bundles £; /" — £,/T" composed with f>: §,/T — &
gives f1. In particular, an automorphism of a lift (§', 1) of £ is an automorphism of &’
inducing the identity on £’/ T". Such automorphisms form a group denoted by Autg (¢).
The set of isomorphism classes of lifts of & to principal G’-bundles is denoted by P (§).

Fix a homomorphism g: = — G such that§ = & Itis clear that every homomor-
phism g’ € Homg (77, G') determines a lift of £ to a principal G’-bundle, and every such
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lift arises from some g’ € Homg (11, G). Two homomorphisms g/, g5, € Homg (1, G')
determine isomorphic lifts of £ if and only if g} = hghh~! for some h € T. Therefore

P (&) = Homg (7, G")/ T,

where I' acts on Homg (17, G’) by conjugation. The stabilizer of g’ € Homg (1, G')
under this action is the group {h € T | hg’h™' = g’} isomorphic to Autg(£g).
Combining these facts, we obtain

|Homg (.G')| = Y |T|/| Autg(&")]. (8.1.b)
§ep(§)

Theorem 1.2.1 implies that

Y /Awe@E) = Y (T/dimp) X" g*@yw). Bl

EeP (&) pelr(I':K)

Formula (8.1.b) and Corollary 1.3.3 imply that } s/cp () |Aut5(§’)|_1 is a non-

negative integer divisible by |Z(I")|2¢~2, where d is the genus of W. By Corol-
lary 1.3.4, this integer is smaller than or equal to [I'|~! | Hom(z, I')|.
Formula (8.1.c) implies that & lifts to a principal G’-bundle if and only if

Y @imp* ™ g* (@) (W) # 0.

pEm(I': K)

GpDg(m)
Theorems 7.1.1 and 7.1.2 show that in the case where the group I' is abelian or the
genus of W is bigger than (1/2) log,(|[T, G’]| — 1), the bundle £ lifts to a principal
G’-bundle if and only if the homology class g«([W]) € H»(g()) lies in the image of
the homomorphism g« : Hy (¢ (g())) — Ha(g(m)).

Theorem 6.1 yields a generalization of (8.1.c). Pick a K*-valued 2-cocycle 6 on

G'. For a principal G’-bundle £ on W, set

b = (¢)*([6]) € H*(m: K*),

where [#] € H?(G'; K*) is the cohomology class of 6 and g’: 7 — G’ is any
homomorphism such that £’ = £,-. The cohomology class ¢/ does not depend on the
choice of g’ because the conjugations in G’ act trivially on H*(G'; K*). Theorem 6.1
implies that for the principal G-bundle £ over W determined by a homomorphism
g:.m—G,

E Z@ e ((WD/| Aute(€) = 52 (ITI/ dim p)*™) e (@) (WD),
‘eP pErg (T'; K
GpDg(m)

For G = 1, this formula boils down to

> bW/ AuE) = ¥ (ITI/dimp) ™.

§eP(w,I) pElrrg (I'; K)
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8.2 Enumeration of sections. Theorem 1.2.1 may be used to count homotopy classes
of sections of Serre fibrations (in particular, of locally trivial fiber bundles) over the
surface W. Let p: E — W be a Serre fibration with fiber F. A section of p is
a continuous mapping s : W — FE such that ps = idy. Two sections of p are
homotopic if they can be deformed into each other in the class of sections of p. We say
that two sections W — E are obtained from each other by bubbling if they coincide
on the complement of a small open disc D C W. The restrictions of such two sections
on the closed disc D C W form then a mapping S — E, a “bubble”. Two sections of
p are bubble equivalent if they may be obtained from each other by a finite sequence
of bubblings. Decomposing a deformation of a section into local deformations, one
easily observes that homotopic sections are bubble equivalent. (If 7, (F) = 0, then
the converse is also true so that the bubble equivalence is just the homotopy.) Denote
the set of bubble equivalence classes of sections of p by §(p). Our aim is to count the
elements of this set with certain weights; see formula (8.2.c) below.

The definition of S (p) has a pointed version as follows. Fix a base pointe € E and
setw = p(e) € W. Asections: W — E of p is pointed if s(w) = e. Two pointed
sections of p are homotopic if they can be deformed into each other in the class of
pointed sections of p. The definitions of the bubbling and of the bubbling equivalence
extend to pointed sections in the obvious way with the only difference that the disk D
in the definition of a bubbling should lie in W — {w}. As above, homotopic pointed
sections are bubble equivalent. The converse is true if 7, (F) = 0. We denote the set
of bubble equivalence classes of pointed sections of p by S«(p).

Suppose from now on that the fiber F = p~!(w) of p is path-connected and its
fundamental group ® = 71 (F,e) is finite. Set 7 = 71(W,w) and 7’ = 71(E,e).
The exact homotopy sequence of p shows that the homomorphism pg: 7’ — 7 is
surjective and Ker py = ®. By Sections 1-3, every irreducible (linear or projective)
representation p of ® over K determines a subgroup 7, of 7w and a cohomology class
¢p € H?(mp: K¥).

For any pointed section s: W — E of p, the induced homomorphism sy : 7 — 7’
is a section of py in the sense of Section 1.3. It is clear that sy is preserved under the
bubblings of s. It is easy to check that the resulting mapping

Sx(p) = S«(ps), s> 54, (8.2.2)

is bijective. Thus, |S«(p)| = |S«(p)|- Corollary 1.3.3 implies the following formula:

Sp)l =10 ¥ (19]/dimp) ¥ ¢, (w)). (8.2.b)

pEelr(P:K)
Tp=m
We now rewrite (8.2.b) in terms of non-pointed sections of p. Since F' is path-
connected, any section of p is homotopic to a pointed section. This shows that the
natural mapping S«(p) — S(p) is surjective. This mapping may be described in
terms of an action of ® on $.(p) as follows. The group ® acts on the set S«(p«) by
conjugation. This defines an action of ® on $.(p) via the bijection (8.2.a). It is easy to
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see that the orbits of the latter action are precisely the preimages of elements of S (p)
under the natural mapping S«(p) — S(p). Thus, S(p) = S«(p)/P. Fors € S(p),
let Aut(s) C ® be the stabilizer of an element of $.(p) projecting to s. The group
Aut(s) is well defined up to conjugation in ®. If ® is finite, then

IS«(p)l = 2 [®/[Aut(s)].

seS(p)

Formula (8.2.b) may be rewritten as

X Viauei= > (1l dimp) @D, 320
sES(p pelrrg;rK

Corollaries 1.3.3and 1.3.4 imply that ) . S(p) | Aut(s)|~! is a non-negative integer

divisible by | Z(®)|>?~2, where d is the genus of W, and that this integer is smaller
than or equal to |®|~! | Hom (7, ®)].

Formula (8.2.c) allows one to detect whether or not the fibration p has a section.
Namely, p has a section if and only if

> (dimp)* M) ¢, ((W]) # o.

pE(P;K)
Tp=m

Theorems 7.1.1 and 7.1.2 show that in the case where the group & is abelian or the
genus of W is bigger than (1/2) log,(|[®, #']] — 1), the fibration p has a section if
and only if the homomorphism p.: Hy(E) — H,(W) is surjective. In the case of a
trivial fibration, formula (8.2.b) amounts to computing the number of pointed homotopy
classes of maps W — F. In this case, all the cohomology classes ¢, are trivial and
formula (8.2.b) follows directly from the Frobenius—Mednykh formula (1.1.a).

Note one more application of formula (8.2.c). Consider a degree n > 2 map
f: W' — W, where W’ is a closed connected oriented surface. The fibration p over
W lifts to a Serre fibration p’ = f*(p) over W’ with the same fiber. Applying (8.2.c)
to p’, we obtain

> YlAuwe = ¥ (191/dimp) " @ w)".

seS(p)) pEIr(P:K)

pD fy(r))
where 7/ = w1 (W’) and fi is the homomorphism 7’ — 7 = 71 (W) induced by f.
Here we use the equalities 7, = Sfi Y (mp) and L,((W']) = (,((W]))". By Lemma
2.3.2,if n is divisible by a,, dim p for all p € Irr(®; K), then ({,([W]))" = 1forall p,
so that p’ necessarily has a section. In particular, if n is divisible by | Hy (®)| |®/ Z (D),

then p’ has a section.

Theorem 6.1 yields a generalization of (8.2.c) involving a cohomology class ® €
H?(E; K*) whose evaluation on m5(E) is equal to 1 € K*. Such O is necessarily
induced from a unique element of H2(r’; K*). We represent the latter by a K *-valued
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2-cocycle 6 on n’ = m1(E, ). Theorem 6.1 and the arguments above in this section
imply the following formula:

X @O/ A= 3 (1®1/ dim p) " ¢, (W),
seES(p peIrrgzd:T:K

The assumption O (2 (E)) = 1 ensures that s*(®) € H?(W; K*) is a bubble equiv-
alence invariant of s so that its evaluation on [W] is well defined.

8.3 Non-abelian cohomology of surfaces. Theorem 1.2.1 yields interesting infor-
mation about 1-dimensional non-abelian cohomology of # = m;(W). We begin
by recalling the definition of the 1-dimensional non-abelian cohomology of an arbi-
trary group II, cf. [Se]. Fix a left action of IT on a group @, i.e., a homomorphism
IT — Aut ®. Amapa: [T — ®isacocycleifa(ab) = a(a)a(a(b))foralla,b € I1.
Here a(x (b)) € @ is the result of the action of a on (). For example, the mapping
IT — {1} C ®is acocycle. The set of all cocycles IT — ® is denoted by Z ! (IT; ®).
The group ® acts on Z ! (IT; ®) by

(pa)(a) = pa(a)(ap)™

forallp € ®,a € Z'(IT; ®), and a € I1. The quotient set of this action is denoted by
H(IT; ®) and called the (nonabelian) cohomology of IT with coefficients in ®. For
h € HY(IT; ®), let ®;, C ® be the stabilizer of any cocycle representing /. The group
®;, is determined by % up to conjugation in P.

If T1 is finitely generated and @ is finite, then both sets Z!(IT; ®) and H ! (IT; ®)
are finite. Put

MIL;P) = > 1/|Py] € Q.
heH(I1;®)

We view M (IT; ®) as the global measure of the set H ! (IT; ®) that counts the elements
h of this set with the weights 1/|®]|. Since any & € H(I1; ®) can be represented by
precisely |®|/|®y| cocycles,

M(IT; @) = [@71|Z(TT; D).

The constructions of Sections 1 and 2 can be adapted to this setting as follows.
With an irreducible linear representation p: ® — GL,(C) of ® we associate the
group I1, C II consisting of all @ € II such that the representation ¢ > p(a™ o)
of ® is equivalent to p. This means that there is a matrix M, € GL,(C) such that
pla™tp) = M p(p) M, for all p € ®. Then there is a family of non-zero complex
numbers {{y p}a pem, such that { p My M = My, for all a, b € T1,. This family is
a 2-cocycle representing a well-defined cohomology class ¢, € H?(I1,; C*).

8.3.1 Theorem. For any action of 1 = 71(W) on a finite group ®,

M @)= 52 (1@l dimp) ™ 6, (W), (83.)
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Proof. Let it/ be the set of all pairs (¢ € ®,a € 7) with multiplication

(p.a)(¢'.a") = (¢ (a¢’).ad’).

It is easy to check that 7’ is a group. The formula p(¢, a) = a defines an epimorphism
p: ' — m withkernel {(¢, 1)},ee = ®. Every cocycle a: &= — ® defines a section
sq of p by sq(a) = (x(a),a) for a € w. The formula @ — s, establishes a bijection
between the set Z!(7; @) and the set S, (p) of the sections of p. Therefore

M ®) =[O Z' (; @) = |D7" [Su(p)]- (8.3.b)

It remains to apply Corollary 1.3.5 and to observe that the definitions of 7, and ¢,
given in Sections 1 and 2 are equivalent in the present setting to the definitions given
before the statement of the theorem. (The key point is that every a € m has a canonical
lift (1, a) to 7’ and

(1,a) N, D(1,a) = (@', 1)

forallp € ®.) O

Formula (8.3.b) and the remarks after Corollary 1.3.5 imply that M(x; ®) is a
non-negative integer divisible by | Z(®)|2¢~2, where d is the genus of W, and

M(r; @) < |®|~" |[Hom(rr, D).

V.9 Further applications of Theorem 1.2.1

We discuss miscellaneous algebraic notions and results suggested by Theorem 1.2.1.

9.1 Extremal homology classes. We call a homology class i € H,(G; Z) extremal
(with respect to the given epimorphism g: G' — G) if {,(h) = 1 for all irreducible
complex linear representations p of I' = Ker g such that G, = G. For example, the
zero homology class & = 0 is extremal. It is clear that the extremal homology classes
form a subgroup of H,(G; Z).

For each k > 1, the function vy : H,(G; Z) — Z introduced in Section 7.2 takes
on all extremal classes the same value which is the maximal value of vg. In particular, if
h € Hy(G; Z) is extremal, then vy (h) = v1(0) > 0. By Lemma 7.2.1(a), all extremal
homology classes lie in Q = Im(q«: H2(G';Z) — H,(G;Z)).

Lemma 2.3.2 allows us to construct extremal homology classes as follows. Let ar
be the least common multiple of the numbers (dim p) a,, where p runs over Irr(I'; C)
and a, is the integer defined in Lemma 2.3.2. By this lemma, ar ¢, = 0 for all p.
Therefore, all elements of ar H,(G; Z) are extremal.

Similarly, let br be the least common multiple of the numbers dim p, where p runs
over Irr(I"; C). By Lemma 2.3.3, all elements of br Q are extremal.
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9.2 Quasi-epimorphisms. A homomorphism g from a group IT to G is a quasi-
epimorphism (with respect to ¢ : G’ — G) if

g(MN(G—G,) #0

for all p € Irr(I'; C) such that G, # G. Clearly, all epimorphisms IT — G are
quasi-epimorphisms. If G, = G for all p, then all homomorphisms [T — G are
quasi-epimorphisms.

Let W be a closed connected oriented surface with fundamental group =. By
Theorem 1.2.1, for a quasi-epimorphism g: 7 — G,

[Homg (. G| =TT 52 (IT1/dimp) ™™ &1, 9.2.2)
R

Therefore w
|Homg (. G")| < |T| Y (IT)/dim p) ¥,

,()EGIrr(F;GC)

0

(9.2.b)

This inequality is an equality if and only if g«([W]) € H(G;Z) is an extremal
homology class in the sense of Section 9.1. If g: @ — G is a quasi-epimorphism
and g«([W]) € H2(G; Z) is an extremal homology class, then (9.2.a) implies that g
necessarily lifts to G’.

9.3 The genus norm. As was already mentioned, for any & € H,(G;Z), there
are a closed connected oriented surface W of positive genus and a homomorphism
g: 11 (W) — G such that g.([W]) = h. For h # 0, denote the minimal genus
of such a surface by |h|. For h = 0, set |h| = 0. Clearly, | —h| = |h| = 0
for all &, and |h| = O if and only if # = 0. Taking connected sums of surfaces,
we obtain that |h + h'| < |h| + |A'| for all h, ' € H,(G;Z). We call the mapping
H>(G;Z) — Z, h + |h|the genus norm. A computation of this norm is an interesting
and largely open problem.

The functions vy, vy, ...: Hy(G; Z) — Z derived in Section 7.2 from the epimor-

phism¢: G’ — G may help to estimate the genus norm from below. Define a mapping
v: Hy(G;Z) x Z — Q by

v(h,n) = Y v (h)/k*" = vi(h) + Y ve(h)/k>",

k>1 k>2

where h € H,(G; Z) andn € Z. The mapping v is well defined because vi = 0 for all
sufficiently big k. Claims (a) and (e) of Lemma 7.2.1 imply that, given h € H,(G; Z),
we have v(h,n) > 0 for all sufficiently big n. Denote by (4, ¢) the minimal non-
negative integer N such that v(h,n) > Oforalln > N.

9.3.1 Lemma. For any epimorphism q: G' — G with kernel I" such that G, = G for
all p € Irr(T; C) and for any non-zero h € Hy(G;Z), we have |h| > {h,q) + 1.
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Proof. Pick a non-zero h € H,(G;Z). We must show that v(h,n) > 0 for all n >
|| — 1. Any closed connected oriented surface W of genus n + 1 > || admits a
degree one map onto a closed connected oriented surface of genus |/|. Therefore there
is a homomorphism g: 71 (W) — G such that g.([W]) = h. Theorem 1.2.1 and the
assumption G, = G for all p give

| Homg (1 (W), G")| = L' XMW y(n, — £y = |21+ 1 4 (R, ).
Hence, v(h,n) > 0. O

Varying ¢ : G’ — G in the class of group epimorphisms with target G and finite
kernel satisfying the conditions of this lemma, we obtain a family of estimates for the
genus norm on H,(G; Z). The author does not know whether these estimates may be
non-trivial. Explicit computations and examples would be welcome.

9.4 Free actions of groups on surfaces and the genus. Suppose temporarily that the
group G is finite and consider a fixed-point-free, orientation preserving action of G on a
closed connected oriented surface W. This action determines an element of H>(G; Z)
as follows. The quotient space W = W /G is a closed connected oriented surface.
The projection W — W is a covering that determines a homomorphism g: 71 (W) —
G. We associate with the action of G on W the class g«([W]) € H,(G;Z). This
construction suggests the following minimal genus problem. Given h € H,(G;Z),
find the minimal integer m such that there is a fixed-point-free, orientation preserving
action of G on a closed connected oriented surface of genus m with the associated
homology class 4. _

Observe that the homomorphism g: 71(W) — G above is onto, since W is con-
nected. Conversely, any epimorphism 71 (W) — G defines a covering W of W and a
fixed-point-free, orientation preserving action of G on W. The genera d, dof W, W
are related by ~ 5

2-2d = y(W) =G| x(W) = |G[(2—-24d).

Thus, instead of free actions of G on surfaces of minimal genus, we can as well search
for surfaces of minimal genus W admitting epimorphisms 71 (W) — G that realize
h. In the latter formulation of the problem, the finiteness of G becomes irrelevant. It
suffices to assume that G is finitely generated. For more on this and related problems
see [CN], [Li], [Zi], and references therein.

To state our results, we introduce the following notation. For a finitely generated
group G and any h € H,(G; Z), let u(h) denote the minimal positive integer u such
that there are a closed connected oriented surface W of genus u and an epimorphism
g:m (W) — G with g.([W]) = h. Clearly, u(h + k') < u(h) + n(h’) for all
h,h' € Hy(G;Z), but i is not a norm because (0) > 0. Note also that p(h) > |A]
for all . The proof of Lemma 9.3.1 applies in this setting and gives

p(h) = (h,q) + 1
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for all h € H»(G;Z) and all epimorphisms ¢: G’ — G with finite kernel. No
assumptions on the representations of the kernel are needed here.

9.5 Lifts of maps. Let p: E — X be a Serre fibration over a topological space X .
Givenamap f from a closed connected oriented surface W to X, one may be interested
in the existence and the number of lifts of f to E. By a lift of f to E, we mean a map
f': W — E suchthat pf' = f. For X = W and f = idy, we recover the setting
of Section 8.2. All definitions and results of Section 8.2 extend to arbitrary p and f
with the obvious changes. The key observation is that the lifts of f to E bijectively
correspond to the sections of the induced Serre fibration f*(p) over W. We leave the
details to the reader.



Chapter VI
Crossed G -categories and invariants of links

VI.1 G -categories

We introduce monoidal G-categories which will be our main algebraic tools in con-
structing invariants of colored G-links in the 3-dimensional sphere S3. By a category,
we mean a small category.

1.1 Generalities on monoidal categories. Let € be a monoidal category with unit
object 1. We will write U € € to indicate that U is an object of €. Recall (see for in-
stance [Mac]) that we have invertible associativity morphisms (also called associativity
constraints)

lavyw: UQV)@W - U® [V W)iuvwee (1.1.a)
and invertible morphisms (called unit constraints)
{ly:U—->U®R®I1, ry:U—->1QUlyece (1.1.b)
satisfying the pentagon identity
(dv ® av,w,x) av,vew,x (avv,w ®idx) = av,y,wex auev.w.x (1.1.c)
and the triangle identity
ay,v(ly ®idy) =idy ® ry (1.1.d)

for any U, V, W, X € €. The morphisms [, r should satisfy /[y = ry and be natural
in the sense that for any morphism f: U — V we have ly f = (f ® idq)ly and
ry f = (idg ® f)ry. The associativity morphisms (1.1.a) should be natural in a
similar sense.

A left duality in € associates to any object U € € an object U* € € and two
morphisms

by:1=-UQU", dy:U*Q@U — 1 (1.1.e)

such that
(idv ® dy) av,u~v (bv ®idy)rv = lu, (1.1.f)
(dv ® idy=) ags y y=(idy= ® by)ly+ = ry=. (1.1.g)

We call the morphisms (1.1.a), (1.1.b), (1.1.e) the structural morphisms of €.
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A monoidal category € is strict if forany U, V, W € €,
UV)W=U(VW) and U=UQ1=1QU

and the morphisms {ay,v,w }u,v.wee. {{u. ru }uce are the identity morphisms. For a
strict monoidal category €, Formulas (1.1.f), (1.1.g) simplify to

(idy ® dy)(by ® idy) = idy, (dy ® idy*)(idy* ® by) = idy=. (1.1.h)

Itis well known that each monoidal category is equivalent to a strict monoidal category.

1.2 G-categories. A monoidal category € is K-additive if the Hom-sets in € are
modules over the ring K and both the composition and the tensor product of morphisms
are bilinear over K. We say that a K-additive category € splits as a disjoint union of
subcategories {€, } labeled by certain indices o if

¢ each €, is a full subcategory of €;

« each object of € belongs to €, for a unique «;

* U €€ andV € Cg witha # B implies that Home (U, V) = 0.

For a group G, a G-category over K is a K-additive monoidal category with left
duality € that splits as a disjoint union of subcategories {€,} labeled by o € G such
that

() TeCandif U € €y, V € €g,thenU @ V € €yp;
(i) if U € €y, then U* € €,-1.

We shall write € = | [, €, and call the subcategories {€,} of € the components
of €. The category €; corresponding to the neutral element 1 € G is called the
neutral component of €. Conditions (i) and (ii) show that €; is closed under tensor

multiplication and taking the dual object. Thus, €; is a K-additive monoidal category
with left duality.

1.3 Example: G-categories from 3-cocycles. It is well known that 3-cocycles give
rise to associativity morphisms in categories. Here we adapt this construction to our
context. Leta = {aq g, € K*}o 8,yeG be a 3-cocycle of the group G with values in
the multiplicative group K* of invertible elements of K. Thus

AaB,y,8 da,B,y§ = Aa,B,y Ga,By,s 4B8,y,8 (1.3.2)

for any «, B8,y,6 € G. Let b = {by € K*}yec be a family of elements of K*. With
the pair (a, b) we associate a G-category € as follows. For o« € G, we define €, to be
a category with one object V,,. For «, 8 € G, set

K ifa=8,

Hom(Va. V) = {o if o £ B.
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The tensor product is given by Vo, ® Vg = Vyg. The composition and tensor product
of morphisms is given by multiplication in K. Clearly, T = V; is the unit object of €.
Now we define the structural morphisms in €. The associativity morphism (1.1.a) for
U=V, V=V, W=V,is

dgpy € K* C K = End(Vygy).

The pentagon identity follows from (1.3.a). The morphisms ly: Vy, — Vo, @ 1 =V
and ry: Vo = 1 ® Vy = Vg are defined by

lo =azy, € K*CK=End(Vo), ra=ai14€ K" C K =End(Vy).

The triangle identity follows from the equality ay,1,8 = @q,1,1 @1,1,8 Obtained from
(1.3.a) by the substitution 8 = 1,y = 1,8 = B. The dual of Vy is by definition V1.
The duality morphism 1 — Vo ® V,—1 = Tis defined tobe by, € K* C K = End(1).
The morphism dy : V,—1 ® V,, — 11is determined from (1.1.f) or from (1.1.g). In fact
these equations give two different expressions for d,:

do =by" (A o140 00,11 d1,1,0) (1.3.b)

—_ 1
dd — ba aa—l’aja—l aa—l’l’l al’l’a—l . (130)

To show that the right-hand sides are equal we substitute 8 = § = a~ !,y = « in
(1.3.a). This gives

A ,0,0-1 ua—11 = Qoo %a,1,0a-! Qo1 0,01
Ehad] b £ k) E) PRl EAad] (1.3'd)

=y o-1,09,1,101,1,0—1 Ag—1 g,0q—1-

Substituting « = y = 1 in (1.3.a) we obtain that a; 4,; = 1 for all «. Substituting
y =8 =1, =a ! (resp.a = 1,§ = B = p~!)in (1.3.a) we obtain that
Ayo—1,1 = a;ll’l’l (resp. ay g q-1 = al_,ll,a). Substituting the latter equalities in
(1.3.d) we obtain that the right-hand sides of (1.3.b) and (1.3.c) are equal. It is clear
that € satisfies all axioms of a G-category.

1.4 Operations on group-categories. We define several simple operations on group-
categories. Note first that the group-categories can be pulled back along group homo-
morphisms. Having a group homomorphism ¢: G’ — G, we can derive from any
G-category € a G'-category €' = ¢*(€) such that €, = €, for any @ € G’
Composition, tensor multiplication, and the structural morphisms in € induce the cor-
responding operations in €’ in the obvious way.

The group-categories can be pushed forward along group homomorphisms. Having
a group homomorphism ¢: G’ — G, we can derive from any G'-category €’ a G-
category € = ¢x(€') by Co = [[ges-1(a) ‘Cé for any @ € G. Composition, tensor
multiplication, and the structural morphisms in €’ induce the corresponding operations
in € in the obvious way.
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For any family of G-categories {€};c7, we define a direct product € = X; €*.
The category € i's a disjoint union of categories {€y}qec. The objects of €, are
families {U; € €. }icr. The operations on the objects and the unit object are defined
by

Ui UL ={Ui @ Ui, (Uid)* ={U )i, Te ={lei}i, (14.a)

where i runs over /. A morphism {U; € €'}; - {U; e €'}; in € is a family
{fi: Ui — U/}; where each f; is a morphism in €. Thus

Home ({U;}i. AU }i) = [1;e; Home: (U, U)).
The composition of morphisms is coordinate-wise, i.e.,
U0 = U ol fi: Ui > Uy = fi: Ui > U}

The K-additive structure on €, the tensor product for morphisms and the structural
morphisms are defined coordinate-wise. All the axioms of a G-category follow from
the fact that they are satisfied coordinate-wise.

For a finite family of G-categories {€*}; <7, we define a tensor product €' = ®; €*.
The category €’ is a disjoint union of categories {€,, }ycc. The objects of €, are the
same as the objects of the category €, C X; €' above. The operations on the objects
and the unit object are defined by (1.4.a). By definition,

Home ({U;}i. {U/}i) = @;c; Home: (U, U)).

This K-module is additively generated by the vectors of type ®; (f; : U; — U]/). The
composition of morphisms is defined on the generators by

R (fi:U = U") o Q;(fi: Uy = U))=Q,;(f/ fi: Ui = U/).

This extends to arbitrary morphisms by K-linearity and turns €’ into a K-additive
category. The tensor product of morphisms is defined on the generators by (®; f;) ®
(®igi) = Qi(fi ® gi) and extends to arbitrary morphisms by K-linearity. Observe
that there is a canonical functor X; €’ — €’ which is the identity on the objects and
carries a morphism { f; }; in X; €’ into the morphism ), f; in €’. This functor is by
no means K-linear but does preserve the tensor product. Applying this functor to the
structural morphisms in X; €’ defined above we obtain structural morphisms in €’
satisfying all the conditions of Section 1.1. In this way €’ becomes a G-category.

V1.2 Crossed, braided, and ribbon G -categories

We discuss natural additional structures on G-categories: crossed actions of G, braid-
ings, and twists.



134 VI Crossed G-categories and invariants of links

2.1 Crossed G -categories. Let € be a K-additive monoidal category with left duality.
By an automorphism of € we mean an invertible K-linear (on the morphisms) functor
¢: € — € which preserves the tensor product, the unit object, the duality, and the
structural morphisms a, [, r, b, d. Thus,

(=1, eUV)=0U)R¢V), @U") = (p))",
eav,y,w) = AuU),e(V),0(W);
olv) = lyw), @(rv) =rew). ¢bu) = bywy, ¢(du) = dyw)

for any objects U, V, W € € and ¢(f ® g) = ¢(f) ® ¢(g) for any morphisms f, g
in €. The group of automorphisms of € is denoted by Aut(€).

A crossed G-category over K is a G-category € endowed with a group homomor-
phism ¢: G — Aut(€) such that the functor g = ¢(x): € — € maps €g into
Cypo—1 foralla, B € G. For any objects U € €y and V' € Cg, set

W = 0o (V) € Cppo-t-

In particular, YU = ¢, (U) € €, for any U € €,. Note the identities

‘weow)=Y%Yow (2.1.2)
eV = UVw), (2.1.b)
Yr* = Yy~ (2.1.c)
=" =" =v. Y1=1, 2.1.d)

for any U, V, W € €. Similarly, for an object U € €, and a morphism f: V — V’
in € set

UV =gu(f): YV = V().

Note the identities

Yf'o f)y=Yr"noYf (2.1.e)
Yreeg ="rel, 2.1.)
Yidy) =idwyy. Y@avwx) = avyowuoy.
U U U U (2.1.g)
(v) =lwyy, Yv) =rpyy. Ybv) =buyy, “(dyv) =duy).
weny =V, === (2.1.h)

Examples of crossed G-categories will be given in Section 2.6 and in further sec-
tions.

Many notions of the theory of categories naturally extend to (crossed) G -categories.
For instance, one can consider semisimple G-categories, fusion G-categories, etc. We
shall focus here on braidings in crossed G-categories.
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The notion of a crossed G-category may be generalized by replacing the auto-
morphisms ¢ of € by monoidal equivalences € — €. In particular, instead of
the equality (U ® V) = ¢(U) ® ¢(V), one may require a natural isomorphism
o(U ®V) — o(U) ® p(V) satisfying appropriate coherence conditions. Similarly,
the equality (2.1.b) may be replaced by a natural isomorphism. Such generalizations
may be interesting from the topological viewpoint but we shall not study them here.

2.2 Braiding in G -categories. Let € be a crossed G-category. A braiding in € is a
system of invertible morphisms

fcov: UV =YW Ulyyee (2.2.2)

satisfying the following three conditions:

(2.2.1) for any morphisms f: U — U’, g: V — V' such that U, U’ lie in the same
component of €,

cov(f®g) ="g® feuy; 2.2b)

(2.2.2) for any objects U, V, W € €,

. _1 .
CUQV,.W = Cl(UV)W’U,V(CU’VW ® ldV)aU,VW’V(ldU ® CV,W)aU,V,Wa (2.2.0)
-1 . . -1 .
CUVOW = aUV,UW,U(ld(UV) ® cuw) auV,U,W(cU,V ® idw) agy.ws (2.2.d)

(2.2.3) the action of G on € preserves the braiding, i.e., for any ¢ € G and any
V.Wet,
PalCv,w) = Cou (V)00 (W)-

Note that if in (2.2.1) the objects U, U’ do not lie in the same component of € then
both sides of (2.2.b) are equal to 0 and have the same source U ® V' but may have
different targets. Formulas (2.1.a) and (2.1.b) imply that the targets of the morphisms on
the left- and right-hand sides of (2.2.c) and (2.2.d) are the same so that these equalities
make sense.

A crossed G-category endowed with a braiding is said to be braided. For G = 1,
we obtain the standard definition of a braided monoidal category.

A braiding in a crossed G -category € satisfies a version of the Yang—Baxter identity.
Assume for simplicity that € is strict. Then for any braiding (2.2.a) in € and any objects
UV, Wet,

(cuy,uw ®@idy) (dwyy ® cuw) (cu,y @ idw)

. . . (2.2.e)
= (idwvw) ® cu,y) (cyyw ®idy) (idu ® cy,w).

Indeed, by (2.2.d) and (2.2.3),

(cuyuw ®idy) (i[dwy) ® cuw) (cuy ® idw) = (Y(ev,w) ® idy) cuyew.
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Applying (2.2.b) to f = idy, § = cy,w and using (2.2.d), we obtain

Ylev,w) ® idv) cuvew = cyvwey (idu ® cv,w)
= ([dwvw) ® cuy) (cyyw ®idy) (idu ® cy,w).

If € is strict, then applying (2.2.c)and 22.d)toU =V =Tand V = W =1,
respectively, and using the invertibility of ¢y 1, c1,r7, we obtain

cy,1 = cpu = idy (2.2.1)

for any object U € €.

2.3 Twist in G -categories. A rwist in a braided (crossed) G-category € is a family
of invertible morphisms {fy : U — YU}y ce satisfying the following conditions:

(2.3.1) for any morphism f: U — V in € with U, V lying in the same component of
€, we have Oy f = (Yf) Oy;
(2.3.2) forany U € €,

(GU ® ldU*)bU = (id(UU) ® Q(UU)*)b(Uu);
(2.3.3) for any objects U,V € €,
9U®V = cwwvyyuy Cuy vy By ® Oy); (2.3.a)

(2.3.4) the action of G on € preserves the twist, i.e., forany « € G and any V € €,
we have ¢q (0y) = 4, 1)-

As an exercise, the reader may check that the morphisms on both sides of the
equations (2.3.1)—(2.3.4) have the same source and target. If € is strict, then it follows
from (2.2.f) and (2.3.3) that 67 = idy.

A braided crossed G-category endowed with a twist is called a ribbon crossed G-
category. For G = 1, we obtain the standard definition of a ribbon monoidal category.

The neutral component €; of a ribbon crossed G-category € is a ribbon category
in the usual sense of the word. Note also that every ribbon crossed G-category is
equivalent to a strict ribbon crossed G-category in a canonical way.

2.4 Dual morphisms. Condition (2.3.2) is better understood when it is rewritten in
terms of dual morphisms. For a morphism f: U — V in a monoidal category with
left duality, the dual (or transpose) morphism f*: V* — U™ is defined by

f*=rgi(dy ®idy=) ayh y g« (idy= @ (f ®idy»)) (idy+ ® by) ly=.

It follows from (1.1.g) that (idy)* = idy=. Itis well known (and can be easily deduced
from the definitions) that ( fg)* = g* f* for any composable morphisms f and g.
Condition (2.3.2) can be shown to be equivalent to

(9U)=|< = QU(U*). (243)
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2.5 Operations on ribbon group-categories. The operations on group-categories
defined in Section 1.4 can be adapted to the setting of crossed (resp. braided, ribbon)
group-categories. Given a group homomorphism ¢ : G’ — G, any crossed G-category
€ yields a crossed G'-category €' = ¢*(€) with action of G’ defined by ¢, =
Pg(a): ‘6‘/’3 — €¢;ﬂa—‘ for a, B € G’. A braiding (resp. twist) in € induces a braiding
(resp. twist) in €’ in the obvious way. In particular, if G’ C G is a subgroup of G,
then any crossed (resp. braided, ribbon) G-category € = | [, €« induces a crossed
(resp. braided, ribbon) G’-category [ [,/ Ca-

A crossed (resp. braided, ribbon) group-category can be pushed forward along
group epimorphisms whose kernels act trivially on the category. Consider a group
epimorphism ¢ : G’ — G whose kernel acts as the identity on a crossed (resp. braided,
ribbon) G'-category €’. Then the action of G’ on €’ induces an action of G on the
push-forward G-category ¢ (€’) defined in Section 1.4. A braiding (resp. twist) in €’
induces a braiding (resp. twist) in ¢« (€’) in the obvious way.

Given a family of crossed G-categories {€"};cs, the direct product X; €’ is a
crossed G-category. The action of & € G on objects and morphisms is defined by

Ca(Uitier) = 10aUi)}ier.  @a( fiticr) = {0a(fi)}icr- (2.5.0)

If {€"}; ¢ are braided (resp. ribbon) G -categories then X; € is a braided (resp. ribbon)
G-category: braiding and twist are defined coordinate-wise and their coordinates are
the given braidings and twists in (€Y icr, respectively.

For a finite family of crossed G-categories {€"};¢;, the tensor product X €lisa
crossed G-category. The action of @ € G on objects is defined by (2.5.a). The action
of @ € G on morphisms is defined on the generators by ¢ (®; f;) = &); ¢ (fi) and
extends to arbitrary morphisms by K-linearity. If {€?};c; are braided (resp. ribbon)
G-categories then ®; €' is a braided (resp. ribbon) G-category: braiding and twist
are obtained from the corresponding morphisms in X; €’ via the canonical functor
X; € — R, €.

We define an involutive transformation of crossed G-categories called reflection.
Let€ = [[,cq €« beacrossed G-category with tensor product ®, duality *, structural
morphismsa, [, r,b,d and G-actiong: G — Aut(€). We define a crossed G-category
€ = Heeq €, with tensor product ®, duality *, structural morphisms b, [, 7, b, d
and G-action ¢: G — Aut(€) as follows:

« € = € as categories (but not as monoidal categories);

¢« Cy = €,-1 as categories for all @ € G;

e lg = Tle¢;

« for any objects U € €,,V € 17,’,3, setURV =g 1(U)®V € ‘E’aﬁ;

« for any morphisms f: U — U’ and g: V — V' in €, where U € €,,
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U' e %a’» Ve %ﬂ, V' e %ﬁ/, set

f®g= 9p-1(f) ® g e Homg(U @ V.U' @ V') if B =p,
£ 710 € Homg(U @ V.U' & V) it B # B;

e forU € €y, set U* = o (U*) € €,-1 and
ly=1ly. fuv=ry, dy=dy. by =galby):
* for objects U € ‘@a, Ve %ﬂ, W e ‘a,, set

EU,V,W =dg, 141U, (V)W>
e fora € G, set 9y = Qg
A routine check shows that € is a crossed G -category. Moreover, if ¢ and 6 are a
braiding and a twist in €, respectively, then the formulas
cuy = c;’IU and Oy = QJQI(U) forU € €,,
define a braiding and a twist in €. We call € the mirror image of €. Its neutral

component_t’l is the mirror image of €; in the sense of [Tu2], Section I.1.4. It is easy
to see that € = €.

2.6 Example. Consider the G-category € defined in Section 1.3 and assume that both
a and b are invariant under conjugation, i.e.,

Asas—1,585—1,8ys—1 = Aa,B,y> (2.6.a)

and bg,s—1 = by for any &, B,y,6 € G. Then € is a crossed G-category as follows.
Fora, B € G, set 9o (V) = Vgpo—1- This extends to morphisms in € in the obvious
way since all non-zero morphisms in € are proportional to the identity endomorphisms
of objects. The resulting functor ¢, : € — € preserves all the structural morphisms in
€ since a and b are conjugation invariant. To construct specific examples we can take
b = 1. Finding conjugation invariant 3-cocycles is a delicate task. Obvious examples:
the trivial cocycle a = 1; any 3-cocycle in the case of abelian G.

A braiding in € is given by a family {c, g € K*}4 geG Where cq g determines the
braiding morphism

Vaﬂ =V, ® Vﬂ — (pa(Vﬂ) QVy = afa—l RV, = ap- (2.6.b)

The conditions on the braiding can be reformulated as the following identities: for all
a,B,v,6€q,

Csas—1,685—1 = Ca,B> (2.6.c)
Caﬁ’y = Cﬂ’y Ca,ﬂyﬂ_l Cla,ﬂ’y ao_l,%By,B_l,ﬂ aaﬁyﬂ—la—l,a’ﬂ, (26(1)

— -1 -1
Ca,By = Ca,B Ca,y aa,ﬁ,y AuBa—1,a,y aﬁ’y,a- (266)
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The identity (2.6.d) can be rewritten in a more convenient form using (2.6.c). Namely,
observe that ¢, g,5-1 = cs5,, with § = B~'af. Now, af = B§ which gives the
following equivalent form of (2.6.d):

CBS,y = CByC8,y dgsg—1 B,y a(g_j,’ﬁ Asys—1.5.8- (2.6.1)

A direct computation shows that (2.6.c) follows from (1.3.a) and (2.6.a), (2.6.¢) , (2.6.1).

The definition of a twist in € simplifies considerably since YU = U forall U € €
(this is not generally required for a twist in a G-category). Given a braiding {cq g €
K*}4,peg in €, atwistin € is determined by a family {0, € K*}4ecc (Where 0, is the
twist Vy — Vi = o (Vy)) such that for all o, 8 € G,

Oup = Ca,pCB,a008, (2.6.2)
Oy—1 = bq. (2.6.h)

Formula (2.6.g) implies that 6,8 = 0, so that 6 is conjugation invariant.

To sum up, a conjugation invariant tuple (a, b, c, ) satisfying (1.3.a), (2.6.e)-
(2.6.h) gives rise to a ribbon crossed G-category € = €(a,b,c,). Such tuples
(a,b,c,0) form a group under pointwise multiplication. This group operation cor-
responds to tensor multiplication of the G-categories €(a, b, c, 0). The reflection of
ribbon G -categories defined in Section 2.5 corresponds to the following involution in
the set of tuples (a, b, ¢, 0):

bapy =dp-1a-ippiyts ba=bet. Cop=cgli 1. O =6, 26i)

for a, B,y € G. We shall further discuss equations (2.6.e)—(2.6.h) in Section VIIL.4.

If H C G is a subgroup of the center of G then the action of H on €(a, b, c, 0) is
trivial so that we can push €(a, b, ¢, 0) forward along the projection G — G/H . This
gives a ribbon crossed (G/H )-category.

2.7 Remarks. 1. The objects of a crossed G-category (€,¢: G — Aut(€)) form
a G-automorphic set in terminology of Brieskorn [Br] or a G-rack in terminology of
Fenn and Rourke [FR2]. Recall that a G-rack is a set X equipped with a left action
of G andamap 3: X — G such that d(xa) = ad(a)a"! foralla € G,a € X. The
underlying G-rack of € comprises the set of objects of €, the action of G on this set
induced by ¢ and the map assigning @ € G to any object of €.

2. A braiding in a crossed G -category in general is not a braiding in the underlying
monoidal category in the usual sense of the word. There is one exceptional case.
Namely, assume that G is abelian and € is a G-category as in Section 1.2. The trivial
homomorphism ¢ = 1: G — Aut(€) turns € into a crossed G-category. It is clear
that a braiding (resp. twist) in this crossed G-category is a braiding (resp. twist) in €
in the usual sense of the word.
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VI.3 Colored G -tangles and their invariants

3.1 Colored G-links. Itis well known that a framed oriented link in S3 whose com-
ponents are colored with objects of a ribbon category gives rise to an invariant lying in
the ground ring of this category; see [Tu2]. To adapt this theory to the present setting,
we introduce G-links and their colorings. For the sake of future references, we consider
links in an arbitrary connected oriented 3-manifold W'.

Let{ = £, U---U{, C W be an oriented n-component link in W with n > 0.
Denote the 3-manifold W — £ by Cy where C stands for complement. We say that
€ is framed if each of its component ¢; is provided with a longitude £; C Cy which
goes very closely along ¢; (it may wind around ¢; several times). Set { = (Ji_, {;.
For a path y: [0, 1] — C; connecting a point z = y(0) to a point y(1) € {;, denote
by uy € m1(Cy, z) the (homotopy) meridian of ¢; represented by the loop ym;y~!,
where m; is a small loop in Cy encircling ¢; with linking number +1. We similarly
define a (homotopy) longitude A, = [y€;y~1] € 71(Cy, z), where the square brackets
denote the homotopy class of a loop and the circle {; is viewed as a loop beginning and
ending in y(1). Both 1, and A, are invariant under homotopies of y fixing y(0) = z
and keeping y(1) on ‘. Clearly, i, and A, commute in 71 (Cy, z). If B is a loop in
(Cy, z) (i.e., a path in Cy beginning and ending in z), then

gy = [Bluy [BI™ and  Agy, = [B1Ay [BI7.

For a group G, by a G-link in W, we shall mean a triple (a framed oriented link
£ C W, abase point z € Cy, a group homomorphism g: 71(Cy, z) — G).

Fix a crossed G-category (€,¢: G — Aut(€)) which we call the category of
colors. A €-coloring or, shorter, a coloring of a G-link (£, z, g) is a function u which
assignstoevery pathy : [0, 1] — C¢ withy(0) = zand y(1) € L anobjectu, € Cg(,,)
such that the following two conditions are met:

(i) uy is preserved under homotopies of y fixing y(0) = z and keeping y(1) on Z;
(ii) if B isaloopin (Cy, z), then ug, = @g g7 (Uy).

Pushing the endpoint y(1) € { of a path y as above along the corresponding
component of £ we can deform y into a path homotopic to A, y. Conditions (i) and (ii)
imply that

Pg(r,)(Uy) = uy. (3.1.a)

We shall see below (in Lemma 3.2.1) that a coloring of an n-component G-link (£ =
£1U---Ul,, z, g) is uniquely determined by the objects of € associated to any given
n paths y1, ..., y, connecting z to 1, . . ., £,, respectively. In the role of these objects
we can take any objects of Cg(u,,), - - - Cg(n,,) satisfying (3.1.a).

A G-link endowed with a €-coloring is said to be €-colored or briefly colored.
The notion of an ambient isotopy in W applies to G-links and colored G-links in W
in the obvious way. This allows us to consider the (ambient) isotopy classes of such
links.
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The structure of a colored G-link (£, z, g, u) in W can be transferred along paths
in C; = W — { relating various base points. More precisely, let p: [0, 1] — C¢ be a
path with p(0) = z. We define a new colored G-link

W =40z7,¢:m1(Cp.2")— G,u)

by z/ = p(1), g'([a]) = g([pa,ojl]) for any loop « in (Cy, z’), and u}, = u,, for any
path y in Cy leading from z’ to £. It is clear that the transfers along homotopic paths
(with the same endpoints) give the same results. The transfer preserves the ambient
isotopy class of the colored G-link (£, z, g, u): itis ambient isotopic to (£, z’, g’, u’) via
an isotopy of W in itself pushing z along p and fixing a neighborhood of £ pointwise.

Although we shall not need it, note that the notion of a G-link can be reformulated
in terms of a principal G-bundle over the link complement. A €-colored G-link can
be defined in terms of G-racks (cf. Remark 2.7.1) as a framed oriented link endowed
with a homomorphism of its fundamental rack, defined in [FR2], into the underlying
G-rack of €.

3.2 Colored G-tangles. A tangle consists of a finite number of disjoint oriented
circles and segments embedded in R? x [0, 1]. More formally, by a tangle with k > 0
inputs and / > 0 outputs we mean a compact oriented 1-dimensional manifold 7" C
R2 x [0, 1] with bottom endpoints (inputs) (r,0,0), r = 1,...,k and top endpoints
(outputs) (s,0,1), s = 1,...,[. It is understood that T meets the planes R? x 0 and
R2 x 1 only at 8T and is orthogonal to these planes at 7. Set

Cr=(R*>x[0,1]) - T.

We say that T is framed if each its component ¢ is provided with a longitude 7 C C7
which goes very closely along . Clearly, 7 is a segment (resp. a circle) if 7 is a segment
(resp. a circle). We always assume that the longitudes of the segment components of
T have the endpoints (r,—38,0),r = 1,...,k and (s,—6,1), s = 1,...,[ with small
§>0.SetT = (U, t, where 7 runs over all components of 7.

As the base point z of Ct we choose a point with negative second coordinate z, < 0
suchthat T C R x [z2 + 1, 00) X [0, 1]. The set of such z is contractible. This allows
us to suppress the base point from the notation for 771 (Cr).

For each path y: [0, 1] = Cr connecting the base point of C7 to T, we introduce
a meridian u, € m1(Cr) as in Section 3.1. If y(1) lies on a circle component of T,
then we also have a longitude A, € 71(Cr). Both u, and A, are invariant under
homotopies of y fixing y(0) and keeping y(1) on 7. Clearly, My and A, commute in
m1(Cr).

For a group G, by a G-tangle we mean a pair (a framed tangle 7', a group ho-
momorphism g: 71(C7) — G). The definition of a €-coloring of a G-link extends
to G-tangles word for word. A G-tangle endowed with a €-coloring is said to be
€-colored or, shorter, colored.
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As usual, we shall consider G-tangles and colored G -tangles up to ambient isotopy
in R? x [0, 1] constant on the endpoints. The G-tangles (resp. colored G-tangles) with
0 inputs and 0 outputs are nothing but G-links (resp. colored G-links) in R? x (0, 1).

Let T = (T, g,u) be a colored G-tangle. With the r-th input (r,0,0) of T we
associate a triple (¢, = *, o, € G, U, € €, ) as follows. Set &, = + if the segment
component of T incident to the r-th input is directed out of R? x [0, 1] and set &, = —
otherwise. Let y, be the path il] Cr leading from the base point z = (z1, 23, z3) of Cr
to the r-th input (r, —6, 0) of T and defined as composition of the linear paths from z
to (r, z2,0) and from (7, z2, 0) to (r, —8,0). We call y, the canonical path associated
to the r-th input of 7. The meridian u, = pu,, € m1(Cr) is called the canonical
meridian associated to the r-thinputof T'. Seto, = g(ur;) € Gand U, = u,, € €,,..
The sequence (¢1, o1, Uy), ..., (6g, ak, Ux) (where k is the number of inputs of 7T) is
called the source of T. Similarly, with the s-th output (s,0, 1) of T we associate a
triple (¢° = +,a® € G, U’ € €,s) as follows. Set & = + if the segment component
of T incident to the s-th output is directed inside R? x [0, 1] and set & = — otherwise.
Let y* be the canonical path leading from the base point z = (z1, 23, z3) of Cr to the
s-th output (s, —§, 1) of T. 1tis defined as the composition of the linear paths from z to
(s, 22, 1) and from (s, z2, 1) to (s, =6, 1). Seta® = g(iys) € Gand U® = uys € Cys.
The sequence (¢',a!, U), ..., (¢!, a!, U') (where [ is the number of outputs of T') is
called the target of T. Note the obvious equality

k ]

[T (@) = [1@).

r=1 s=1
3.2.1 Lemma. Let (T = t; U---Ut,,g: m1(Cr) — G) be an n-component G-
tangle. Let p; be a path in Ct leading from the base point z € Cr to a point of t;,
wherei = 1,...,n. Let U; € fg(upi)fori = 1,...,n. Assume that for each circle
component t; of T, we have (Pg(Api)(Ui) = Uj. Then there is a unique €-coloring u
of T suchthatu,, = U; fori =1,...,n.

Proof. Any path y: [0, 1] — Cr connecting z to f; can be deformed fixing y(0) = z
and keeping y(1) € 7; so that y(1) = p;(1). Then

Uy = Uyp—lp = (pg([yp,»_'])(upi) = (pg([ypi_'])(Ui)‘
This proves the uniqueness of u. Conversely, our assumptions imply that

does not depend on the choice of the deformation of y used to ensure y(1) = p; (1). It
is easy to check that formula (3.2.a) defines a coloring u of T such that u, = U; for
alli =1,...,n. O

An important class of colored G-tangles is formed by colored G-braids. A col-
ored G-tangle (7, g: m1(Ct) — G,u) is a colored G-braid if T is a framed ori-
ented braid. Let k be the number of strings of 7. Observe that the orientation of
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T, the homomorphism g, and the coloring u are uniquely determined by the source
(e1,01,Ur), ..., (e, ox, Ug) of T. Indeed, the signs €1, ..., & determine the orien-
tation of the strings. The group 71 (C7) is free on the canonical meridians w1, ..., (g
corresponding to the inputs of 7. Hence, the homomorphism g is determined by
ar = g(u1), ..., = g(ug). It follows from the definitions that the coloring u is de-
termined by Uy, .. ., Ux. Lemma 3.2.1 implies that, conversely, given a finite sequence
(e1,01,U1), ..., (e, 00, Ux) withe, = £, 00 € G, U, € €, forr = 1,...,k, we
can enrich (uniquely) any framed braid on & strings to a colored G-braid with source
(e1,01,U1), ..., (ex, ak, Uk).

3.3 Diagrams for colored G -tangles. It is standard in knot theory to present framed
tangles by plane pictures called rangle diagrams. A tangle diagram lies in a horizontal
strip on the plane of the picture identified with

Rx[0,1]=Rx0x][0,1] cR?x]0,1].

We agree that the first axis is a horizontal line on the page directed to the right, the
second axis is orthogonal to the page and is directed from the eye of the reader towards
the page, the third axis is a vertical line on the page directed from the bottom to the top.
A tangle diagram consists of oriented immersed segments and circles lying in general
position with indication of over/undercrossings in all double points. The diagram has
the same inputs and outputs as the corresponding tangle. The framing is given by
pushing the tangle along the vector (0, —§, 0) with small § > 0. Note that the points
with negative second coordinate lie above the page.

It is easy to extend the technique of tangle diagrams to present a G-tangle
(T, g: m(Ct) — G). We first present T by a tangle diagram D. The undercrossings
of D split D into disjoint oriented embedded arcs in R x [0, 1]. (We do not break D at
the overcrossings). For each of these arcs, say e, consider the linear path in R? x [0, 1]
connecting the base point z € Cr to a point of e 4 (0, —4, 0). In the pictorial language,
the point z lies high above D and the path in question is obtained by rushing from z
straight to a point lying slightly above e. Denote this path by y(e). We label e with
ge = &(lty(e)) € G. Inpictures, one usually puts g, on a small arrow drawn beneath e
and crossing e from right to left with respect to the counterclockwise orientation of the
plane of the picture. Knowing g, for all arcs e of D, we can recover the homomorphism
g because the meridians {1, ()} generate 71 (C7). We say that the G-tangle (7, g)
is presented by the diagram D whose arcs are labeled by elements of G as above. To
present a €-colored G-tangle (7, g,u), we additionally endow each arc e of D with
the object uy,(¢) of €y, . This data uniquely determines (7', g, u).

It is easy to see that a tangle diagram D, whose arcs are labeled by elements of G,
presents a G-tangle if and only if the labels satisfy the following local condition:

(*) Encircling adouble point of D and multiplying the corresponding four elements
of G we always obtain 1 € G. (It is understood that crossing an arc e from
right to left we read g, while crossing e from left to right we read g 1.)
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Consider now a tangle diagram D whose arcs e are labeled with pairs (g, € G, U, €
€y, ). Itis easy to see that D presents a colored G-tangle if and only if the labels {g. }.
satisfy () and the labels {U, }. satisfy the following local condition:

(x%*) For any double point d of D, consider the three arcs e, f, h of D incident
to d such that in a neighborhood of d they appear as the overcrossing, the
incoming undercrossing, and the outgoing undercrossing, respectively. Then
Ur = (pg,)°(Up), where e = %1 is the sign of d; see Figures VI.1 and VI.2.

f

A ~
(¢r.Ur) \ > (g, V)
(gévUE) & (gthh)
N ~ h

Figure VI.1. At a positive crossing g5 = ggghge_1 and Uy = @g, (Up).

~

e

e

~
(ge. Ue)

U
(gn-Un) g

Figure VL.2. At a negative crossing g7 = g, 'gnge and Uy = <pg_el (Up).

The necessity of (x%) follows from the definition of a coloring and the obvious
equality y(f) = (iy())®y(h). The sufficiency of () follows from Lemma 3.2.1
and the fact that (xx) implies (3.1.a) for all circle components. In the sequel, by a
diagram of a colored G-tangle we mean its diagram labeled as above so that both
conditions (*) and (%) are met.

An example of a diagram of a colored G-tangle with 4 inputs and 2 outputs is
given in Figure VI.3. Here «, B, y are arbitrary elements of G and g/ = yBy~!,
B" = a~'B’a. The symbols U, V, W stand for arbitrary objects of the categories
€y, Cg, €y, respectively, and

Vi=g,(V)et€s, V=g (V') eCs.
The source of this colored G-tangle is the sequence

(+’ o, U)v (_’ :3//’ V”)v (_’ o, U)’ (+’ Vs W)
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The target of this colored G-tangle is the sequence (+,y, W), (—, 8, V).

X3A

x3=1

~(8v)
e(— VAL

X2 (a,U) b
N < (/\/ (:8//’ V//) (v,W)

Figure VI.3. A diagram of a colored G-tangle.

The technique of Reidemeister moves on diagrams of framed tangles (see, for
instance, [Tu2], Section 1.4) extends to the diagrams of colored G-tangles. The key
point is that any Reidemeister move on the underlying unlabeled diagram extends
uniquely to a move on the labels keeping all the labels outside of the 2-disc where the
diagram is modified. As in the standard theory, two diagrams of colored G-tangles
represent isotopic colored G-tangles if and only if they can be related by a finite
sequence of (labeled) Reidemeister moves.

3.4 Category of colored G -tangles. We define a category of colored G-tangles T =
T (G, €, K) as follows. The objects of T are finite sequences {(&, oy, Ur)}’r‘=1 where
k>0,6 =+,0, € G,U, € €, forr = 1,...,k. A morphism of such sequences
{(&r, aty, Ur)}’r‘=1 — {(&°, a*, US)}iz1 in 7 is a finite formal sum ), a; T;, where a; €
K and T; is a colored G-tangle with k inputs and / outputs such that {(&,, o, U,)}’r‘=1 is
the source of 7; and {(&°, o®, US)}é=1 is the target of 7;. If the sum ) _ a; T; consists of
only one term 1 7', then we say that the corresponding morphism in 7~ is represented by
T. The composition of morphisms T o T’ represented by colored G-tangles T and T’
is obtained by gluing 7" on the top of T”; this extends by K -linearity to all morphisms.
The identity morphism of an object {(&,, ar, U,)}’r‘=1 is represented by the trivial
colored G-braid with constant framing and source (and target) {(s,, o, U,)}’r‘=1. This
completes the definition of 7.

3.4.1 Lemma. The category T is a strict ribbon crossed G-category.

Proof. The tensor product for the objects of 7 is the juxtaposition of sequences. The
unit objectis the empty sequence. The tensor product of the morphisms in I~ represented
by colored G-tangles T and T’ is obtained by placing a diagram of T’ on the right
of a diagram of 7'. The union of these two diagrams represents the colored G-tangle
T ® T'. This extends to arbitrary morphisms in 7 by linearity. The associativity
morphisms and the structural morphisms /,  in 7 are the identities. In this way, T
becomes a strict monoidal category.
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The dual of an object

U= ((e1,01,U1),..., (e, 01, Ur)) €T
is the object
U* = ((—Sk,Olk, Uk)’ (_sk—lvak—lr Uk—l)v e (—81,051, Ul))

The duality morphisms by : 1 - U @ U* and dy: U* @ U — 1 are defined in the
same way as in the usual theory where G = 1. They are represented by tangle diagrams
consisting of k disjoint concentric cups (resp. caps); see Figure VI.4. The orientations
and labels on these cups (resp. caps) are uniquely determined by the data at the outputs
(resp. inputs). Formulas (1.1.h) are straightforward.

U U*

—_— —

Figure VI.4. The duality morphisms by and d; .

Given o € G, consider a full subcategory 7, of 7 whose objects are sequences
((e1,a1,Uy), ..., (g, o, U)) such that ]_[Ile(a,)sr = «. It is obvious that T =
[lyeq Ta- It follows from the definitions that T is a G-category.

For each o € G, we define an automorphism ¢,, of 7 as follows. The action on the
objects is given by

0a({(er.ar, Up)YE_)) = {(er.aara™ 0o (Un) iz,

where on the right-hand side we use the action of & on the category of colors €. The
automorphism ¢y : T — 7 transforms a colored G-tangle (7, g: 7;(Ct) — G,u)
into the colored G-tangle (T, aga™': m1(Cr) — G, @qu), where @y u is the coloring
of the G-tangle (T, aga™!) assigning to any path y in Cr leading from the base point
of Cr to T the object @ (uy) € Cyg(u,)a—1- This extends to arbitrary morphisms in
T by linearity and yields an automorphism ¢, of 7. In this way 7~ becomes a crossed
G-category.

For objects U = {(&y,ar, Up)}*_, € Ty and V = {(1us, Bs, Vs)}io, € Tp with
a,B € G, the braiding U @ V — YV ® U is represented by the same (framed
oriented) braid 7 on k + [ strings as in the standard theory. The braid 7T is presented
by a diagram consisting of two families of parallel linear segments: one family consists
of k segments going from k leftmost inputs to k rightmost outputs, the second family
consists of / segments going from / rightmost inputs to / leftmost outputs and lying
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below the segments of the first family; see Figure VI.5. We extend T uniquely to a
colored G-braid with source

U ® V = ((81,“1, U1)7"'7(8k7ak7Uk)7(/'L17ﬂ17Vl)?"'?(l’blﬂﬂl? I/l))

It follows from the definitions that the target of 7 is then

((Ml’aﬁla_lvwd(vl))’ ) (,LL],O[,B]O[_I,QDQ(I/I)), (817051’ Ul)v ey (Ek,()lk, Uk))
=0 (N @U ="V ®U.

Hence T represents a morphism cyy: U ® V — UV ® U in 7. The axioms of a
braiding are straightforward.

\\

Figure VI.5. The braiding morphism cy/,y .
For U = {(&r, oy, Ur)}’r‘=1 € T, the twist
Urr _ _ -1 k
U—"U=g@uU) ={(er, 00y, 0a(Up))}; =1

is represented by the same framed oriented braid as in the standard theory. It can be
obtained from the trivial braid on k strings with constant framing by one full right-
hand twist. We extend this oriented framed braid uniquely to a colored G-braid O
with source U. It is easy to deduce from the definitions that the target of O is
UU = ¢4 (U) so that Oy represents a morphism 6y : U — YU in 7. The axioms of
a twist are straightforward. Thus, 7 is a ribbon crossed G-category. O

3.5 Ribbon functors. To formulate our main theorem on colored G-tangles we need
a notion of a ribbon G-functor. Consider two crossed G-categories € and €. A
monoidal G-functor from €’ to € is a covariant functor F : €’ — € such that

(i) F is K-linear on morphisms;
(i) F(ler) =Tleand F(f ® g) = F(f) ® F(g) for any objects or morphisms
f.gin€¢’;
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(iii) F transforms the structural morphisms a,l,r in €’ into the corresponding
morphisms in €: forany U, V, W € €’,

F(avyw) = arw),royrowy. Flu) =lrw). F(ru) =rrw:

(iv) F maps €}, into €, forall « € G;
(v) F is equivariant with respect to the action of G, i.e., F o ¢, = @, o F for any
aeG.

Note that we do not require monoidal functors to preserve duality. If € and €’ are
strict, then condition (iii) is superfluous since the structural morphisms in question are
the identities.

Assume that €, €’ are ribbon G-categories. A monoidal G-functor F: €' — €
is ribbon if it transforms the braiding and twist in €’ into the braiding and twist in €,
ie., forany U,V € €/,

F(cuy) =crw).rv) and F(0y) = 0rw).
In the next theorem and in the sequel, for an object U € € and a sign ¢ = =+, we
write
U — U ife=+,
U* ife=-—.

3.6 Theorem. [f € is a strict ribbon crossed G-category, then there is a unique ribbon
monoidal G-functor F: T = T(G, €, K) — € such that

(i) for any length I object (e,a,U) of T, we have F((e,a,U)) = U¥;

(ii) foranya € G,U € €,,

F(b(+,o¢,U)) =by: le > UQU™ and F(d(+,a,U)) =dy: U*QU — Te.

Theorem 3.6 generalizes the results of [Tu2], Chapter I, where G = 1.
The uniqueness in Theorem 3.6 is quite straightforward. The assumption that F' is
monoidal and condition (i) determine F on all objects:

k
F((er,o1,Uy), ..., (e ax. Ug)) = Q_@l Ur)°r.

Next we observe that the morphisms of type

(C(e,a,U),(e’,a’,U’)):tlv (e(a,a,U))ilv b(+,Ol,U)’ d(-‘r,a,U) (3.6.2)

(where g,&’ = +,a,a’ € G,U € €,, U’ € €,) generate the category 7 in the sense
that any morphism in 7~ can be obtained from these generators by taking tensor product
and composition. Given the values of F on these generators, we can compute F' on
any morphism in 7. This proves the uniqueness of F. In particular, the values of F on
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the colored G-tangles b(_ o 1), d(— o, v) Witha € G, U € €, can be computed from
the following equalities:

d(—a,0) = d(1,0,00) € (+,0,00),(—a,0) O +.0,0) ®1d(—a,0)), (3.6.b)
b wv) = (d-av) ® O+0.0) ) CC0t)(tatit) " bravy. (3.6

A colored G-link (£,z,g,u) in R? x (0, 1) represents an endomorphism of the
unit object 14 in 7 (the empty sequence) and is mapped by F into F({,z,g,u) €
End¢(Te¢). Itis obvious that any colored G-link in S = R3 U {oo} is ambient isotopic
to a unique (up to ambient isotopy) colored G-link in R? x (0, 1). This allows us to
apply F to colored G-links in S3. For instance, an empty G-link @ represents the
identity endomorphism of T and therefore F(J) = 1 € Ende(Te).

In the next section we generalize Theorem 3.6 to colored G-graphs and discuss a
proof of this generalization.

VI.4 Colored G -graphs and their invariants

The standard theory of colored tangles generalizes to so-called ribbon graphs. Here
we introduce a similar generalization of colored G-tangles.

4.1 Colored G-graphs. We recall the definition of a ribbon graph referring to [Tu2]
for details. A coupon is arectangle with a distinguished side called the bottom base; the
opposite side is called the top base. A ribbon graph € in R? x [0, 1] with k > 0 inputs
{(r,0, O)}’r‘=1 and [ > 0 outputs {(s, 0, 1)}fv=1 consists of a finite family of segments,
circles, and coupons embedded in R? x [0, 1]. We call these segments, circles, and
coupons the strata of 2. The inputs and outputs of €2 should be among the endpoints
of the segments, all the other endpoints of the segments should lie on the bases of
the coupons. Otherwise the strata of € should be disjoint and lie in R? x (0, 1). At
the inputs and outputs, the segments should be orthogonal to the planes R? x 0 and
R? x 1. All the strata of 2 should be oriented and framed so that their framings form
a continuous nonsingular vector field on 2 transversal to 2. This vector field is the
framing of 2. At the inputs and outputs, the framing should be given by the vector
(0, =6, 0) with small positive §. On each coupon the framing should be transversal
to the coupon and yield together with the orientation of the coupon the right-handed
orientation of R? x [0, 1]. Slightly pushing 2 along its framing we obtain a disjoint
copy Q of Q. Pushing a segment (resp. a circle, a coupon) ¢ of 2 along the framing
we obtain a segment (resp. a circle, a coupon) 7 C Q2. We use here a language slightly
different but equivalent to the one in [Tu2], where instead of the framings on segments
and circles we consider orthogonal 2-dimensional bands and annuli.
Let Q C R? x [0, 1] be a ribbon graph. We provide its complement

Co=[R*x[0,1)) -
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with the “canonical” base point z with a big negative second coordinate z, < 0. As
in Section 3, we can suppress the base point from the notation for 7 (Cg).

We define meridians of segments and circles of €2 as in Sections 3.1 and 3.2. With
the inputs and outputs of €2 we associate canonical meridians as in Section 3.2. We
also define meridians of a coupon Q C €2 as follows, see Figure VI.6. Pick an oriented
interval ¢ C Q leading from the top base of Q to the bottom base. For a path y in Cq
from the base point z to a point of Q , the meridian u, € 1(Cg) is represented by the
loop ymy ™!, where m C Cg is a small loop encircling Q (in a plane transversal to q)
and having linking number +1 with q.

o 9
Y
.

Figure VI.6. A meridian of a coupon Q.

A G-graph is a ribbon graph Q@ C R? x [0, 1] endowed with a homomorphism
g: m1(Cq) — G. A G-graph without coupons is just a G-tangle.

Fix a crossed G-category (€,¢: G — Aut(€)). A coloring of a G-graph
(RQ,g: m11(Cq) — G) consists of two functions u and v. The function u assigns
to every segment or circle 7 of Q and to every path y in Cq from z to a point of 7 a
certain object uy, € Cg(,,,), Where uy, € m1(Cq) is the meridian of ¢ determined by y.
This function should satisfy the same conditions as in Section 3, i.e.,

(i) u, is preserved under homotopies of y fixing y(0) and keeping y(1) on 7;
(ii) if Bisaloopin (Cq,z), then ug, = @gq(8]) (Uy).

The function v assigns to every coupon Q C €2 and to every path y in Cq from z to a
point of O C €2 a certain morphism vy, in €, () satisfying three conditions:

(i) vy is preserved under homotopies of y fixing y(0) and keeping y(1) on 0;

(ii) if Bisaloopin (Cq,z), then vg, = @g 8] (Vy).
To formulate the third condition on v, we need some preliminaries. Let #1,...,,
be the segments of €2 incident to the bottom side of Q and enumerated in the order
determined by the direction of this side induced by the orientation of Q. Set&; = +1
if ¢; is directed out of O and &; = —1 otherwise. Lett!,... " be the segments of €2
incident to the top side of O and enumerated in the order determined by the direction
of this side opposite to the one induced by the orientation of Q. Set &/ = —1if ¢/ is
directed out of Q and g/ = +1 otherwise. Fori = 1,...,m, we can compose the path
y with a path in O leading from (1) € O to the endpoint of 7; lying on the bottom side
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of Q The resulting path, y;, leads from z to a point of 7;. Similarly, for j = 1,...,n,
we can compose y with a path in 0 leading from y (1) to the endpoint of i lymg on
the top side of 0. The resulting path, y/, leads from z to a point of 7/. Note that

Ky = .ﬁl(l’byi)Ei = ﬁl(ﬂy./)gj € m1(Cq).
i= j=

The third condition on v is as follows:

(iii) for any coupon Q of 2 as above and any path y in Cgq from z to 0.

vy € Home (@)L, (uy,)", ®;‘l=1(”yf)8])’
where u,, € ‘C’g(wi) andu,; € ‘C’gmw.) are the objects determined by u.

A G-graph endowed with a coloring is said to be colored. The definition of the
source and the target given in Section 3.2 applies to colored G-graphs word for word.
The technique of diagrams discussed in Section 3.3 generalizes to colored G-graphs
in the obvious way. The coupons should be presented by small rectangles in R x [0, 1]
with horizontal bottom and top bases such that the bottom base has smaller second
coordinate than the top base and the orientation of the coupon is counterclockwise.

We define a category of colored G-graphs § = g(G €, K) following the lines of
Section 3.4. This category has the same objects as T = T (G, €, K). The morphisms
in § are formal linear combinations over K of (the 1sotopy classes of) colored G-graphs
with the given source and target. Composition and tensor product are defined exactly
as in 7. This turns § into a strict monoidal category.

4.2 Remark. Sometimes it is convenient to formulate the notions of a G-graph and a
colored G-graph using graph exteriors rather than complements. The exterior Eq of
a ribbon graph Q C R? x [0, 1] is the complement in R? x [0, 1] of an open tubular
neighborhood of €2. We choose this neighborhood so that Q C dEgq. It is clear that
Eq C Cgq is a deformation retract of Cq so that 71 (Eq) = 71(Cg). Repeating the
definitions of Section 4.1 but considering only loops and paths in Eg we obtain an
equivalent definition of a colored G-graph in terms of the exterior.

4.3 Lemma. The category § is a strict ribbon crossed G-category containing I as a
monoidal subcategory.

The proof follows the lines of the proof of Lemma 3.4.1. For « € G, the category
5, is defined as the full subcategory of § whose objects are sequences {(&, = +, o €
G, U, € far)}’r‘:l such that ]_[I:=1(a,)8f = «. The action of ¢ € G on § is obtained
by applying ¢, : € — € to the objects and morphisms forming the colorings of G-
graphs. The braiding, twist, and duality in § arise from the corresponding morphisms
n 7 via the obvious inclusion 7 — §.
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4.4 Elementary colored G -graphs. Let
U= ((e1.01,U1),....(em.0m, Up)), U = (" a', U, ..., (" a", U"))

be objects of G, withaw € G and m,n > 0. Let

f € Home (7, (Up)*, @)_,(U)).

With this data we associate a colored G-graph Q@ = Q(U,U’, f') consisting of one
coupon, m vertical intervals attached to the bottom base, and n vertical intervals at-
tached to the top base. The coupon and the intervals lie in R x 0 x [0, 1]. The fram-
ing of Q is determined everywhere by the vector (0, —§,0) with small § > 0. The
orientation of the bottom (resp. top) intervals is determined by the signs €1,...,&p
(resp. !, ...,&"). Note that the group m;(Cg) is generated by the canonical meridi-
ans fi1, ..., ms 1t ..., u"* € m1(Cgq) corresponding to the inputs and outputs of .
They are subject to only one relation

(D" o ()™ = (D (" (4.4.2)

The formulas g(u,) = «,, g(u°) = a’,wherer = 1,...,mands = 1,...,ndefinca
group homomorphism g: 71(Cq) — G carrying both sides of (4.4.a) to o. We define
Q(U,U’, f) to be the G-graph (L2, g) with the coloring (u, v) such that

(i) the source of Q(U, U’, f)is U and the target of Q(U, U’, f)is U’;
(ii) vy = f for the linear path y in Cq from the base point of Cgq to Q.

Such a coloring of 2 exists and is unique. We call Q(U, U’, f') the elementary colored
G -graph associated with U, U, f.

4.5 Theorem. If€ is a strict ribbon crossed G-category, then there is a unique ribbon
monoidal G-functor F: § = §(G, €, K) — € extending the functor T (G,€, K) —
€ of Theorem 3.6 and such that for any elementary colored G-graph QU,U’, f), we
have F(Q(U,U’, f)) = f.

Theorem 4.5 generalizes Theorem 1.2.5 of [Tu2] where G = 1.

The uniqueness in Theorem 4.5 is straightforward: it suffices to observe that the
morphisms (3.6.a) and the elementary colored G-graphs generate §. The proof of the
existence follows the proof of [Tu2], Theorem 1.2.5 with appropriate changes. The key
role in the proof given in [Tu2] is played by certain commutative diagrams in the target
category €. We give here versions of these diagrams in our setting. For any objects
V, W € € the following two diagrams are commutative:

idy ®bw cy,w ®idyy *
V=V@RI—— = VRIWRIW* ——— "W Ve Ww*
7R Cv.w®w*l \Lid(VW)‘ch,W*
b(VW)®idV

V=1V ——="WeV"/WHeV ——="wWe "W eV,
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cy e ®id idy ®d
" evew 2" yewrew — sy 1=V
i‘T‘V(W*)‘X’CV.Wi CV.W*®W\L v
Vs o V Vi o V 4 w)®idy
WHRWRV=—=——="WH "WV ——18V =V.

(Clearly, ¢y, = idy.) One should also use similar diagrams with the middle vertical
arrow cyxew,y: W* QW QV — V @ W* ® W and the diagrams obtained by
replacing V', W with W*, V', respectively. We leave the details to the reader.

4.6 Corollary. For any object U of a strict ribbon crossed G-category €, there is a
canonical isomorphismny : U — U** = (U*)* in'€. Forany morphism f: U — V
in €, the following diagram is commutative:

U Y xx

nv

V ——V**
Proof. It U € €, with o € G then the morphisms

nu = (F(d- ) ®idy+)(idy ® by=): U — U™
and
(dU* % idU)(idU** X F(b(_’a,U))): U*™ > U

are mutually inverse isomorphisms. This can be deduced from the definitions using
(1.1.h) A pictorial proof uses Theorem 4.5, cf. the proof of Corollary 1.2.6.1 in [Tu2].
The second claim is an exercise. O

4.7 Properties of F. We shall now discuss three operations on a colored G-graph
(2, g,u,v) preserving F (2, g,u, v). Fix a circle stratum £ of 2.

1. The invariant (€2, g, u, v) does not change when the colors of the paths leading
to £ are replaced by isomorphic colors. More precisely, pick a path y from the canonical
base point of Cgq to the longitude £ of £. Let V' be an object of € ,,,) isomorphic to
Uy € Cy(u,)- We define a new coloring (1, v) of 2 as follows. For the paths from the
base point to the strata of Q2 distinct from £, the associated colors are the same as in
(u,v). Setu;, = V. This data extends uniquely to a coloring (v, v) of (2, g). Then
F(Q,g,u,v) = F(,g,u’,v). To prove this equality, observe that F (2, g,u,v)
does not change when we insert into £ two coupons (with one input and one output)
whose colors corresponding to y are mutually inverse isomorphisms u, — V and
V' — u,. Pushing one of the coupons along ¢ and eventually canceling it with the
second coupon, we obtain F(2, g, u’, v).

2. The invariant F (€2, g, u, v) does not change when we invert the orientation of
£ and simultaneously replace the colors associated with £ by dual objects. The latter
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means that for any path y from the base point of Cq to €, we set ug, = (uy)*. For the
paths leading to other strata of €2, the color is preserved. This yields a coloring (1, v)
of the G-graph (€', g) obtained from (2, g) by inverting the orientation of £. Then
F(,g,u,v) = F(, g,u,v), cf. [Tu2], Corollary 1.2.8.1.

3. Let £1, £, be two parallel copies of £ determined by the framing and going very
closely to £. Consider the ribbon graph Q' = (Q — £) U £; U £,. To describe the
relevant colorings of ’ we use the language of exteriors. The exterior £/ = Egq/ of
Q' can be obtained from the exterior E = Egq of by attaching the product (a 2-disc
with two holes)x S! along the 2-torus S x S! C dE bounding a tubular neighborhood
of £. Denote the inclusion homomorphism 71 (E) — 71 (E’) by h. Assume that there
are a homomorphism g’: 1 (E’) — G and a coloring (1, v’) of the G-graph (', g’)
satisfying the following conditions:

(i) g =g'h: m(E) — G;
(ii) on the paths in E from the base point to the strata of 2 — £ the colorings (u, v)
and (u’, v") coincide;
(iii) if y is a path in E from the base point to { C OE, then composing y with short
paths in E/ — E we obtain paths yq, y» in E’ leading to £1, £», respectively,

such that 7i(py) = py, iy, and uy = u), ® u',, where uj, € Cgr(,,, ) for
=12

We say that the colored G-graph (', g/, u’,v’) is obtained from (2, g, u, v) by
doubling of £. Then F(2,g,u,v) = F(Q',g’,u’,v’), cf. [Tu2], Corollary 1.2.8.3.

4.8 Remark. One can consider non-associative G-tangles and G-graphs as in the
Kontsevich—Vassiliev theory. We shall not pursue this line.

VLS Trace, dimension, and algebra of colors

We use Theorem 4.5 to define trace, dimension, and algebra of colors associated with
a strict ribbon crossed G-category €.

5.1 Trace. We define the trace of an endomorphism f: U — U of an object U € €
by

tr(f) = dwyy cuyy+ (Ou f ®idy=) by € Ende(1) = Home(T, 1).
It is clear that tr(kf) = k tr(f) for any k € K and tr(pg(f)) = @g(tr(f)) for any
B € G, where on the right-hand side ¢g acts on Ende(1).

If U € €, with ¢ € G, then we can rewrite the definition of tr(f : U — U) using
(3.6.b) and the functor F' from Theorem 4.5:

tr(f) = F(d(_’a,U)) (f ® idU*) by € End‘e(ﬂ).
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Theorem 4.5 gives a geometric interpretation of tr( /). Consider the elementary colored
G-graph Qr = Q((+,,U), (+,a,U), f) with one input and one output. As in the
standard theory we can close €2 to obtain a colored G-graph Q + with 0 inputs and 0

outputs. A diagram of Q  is obtained from a (labeled) diagram of €2 by connecting
the top and bottom endpoints by an arc disjoint from the rest of the diagram. More
formally,

Qr = diov) (U ®idav)) bt a.v)-

Hence,
F(Q) = Fdau) (f ®idy=) by = tr(f).

Using this geometric interpretation and following the lines of [Tu2], Section 1.2.7 we
obtain the next lemma.

5.1.1 Lemma. (i) For any morphisms f: U — V and g: V — U in €, we have

tr(fg) = tr(gf);
(ii) for any endomorphisms f and g of objects of €, we have tr( f*) = tr(f) and

u(f ®g) = tr(f) tr(g).

5.2 Dimension. We define the dimension of an object U € € by
dim(U) = r(idy) = d(UU) Cuy U (By ® idy+) by € Ende(1).

If U € €, then dim(U) = F(d(— 1)) bu is the value of F on a colored G-knot
represented by a diagram consisting of an embedded oriented circle labeled with (o, U).
Thisknot K C §3 is an (oriented) unknot endowed with the homomorphism 71 (Cx) =
Z — G carrying the meridian to .

The properties of F established in Section 4.7 (or in Lemma 5.1.1) imply that
isomorphic objects have equal dimensions and for any U € € and 8 € G,

dim(U*) = dim(U) and dim(gg(U)) = ¢p(dim(U)).

Forany U,V € €,
dim(U ® V) = dim(U) dim(V).

For morphisms and objects of the neutral component €, C €, the definitions above
coincide with the standard definitions of trace and dimension in a ribbon category. This
implies that for any f € Ende(1), we have tr(f) = f. In particular, dim(le) =
tr(idq) = idg.

5.3 Algebra of colors. We define the algebra of colors or the Verlinde algebra L =
L(€) of €. Consider the K-module ;e Ende(U), where U runs over all objects
of €. The element of this module represented by f € Ende(U) is denoted (U, f)
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or shorter { /). We factor this module by the following relations: for any morphisms
f:U—>Vandg:V —>Uin€,

(V. feg) =(U,gf). (5.3.2)

Denote the quotient K-module by L. We provide L with multiplication by the formula
(Y)Y =(f ® f'). Clearly, L is an associative K-algebra with unit (idq). Every
object U € € determines an element (U) = (idy) € L.

The algebra L is G-graded: L = @, Lo Where L, is the submodule of L
additively generated by the vectors (U, f) with U € €,. We have LyLg C Lgyg
for all o, 8 € G. The formula ¢ ({f)) = {(@«(f)) defines an action of G on L by
algebra automorphisms. Clearly, 9o (Lg) = Lygg—1 for all o, B € G. The existence
of the braiding implies that ab = ¢, (b)a forany a € Ly, b € L. The existence of the
twist implies that ¢y |z, = id for any @ € G. Thus L satisfies the first three axioms
(3.1.1)—(3.1.3) (see p. 25) of a crossed G-algebra.

The trace of morphisms defines a K-linear functional L — End¢ (1) carrying any
generator ( f) to tr(f) € Ende(1). We denote this functional by dim. In particular,
dim((U)) = tr(idy) = dim(U) for any U € €. It follows from the properties of the
trace that dim is an algebra homomorphism.

Sending a generator (U, f') € L to the generator (U*, f*: U* — U™) we define
a K-linear homomorphism L. — L denoted by *. It follows from the definitions and
Corollary 4.6 that * is an involutive anti-automorphism of L carrying each L, onto
L,—1 and commuting with dim: L — Ende(1).

5.4 Generalized colorings. The elements of the algebra of colors L = L(€) can
be used to color G-links. A generalized coloring of a G-link (£, z, g) is a function a
which assigns to every path y: [0, 1] — C; from y(0) = z to a point of £ a vector
ay € Lg(u,) such that

(i) ay is preserved under homotopies of y fixing y(0) and keeping y(1) on Z;

(ii) if Bisaloopin (Cy,z), then ag, = @q(8))(ay).

A coloring u of (£,z, g) in the sense of Section 3.1 gives rise to a generalized
coloring by a,, = (u,) € L.

The invariant F of colored G-links extends to generalized colorings provided we
restrict ourselves to a certain class of G-links. A G-link (¢ = £¢; U---U¥,,z,g)is
special if g carries the longitudes of all components of £to 1 € G. Leta be a generalized
coloring of this G-link. We define F(,z,g,a) as follows. Fori = 1,...,n, pick
a path y; from z to a point of £;. We transform £ into a G-graph Q by inserting a
coupon into each component £; near y; (1). Suppose first that for alli = 1,...,n, we
have a,, = (U;, f;) € Leu,,) with fi € End(U;). Setu,, = U;, vy, = f; foralli.
This extends uniquely to a coloring (u, v) of €2 (it is here that we need £ to be special,
cf. Lemma 3.2.1). Set F({,z,g,a) = F(2,g,u,v). This does not depend on the
choice of the paths y; and extends to arbitrary a by additivity. Note that if a,, = (U;)
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then there is no need to insert the coupon on £;; it suffices to keep ¢; as a stratum and
set uy, = U;. This gives the same invariant F.

More generally, we call a G-graph special if the longitudes of all its circle strata
are carried to 1 € G. The elements of L can be used to color circle strata of special
G-graphs. The invariant F extends to such generalized colorings of G -graphs exactly
as above. The properties of F established in Section 4.7 extend to this setting in the
obvious way.



Chapter VII
Modular G -categories and HQFT's

VII.1 Modular crossed G -categories

We introduce modular group-categories which will be our main algebraic tools in
constructing three-dimensional HQFTs.

1.1 Modular crossed G -categories. Let € be a crossed G-category over the ring K.
An object V' of € is simple if Ende (V) = K idy. Itis clear that an object isomorphic
or dual to a simple object is itself simple. The action of G on € transforms simple
objects into simple objects.

An object U of € is dominated by simple objects if there exist a finite set of simple
objects {V}}, of € (possibly with repetitions) and morphisms

{frVe=U g: U=V}

suchthatidy = ), frgr. If U € €, with a € G, then without loss of generality we
can assume that V, € €, for all r.
A ribbon crossed G-category € is modular if it satisfies the following five axioms:

(1.1.1) the unit object Te is simple;
(1.1.2) foreach o € G, the set I, of the isomorphism classes of simple objects of €,
is finite;
(1.1.3) foreach o € G, any object of €, is dominated by simple objects of Cy;
(1.1.4) Home(V, W) = 0 for any non-isomorphic simple objects V, W of €.

To formulate the fifth axiom, we need more notation. For i, j € I, choose simple
objects V;, V; € € representing I, j, respectively, and set

Si,j = tr(CVj,Vf °Cy;,V; Vi ® V] - Vi® V]) € End*e(ﬂ) =K.

It follows from the properties of the trace that S; ; does not depend on the choice of
Vi, Vj. Here is the fifth and the last axiom:

(1.1.5) The square matrix S = [S; ;]i,jer, is invertible over K.

These axioms generalize the axioms of a modular ribbon category given in [Tu2]
for G = 1.

It follows from Axioms (1.1.1)—(1.1.5) that the neutral component €; of € is a
modular category in the sense of [Tu2]. By [Tu2], for any objects U, V of €, the



VIL.1 Modular crossed G-categories 159

K-module Hom(U, V') is projective of finite type. For objects U, V of € belonging to
the same component of €, we have

Home (U, V) = Home(1,V ® U*) = Home, (1,V Q U™)

so that Home (U, V) is a projective K-module of finite type. If U,V € € belong to
different components of €, then Home (U, V) = 0. In both cases set

vy,y = Dim(Home (U, V)) € K,

where Dim is the dimension of projective K-modules of finite type; see Section I.1.3.
We have

vy,y = Dim(Home(V,U)) = Dim(Home (U, V)) = vy,v,

where the second equality follows from Lemma 1.4 below and the fact that the dimen-
sions of dual projective K-modules are equal. Note that for any U, V, W € €,

VU VQW = VUQW*,V = VV,UQW*. (1.1.a)

Axiom (1.1.1) and the identity ¢4(idy) = idq imply that all @ € G act on
Ende (1) = K as the identity. Therefore the dimension of objects of € is invari-
ant under the action of G: forany V € € and @ € G,

dim(¢e (V) = go(dim(V)) = dim(V).

If the ground ring K is a field, then Axiom (1.1.4) is redundant. It is easy to
show (using, for instance, Lemma 1.4 below) that in this case any non-zero morphism
between simple objects is an isomorphism.

We need three lemmas concerning a modular crossed G-category € over K. The
first lemma computes the algebra of colors L(€) = @,c; L« as a K-module.

1.2 Lemma. Let o € G and {V* € Cy}icy, be representatives of the isomorphism
classes of simple objects of Cy. Then Lg is a free K-module with basis {{V)}ie1,.
Forany U € €,

(U) = ZI: vy (V). (1.2.2)
dim(U) = ¥ vyo g dim(V2). (1.2.b)
icly

Proof. Let (U € €y, f: U — U) be a generator of Ly. By (1.1.3), there is a finite
system of objects {V; ()}, belonging to the family {V* };,, (possibly with repetitions)
and morphisms {f;: Vi) — U,gr: U — Vi), such thatidy = ). f,g». Then
f =%, ffrgrand

(U, f) = Z(U, fIrgr) = Z(Vi(r)vgrffr)-

r r



160 VII Modular G-categories and HQFTs

Since V;(r) is a simple object, g, f f; = k; idy;,,, for some k, € K. Hence
(U, f) = 2 Viey. kridyy,)) = 2 ke (Vi idvy,)) = 2 kr Vig)-
r r

r

Therefore the vectors {{V*)}ics, generate Ly over K. To prove their linear inde-
pendence, we define for each i € I, a linear functional ¢;: L(€) — K as follows.
Let (U € €, f: U — U) be a generator of L. Denote by f; the automorphism
of the K-module Home(V*,U) carrying each h € Home(V*,U) into fh. Set
ti(f) = Tr(fi) € K. It follows from the standard properties of the trace that ¢; an-
nihilates the relation given in (5.3.a), Chapter VI, and defines thus a linear functional
ti: L(€) — K. By Axiom (1.1.4), ; ((V}*)) = 5} € K, where 5} is the Kronecker
delta. This implies that L is a free K-module with basis {(V*)}ie1, -

For any object U € €, and any f € Ende(U), there is a unique decomposition
(U, f) = 2ier, 1i (V%) with r; € K. Applying #;, we obtain r; = #;(f) = Tr(f;)
forall i. For f = idy, this gives

ri = [i(idU) = Dim(Homg(Vi"‘, U)) = VVI-O‘,U'
This implies (1.2.a). Applying the functional dim: L(€) — Ende(1) = K to both
sides of (1.2.a), we obtain (1.2.b). O
1.3 Corollary. L, = 0 if and only if the category €y is void.

By a void category @, we mean a category with empty classes of objects and
morphisms. Clearly, if €, = @, then L, = 0. Conversely, if L, = 0 then by
Lemma 1.2, the category €, has no simple objects. By (1.1.3), it is void.

1.4 Lemma. For any objects U,V of €, the pairing
Home (U, V) ®x Home(V,U) — K, (x,y) — tr(yx),
is non-degenerate.

Proof. Assume firstthat U = 1 € €;. If V € €y, then the claim of the lemma follows
from the standard properties of the modular category €. If V € €, with « # 1, then
the claim of the lemma is obvious since Home (U, V) = Home(V,U) = 0. For an
arbitrary U € €, we have canonical isomorphisms

a: Home(U,V) — Home(1,V®U™), B: Home(V,U) — Home(V QU™ 1),

such that tr(yx) = tr(8(y)a(x)) for any x € Home (U, V) and y € Home(V,U),
cf. the proof of Lemma I1.4.2.3 in [Tu2]. Therefore the general case of the lemma
follows from the case U = 1. ]

1.5 Lemma. For any simple object V of €, the dimension dim(V') € K is invertible
in K.

Proof. With respect to the generator idy € Home(V,V) = K the bilinear form
(x,y) = tr(yx) € K on Home(V, V) is presented by the (1 x 1)-matrix [tr(idy)] =
[dim(V')]. The non-degeneracy of this form implies that dim(V) € K*. O



VIL.1 Modular crossed G-categories 161

1.6 The canonical color. Let € be a modular crossed G-category over K. Fora € G,
choose representatives {V;* € €y }ieq, of the isomorphism classes of simple objects
of the category €,. We define a canonical color wy € Ly by

we = Y dim(VE) (VF). (1.6.a)
iely
It is clear that wy does not depend on the choice of representatives {V;*};ey,. Lem-
mas 1.2 and 1.5 imply that w, = 0 if and only if the category €, is void.
The fact that the duality V' +— V* transforms simple objects of €, into simple
objects of €,—1 and preserves the dimension implies that for all « € G,

(0)* = wy1, (1.6.b)

where * is the involution on L defined in Section VI.5.3. Since the action of « € G
on € transforms simple objects in any €z into simple objects in Cyg4-1, it induces a
dimension-preserving bijection /g — [,g,—1. Therefore

Pa(Wp) = Wapg—1- (1.6.c)
1.6.1 Lemma. Foranya,p € G andV € Cg,
wo (V) =dim(V)weg and (V) wy = dim(V) wgg.

Proof. We prove only the first equality, the second one is similar. We follow the
argument given in [Bru] for G = 1. We have
wa (V) = 3 dim(V;*) (V) (V)
icly
2 dim(V*) (V* ® V)

i€ly

. off
lg j;ﬁdlm(via) Vet vagy (V)

: B
5,5, O g 07

3 (X vpu gy im0 (V)
J€lyp “iely, '/

= X dmP ey )

= ¥ dim(V/*) dim(V*) (V)
jelmg

= dim(V"*) wyp

= dim(V) wqg,

where among others we use equalities (1.1.a), (1.2.a), and (1.2.b). ]
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1.7 Elements D, A 1 of K. We shall need several elements of K associated with the
neutral component €; of a modular crossed G-category €. Let {V;};es, be represen-
tatives of the isomorphism classes of simple objects in €;. A rank of €; is an element
D € K such that
D? =Y (dim(V;))? e K. (1.7.2)
iely

The existence of a rank is a minor technical condition which does not reduce the range
of our constructions.

Since each V; € € is a simple object, the twist Oy, : V; — ¢1(V;) = V; equals
v; idy; for some v; € K. Since 0y, is invertible, v; € K*. Set

Ay = Y vE(dim(V))? € K.

iely

We caninterpret Ay € K asthe invariant F of an unknot £ C S3 endowed with framing
=41, trivial homomorphism 71 (Cy) — {1} C G and (generalized) color w; € L;. It

is known that © and AL are invertible in K and that AL A_ = D?; see [Tu2],
formula (I1.2.4.a).
For any o € G, set
dy = dim(wy) = > (dim(Vi"‘))2 e K, (1.7.b)
i€ly

where 1, is the set of isomorphism classes of simple objects in €, and V,# is a simple
object of €, representing i € I,. In particular, d; = D?. We can compute d,, for all
o € G as follows. If the category €, is void, then I, = @ and d, = 0. If €, # 0,
then dy = d; = D?. Indeed, if €, # @, then €,—1 # @ and there is at least one
simple object V' in €,—1. By Lemma 1.6.1, (V) wy = dim(V') @, and therefore

dim(V) dy = dim({V) wy) = dim(dim(V) w;) = dim(V') d;.

Now Lemma 1.5 implies that dy = d;.

1.8 Examples and constructions of modular crossed G-categories. The ribbon
crossed G-category € = €(a, b, c, 0) discussed in Section VI.2.6 is modular by the
obvious reasons: each category €, has only one object, this object is simple, and the
matrix S = [1] is the unit (1 x 1)-matrix. If H C G is a finite subgroup of the center
of G, then pushing €(a, b, ¢, 0) forward along the projection G — G/H we obtain
a ribbon crossed (G/H )-category satisfying Axioms (1.1.1)—(1.1.4) but possibly not
(1.1.5). Thisis a special case of the following fact: if the kernel of a group epimorphism
q: G’ — G is finite and acts as the identity on a modular crossed G’-category €’, then
the push-forward G-category ¢« (€’) (cf. Sections VI.1.4, VI.2.5) satisfies all axioms
of a modular crossed G-category except possibly (1.1.5). On the other hand, the pull-
back of any modular crossed G-category € along a group homomorphism G’ — G is
always a modular crossed G'-category.
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A tensor product of a finite family of modular crossed G-categories is always
modular. A direct product of n > 2 modular crossed G-categories is not modular
because the unit object in the product is not simple, End(1) = K”. The mirror image
of a modular crossed G-category is modular, cf. [Tu2], Exercise 11.1.9.2.

Examples of modular crossed G-categories with G = Z /27 are provided by the
categories of representations of Uy, (sl2(C)) at roots of unity. We use a topological
description of these categories given in [Tu2] (cf. [Th]). Let r > 3 be an odd integer
and a be a primitive complex root of unity of order 4r. In [Tu2] the author used tangles
and Jones—Wenzl idempotents to define a ribbon category V(a) whose objects are finite
sequences (1, ..., j;) of integers belonging to the set {1,2,...,r —2}. We label such
an object with j; + --- 4+ j; (mod 2) € Z/2Z = G. The category V(a) is a disjoint
union of two full subcategories comprising objects labeled by O and 1, respectively. The
crossing isomorphisms {¢, }4ec are the identity maps. The standard ribbon structure
on V(a) turns V(a) into a ribbon crossed G-category. Its simple objects are the same
as in the standard theory. The results of [Tu2], Section XII.7.5 show that if r is odd,
then V(a) a modular crossed G-category.

1.9 Remark. One can introduce the concepts of Hermitian and unitary modular crossed
G -categories extending the known definitions for G = 1. Such categories give rise to
Hermitian and unitary 3-dimensional HQFTs, respectively.

1.10 Exercise. Let € be a modular crossed G-category over K. Show that the set
{a € G | € # 0} is a normal subgroup of G. Hint: use Lemma 1.6.1.

VIIL.2 Invariants of 3-dimensional G -manifolds

Throughout the rest of this chapter, we fix a modular crossed G-category € over the
ring K and an Eilenberg-MacLane CW-space X = K(G, 1) with base point x. In the
sequel, L = @, e L is the algebra of colors of €, D € K*isarank of €, and A,
A_ are the elements of K* defined in Section 1.7.

In this section we derive from € a topological invariant of three-dimensional X -
manifolds. To stress the independence of the resulting theory of the choice of X, we
shall call these manifolds G-manifolds.

2.1 G-manifolds. By a G-manifold, we mean a pair (W, g), where W is a (smooth)
manifold and g is a free homotopy class of maps from W to X = K(G, 1). Recall that
such g bijectively correspond to isomorphism classes of principal G-bundles over W.
A G-manifold (W, g) is m-dimensional (resp. closed, connected, oriented, etc.) if
W is m-dimensional (resp. closed, connected, oriented, etc.). A homeomorphism of
G -manifolds (W, g) — (W', ¢’) is a diffeomorphism f: W — W' such that g =
g’ f. We will work with oriented manifolds and consider only orientation preserving
homeomorphisms.
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2.2 Invariant te of 3-dimensional G -manifolds. Let (W, g) be a closed connected
oriented 3-dimensional G-manifold. We derive from the category € a homeomorphism
invariant 7e (W, g) € K as follows. Present W as the result of surgery on S3 along a
framed link £ with #¢ components. Recall that W is obtained by gluing #¢ solid tori
to the exterior E = Ey of £ in S3. Take any point z € E C W. Pick in the homotopy
class g amap W — X carrying z to the base point x of X. The restriction of this map
to E induces a homomorphism

m1(Ee,z) =m(E,z) > m(X,x) =G

denoted by the same letter g. We fix an arbitrary orientation of £. The triple (£, z, g) is
a special G-link in the sense of Section VI.5.4. We provide (¢, z, g) with the following
(generalized) coloring. To every path y in Cy from z to £, we assign the canonical color
Wg(uy) € Lg(u,)- By (1.6.0), this satisfies conditions (i) and (ii) of Section VL.5.4 and
defines a canonical coloring of (£, z, g). Denote the resulting colored G-link by £.y,.
Set

re(W,g) = A°D 9=oO-#-1pp ) eK, (2.2.a)

where o (£) is the signature of the compact oriented 4-manifold B; obtained from the
closed 4-ball B by attaching 2-handles along tubular neighborhoods of the components
of the framed link £ C §3 = dB*. Here dB; = W and the orientation of By is induced
by the one of W.

2.3 Theorem. te (W, g) is a homeomorphism invariant of (W, g).

Proof. We should prove that te (W, g) does not depend on the choices made in its def-
inition. First of all, the homomorphism g is defined only up to conjugation. It follows
from (1.6.c) that the colored G-links £, corresponding to g and aga™! witha € G
are related by the transformation ¢,, defined in the proof of Lemma VI.3.4.1. By Theo-
rem VI.3.6 and Condition VI.3.5(v), the corresponding values F({.,,) € Ende(1) = K
are also related via ¢,. Since @y acts on Ende (1) as the identity, F({c.,) does not
depend on the choice of g in its conjugacy class.

The independence of the choice of z follows from the invariance of F(€.,,) under
transfers along paths discussed in Section VI.3.1.

Let £ be obtained from £ by reversing the orientation on one of the components.
By (1.6.b), £can and £/, are related by the transformation described in Section V1.4.7.2.
Therefore F ({can) = F(£,,,) and te (W, g) does not depend on the choice of orientation
on{.

To prove the independence of the choice of £ we use the Kirby moves on links.
According to Kirby [Ki], any two framed links in S3 yielding through surgery homeo-
morphic 3-manifolds can be related by isotopy and certain transformations, called the
Kirby moves. There are moves of two kinds. The first move adds to a framed link
¢ C S3 a separated unknot £* with framing =+1; under this move the 4-manifold B,
is transformed into By # CP2. The second move preserves By and is induced by a
sliding of a 2-handle of By across another 2-handle. We need a more precise version
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of this theory. For a framed link £ C S3, let W, = 0By be the result of surgery
on £. A surgery presentation of a closed connected oriented 3-manifold W is a pair
(a framed link £ C S3, an isotopy class of orientation preserving homeomorphisms
f: W — W,). Note that any isotopy of £ into a framed link £ C S3 induces a homeo-
morphism jy ¢ : Wy — Wy The pair (£, jg ¢ f) also is a surgery presentation of W;
we say that it is obtained from (£, f) by isotopy. The first Kirby move £ > ¢/ = £114*
induces ahomeomorphism jg ¢ : Wy — Wy whichis the identity outside a small 3-ball
in §3 — ¢ containing £*. The second Kirby move £ + ¢’ induces a homeomorphism
By — By which restricts to a homeomorphism of boundaries j; ¢ : Wy — Wy, In
both cases, we say that the surgery presentation (¢, jo ¢ f: W — Wy) is obtained
from (¢, f: W — W) by the Kirby move. The arguments in [Ki], Section 2 show
that for any surgery presentations ({1, fi: W — Wy,) and ({2, fo: W — W,) of a
closed connected oriented 3-manifold W, there is a sequence of isotopies and Kirby
moves transforming ({1, f1) into ({2, f>).

The 3-manifold W; obtained by surgery on a special G-link (£ C S3, g: m;(C¢) —
G) is a G-manifold in the obvious way. An isotopy or a Kirby move on a special G-
link (¢, g) yields a special G-link (¢’ C S3,g’: m(Cy) — G), where g’ is the
composition of the inclusion homomorphism 71 (Cy/) — m1(Wy/), the isomorphism
m (Wy) ~ 1 (W) induced by jy ¢ : Wy ~ Wy, and the homomorphism 71 (Wy) —
G induced by g. The results of the previous paragraph imply that if surgeries on two
special G-links in S3 yield homeomorphic G-manifolds, then these G-links can be
related by a finite sequence of isotopies and Kirby moves.

It is clear that Te (W, g) is invariant under isotopy of £. To prove the theorem it is
thus enough to show that te (W, g) is invariant under the Kirby moves on £. Consider
the first Kirby move £ + ¢’ = £ 11 £*. The meridian of £* is contractible in W,
and therefore the colored G-link £/ is a disjoint union of £, and the (&1)-framed

can

unknot ££ endowed with the trivial homomorphism 7 (S3 — ¢£ ) — {1} C G and

can
the color w; € L1. We have

F(., )= F(E)F(lewm) = Ax F(Lean).

can can

This implies the invariance of te (W, g) under the first Kirby move, since
#=#+1, ol)=0c)+1, A A_=D>

We consider the second Kirby moves in the restricted form studied by Fenn and
Rourke [FR1]. The Kirby—Fenn—Rourke moves split into positive and negative ones.
It is explained in [RT] that (modulo the first Kirby moves) it is enough to consider
only the negative Kirby—Fenn—Rourke moves. Such a move £ — £’ replaces a piece
T of £ lying in a closed 3-ball B> C S3 by another piece T’ lying in B> and having
the same endpoints. Here T = B3 N { is a system of k > 1 parallel strings with
parallel framings and 7" = T~ LI ¢, where T~ is obtained from T by applying a full
left-hand twist and ¢ is an unknot encircling 7" and having the framing —1. Note that
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#0' =#L + 1 and 0 (¢') = o (£) — 1. We must prove that
FW, )= A_F{c). (2.3.2)

can

This equality follows from a “local” equality involving only 7" and 7’. To formulate
this local equality, we position T as a trivial braid in R? x [0, 1] with constant framing.
The framed tangle 7/ = T~ Ut C R? x [0, 1] is obtained from T as above. Note that
Cr = (R? x [0,1]) — T is obtained from C7— = (R? x [0, 1]) — T~ by surgery on
t C Cr-. Therefore any homomorphism g: 71(C7) — G induces a homomorphism
g’ m1(Cr/) — G carrying the homotopy class of the (—1)-longitude of 7 to 1 € G.
Given an orientation of 7" and ¢ (and the induced orientation on 7 ), any coloring u of
(T, g) induces a coloring u’ of (T’, g’) such that the sources and targets of T and T’
coincide and the circle ¢ C T’ has the canonical color. To prove (2.3.a), it is enough to
show that for any orientation of 7 U ¢, any homomorphism g: 71 (Cr) — G, and any
coloring u of (T, g),

F(T',g' . u')=A_F(T, g, u). (2.3.b)

Let us prove this formula. Let (e1, o1, Uy), ..., (ek, ®k, Ug) be the source of 7. Using
the standard technique of coupons colored with identity morphisms, we can reduce
the general case to the case where T is a single string oriented from top to bottom
and colored with the object ®’r‘=1 (Uy)?r of €. Using a decomposition of the identity
endomorphism of this object provided by (1.1.3), we can further reduce ourselves to
the case where the string 7 is colored with a simple object V of €. Then the source and
target of 7 (and T”) are a 1-term sequence (+, o, V), wherea € G and V € €,. By the
argument above in this proof, F(T’, g’, u") does not change if we invert the orientation
of ¢t. Therefore we can assume that ¢ is oriented so that its linking number with the
string T is equal to —1. Clearly, F(T) = idy. Since V is simple, F(T’) = aidy for
somea € K. To establish (2.3.b), we need to prove thata = A_. Consider the closure
T’ of T’. This a colored 2-component G-link. As in the standard theory (cf. [Tu2],
Corollary 1.2.7.1),

F(T") = w(F(T")) = tr(aidy) = a tr(idy) = a dim(V). (2.3.0)

On the other hand, it is clear that the colored G-link 7’ can be obtained by doubling
(see Section V1.4.7.3) from an unknot £~ C S3 endowed with framing —1, trivial
homomorphism 7 (C¢-) — {1} C G, and color w,—1V € L;. By Lemma 1.6.1 and
Section 1.7, the invariant F of this colored G-unknot is computed by

FU w1 V)= F{ ,dim(V)w;) =dim(V) F{~,w) = dim(V) A_.
Since F is preserved under doubling,
F(T') = FU ,wy—1V) = dim(V) A_ = A_ dim(V).

Comparing with (2.3.c) and using Lemma 1.5, we obtain that a = A_. This proves
(2.3.b), (2.3.a), and the theorem. O



VII.2 Invariants of 3-dimensional G-manifolds 167

2.4 Computations and remarks. 1. The 3-sphere S3 is simply connected and admits
a unique structure of a G-manifold. Presenting S as the result of surgery on S along
an empty link we obtain te(S3) = DL

2. For each o € G, there is a unique free homotopy class of maps go: S' x §2 —
X = K(G, 1) whose restriction to S! x pt represents . Then
0 if the category €y is void,

(2.4.a)

T Slez, =
el 8a) {1 otherwise.

Indeed, we can obtain (S! x $2, g,) by surgery on S along a G-unknot £ with framing
0 and with homomorphism 71(Cy) — G carrying a meridian of £ into « € G. By
definition, o (£) = 0 and

te(S! x 52, ga) = D2 F(bean) = D2 da,

where dy € K is defined by (1.7.b). The computation of dg in Section 1.7 implies
(2.4.2).
3. Formula (2.2.a) can be rewritten in a more symmetric form:

te(W,g) = orD—b](W)—lA:cr_A:7+ Flean),

where b1 (W) = #{ — 04 — o_ is the first Betti number of W and o4 (resp. o_) is
the number of positive (resp. negative) squares in the diagonal decomposition of the
intersection form H,(By; R) x Hz(By; R) — Z. The invariant

Te(W, ) = AZ0 AT F(low) = DPH e (W, g)

does not depend on the choice of D. Note that 7i (W, g) is defined for a wider class of
ribbon crossed G-categories € satisfying (1.1.1)—(1.1.4) and such that Ay, A_ € K*.
The latter condition is a weakened form of (1.1.5): it follows from (1.1.1)—(1.1.5) but
in general does not imply (1.1.5). Condition (1.1.5) is needed in the construction of a
3-dimensional HQFT below.

4. It is easy to deduce from the definitions that for any closed connected oriented
3-dimensional G-manifolds Wy, W5,

re(Wi# W) = D re(W1) Te(W2),

where the structure of a G-manifold on Wi # W, is induced by those on Wy, W,.
Therefore the invariant O te is multiplicative with respect to the connected sum.

5. We extend te(W, g) € K to non-connected closed oriented 3-dimensional
G-manifolds by multiplicativity so that

re(W LW, g) =te(W. glw) re (W', glw).

6. Free homotopy classes of maps W — K(Z/2Z, 1) bijectively correspond to
cohomology classes £ € HY(W;Z/27Z). Let € = V(a) be the modular (Z/27)-
category of Section 1.8 associated with a primitive complex root of unity a of order
4r with odd r > 3. The corresponding invariant te (W, ) was first introduced in [B1],
[KM], [Tul]. For & = 0, this is the quantum SO(3)-invariant of W.
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2.5 Extended G -manifolds. The invariant te defined above can be generalized to 3-
manifolds with partial G-structure, i.e., with a principal G-bundle on the complement
of a framed oriented link or more generally on the complement of a ribbon graph. This
graph should be €-colored. We consider here only closed 3-manifolds, for the case of
3-manifolds with boundary, see Section 5. We proceed to precise definitions.

Let W be a closed connected oriented 3-manifold. A ribbon graph in W consists of
a finite number of framed oriented embedded segments, circles and coupons which are
disjoint, except that the endpoints of the segments lie on the bases of the coupons, and
the framing satisfies the same conditions as in Section VI.4.1. Since W is connected,
the complement of a ribbon graph in W is connected. A G-graph in W is a ribbon
graph € C W whose complement Cq = W — 2 is endowed with a base point z and a
homomorphism 71 (Cg, z) — G. This homomorphism may extend or not to 71 (W).
In the sequel, we shall make no distinction between homomorphisms 71 (Cg,z) - G
and maps Cq — X carrying z to the base point x of X and considered up to homotopy.
A G-graph without coupons is a G-link as defined in Section VI.3.1.

A G-graph in W is colored (over €) if it is equipped with two functions u, v as
in Section VI.4.1. Ambient isotopies of W in itself apply to G-graphs and colored
G-graphs in W in the obvious way. This allows us to consider the (ambient) isotopy
classes of such graphs. As in Section V1.3.1, we can transfer the structure of a colored
G-graph 2 along paths in Cgq relating various base points. The transfer preserves the
ambient isotopy class of a colored G -graph.

A pair consisting of a closed connected oriented 3-manifold W and a colored G-
graph in W is called a connected 3-dimensional extended G -manifold without bound-
ary. Let (W, Q), (W', Q') be two such pairs. Here

Q=QCWzeCq=W-Q,g: 11(Cq,z) > G,u,v) (2.5.a)
is a colored G-graph in W and
Q=@Q cW.,zeCq.g:m(Cq.z)— G,u' V)

is a colored G-graph in W’. An e-homeomorphism (W, Q2) — (W', Q) is a homeo-
morphism of pairs f: (W, Q) — (W', Q) preserving all the data. More precisely, f
should carry z to z’, preserve the splitting of the graphs into strata and the framing,
preserve the orientations of W, W’ and of the strata of Q, Q’, satisfy

g o(fleg: Ca = Ca)s = g: m1(Cq,z) — G,

and satisfy u}oy = u, (resp. v}oy = v, ) for any path y in Cq from z to a segment

or a circle of & (resp. a coupon of Q). For example, if W/ = W and Q' is obtained
from 2 via an ambient isotopy { f; : W ~ W };¢[0,1] (Where fo = idw), then f; is an
e-homeomorphism (W, Q) — (W', Q).

The invariant te generalizes to extended G-manifolds (W, 2) as follows. We use
the notation of (2.5.a). Present W as the result of surgery on S3 along a framed link £.
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As above, W is obtained by gluing #¢ solid tori to the exterior E of £ in S3. Applying
isotopy to 2 C W we can deform €2 into £ C W. Similarly, we can push the base
point z into E. Thus, we may assume that 2 C E and z € E. The inclusion £ C W
induces an epimorphism

TSP —(uUQ),z)=m(E—-Q.,2) > mi(W —Q,z) = 11(Cq, 2).

Composing with g we obtain a homomorphism, g: 7(S3 — (£ U Q),z) — G. Fix
an arbitrary orientation of £. The triple (£ U 2, z, ) is a G-graph in S3. We equip £
with the canonical coloring as in Section 2.2. Any path in £ C W is also a path in W
so that the coloring of Q C W induces a coloring of € as a G-graph in S3. Consider
the resulting colored G-graph £.,, U € in S3 and set

te(W, Q) = A°O p=oO-#-1py  UQ) e K.

2.6 Theorem. Let 2 be a colored G-graph in a closed connected oriented 3-mani-
fold W. Then te (W, Q) does not depend on the choices made in its definition and is
an e-homeomorphism invariant of (W, Q).

Theorem 2.6 includes Theorem 2.3 as a special case 2 = @. In this case the
homomorphism g: 71 (W — Q,z) = n1(W,z) — G provides W with a structure of
a G-manifold and te (W, Q) = e (W, g).

The proof of Theorem 2.6 reproduces the proof of Theorem 2.3 with appropriate
changes (cf. [Tu2], Section I1.3).

Theorem 2.6 implies that te (W, 2) is invariant under ambient isotopies of 2. In
particular, te (W, Q) is invariant under transfers of the base point. Restricting ourselves
to colored G -graphs without coupons we obtain an isotopy invariant of colored G-links
in W.

If W = S3, then te(W, Q) = D~ F(RQ) (to see this, take £ = 0).

The invariant te satisfies the following multiplicativity law:

te(W1 # W2, Q1 U Q) = D te(W1, Q1) te(W2, Q2), (2.6.2)

where 1, Q5 are colored G-graphs in closed connected oriented 3-manifolds Wy, W,
respectively. The properties of the invariant F of colored G-graphs in S established in
Section V1.4.7 generalize in the obvious way to colored G -graphs in closed 3-manifolds.
Taking disjoint unions of connected extended G -manifolds we obtain non-connected
extended G-manifolds. The invariant te extends to them by multiplicativity.

2.7 Remarks. 1. In the definition of an e-homeomorphism in Section 2.5, one can
replace the equalities u}oy = u, with isomorphisms u}oy ~ Uy in € and replace the
equalities v’foy = v, with commutative diagrams involving these isomorphisms and
the morphisms vj’,o ,» Uy~ We leave the details to the reader.

2. The group G acts in a canonical way on the class of 3-dimensional extended
G-manifolds. The action of @« € G on a pair (W, Q) with © as in (2.5.a) preserves
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W, Q, and the base point z € Cgq and replaces (g: m1(Cq,z) — G,u,v) with
(aga™': m1(Cq.z) = G, @qu, pav), where pqu and g, v are obtained by applying
@ to the objects and morphisms of € forming u and v, respectively. The same
argument as in the proof of Theorem 2.3 shows that t¢ is preserved under this action
of G.

VIL.3 Homotopy modular functor

3.1 Preliminaries. A 3-dimensional topological quantum field theory (TQFT) de-
rived from a modular category has two ingredients: a modular functor assigning mod-
ules to surfaces and an operator invariant of 3-dimensional cobordisms; see [Tu2].
The surfaces must have an additional structure consisting of a finite (possibly empty)
family of marked points and a Lagrangian space in real 1-dimensional homology; such
surfaces are said to be extended. The modules associated in this theory with extended
surfaces sometimes are called modules of conformal blocks.

Similarly, the modular crossed G-category € gives rise to a 3-dimensional HQFT
with target K(G, 1). This HQFT has two ingredients: a homotopy modular functor
assigning modules to extended G -surfaces and an operator invariant of 3-dimensional
G-cobordisms. In this and the next sections we discuss the homotopy modular functor.
The invariant of 3-dimensional G-cobordisms derived from € will be discussed in
Section 5. For G = 1, we recover the standard theory.

Recall that a topological space is pointed if all its connected components are pro-
vided with base points. In the rest of this chapter, a map between pointed spaces is
a continuous map carrying base points to base points and considered up to homotopy
constant on the base points.

3.2 Extended G -surfaces. An extended G-surface without marks is a pointed closed
oriented surface Y endowed with a map ¥ — X = K(G, 1) and with a Lagrangian
space A C H1(Y;R). According to our conventions, the map Y — X carries the base
points of all the components of Y into the base point x € X and is considered up to
homotopy constant on the base points. Recall that a Lagrangian space in Hi(T; R)
is a linear subspace of maximal dimension (equal to % dim H;(Y;R)) on which the
homological intersection form H;(Y; R) x H1(Y;R) — R is zero.

Now we define more general extended G -surfaces with marks. Let Y be a pointed
closed oriented surface. A point p € Y is marked if is equipped with a sign &, = %1
and a tangent direction, i.e., a ray R4+ v, where v is a non-zero tangent vector at p. A
marking of Y is a finite (possibly empty) set of distinct marked points P C Y disjoint
from the base points (of the components) of Y. Pushing slightly a marked point p € P
in the given tangent direction we obtain another point p € Y which in analogy with
knot theory can be viewed as a “longitude” of p. Set P = UPGP pCY-—P.
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Clearly, card(P) = card(P). For a path y in Y — P from a point z to j, denote by
iy € m1 (Y — P, z) the homotopy class of the loop (ym,y 1) =y m,” y~', where
p € P and m, is a small loop in ¥ — P beginning and ending at p and encircling p
in the clockwise direction. (The clockwise direction is opposite to the one induced by
the orientation of Y.)

A G-marking of Y is a marking P C T endowed withamap g: ¥ — P — X
carrying the base points of T into x € X and considered up to homotopy constant on
the base points. A G-marking P C T is colored if it is equipped with a function u
which assigns to every path y: [0,1] — Y — P from a base point, z € Y, to P an
object u,, € € such that

(i) u, is preserved under homotopies of y in T — P fixing the endpoints;
(i) uy € Cg(u,), Where by abuse of notation we denote by g the homomorphism
71 (T — P,z) > G = m1(X, x) induced by the mapping g: ¥ — P — X
(iii) if Bisaloopin (Y — P, z),thenug, = @gq(8])(4y), where [B] € m1 (Y — P, z)
is the homotopy class of §.

An extended G-surface is a pointed closed oriented surface T with colored G-
marking P C Y and a Lagrangian space A = A(Y) C H1(Y;R). For P = 0, we
obtain an extended G-surface without marks as above. A disjoint union of a finite
number of extended G-surfaces is an extended G-surface in the obvious way (the
Lagrangian space in homology is obtained via &). The empty set is considered as an
empty extended G-surface. A weak e-homeomorphism of extended G -surfaces

fo (0P gud)y— (Y, P g u L)

is formed by a homeomorphism of pairs (Y, P) — (Y’, P’) and a system of isomor-
phisms f,: u, — u}oy in € labeled by paths y in T — P from the base point of a

component of T to P such that

* f preserves the orientation and the base points of the ambient surface as well
as the signs of the marked points and their tangent directions;

e g'f=g:T— P — X (up to homotopy constant on the base points) and for
any path y in T — P from the base point z of a component of T to P, the
isomorphism f,, : u, — u}oy is preserved under homotopies of y fixing the
endpoints and satisfies f};y = gog([,g])(f;,) for any loop B in (Y — P, z).

A weak e-homeomorphism f as above is an e-homeomorphism if the induced
isomorphism fi: H{(Y;R) — H;{(Y’; R) maps A onto 1.

For any extended G-surface Y, the opposite extended G-surface —Y is obtained
from Y by reversing the orientation of T and multiplying the signs of all the marked
points by —1 while keeping the rest of the data. Clearly, —(—Y") = Y. The transforma-
tion Y + —7 is natural in the sense that any (weak) e-homeomorphism f: T — Y’
gives rise to a (weak) e-homeomorphism — f: — Y — —Y’ which coincides with f
as a mapping.
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3.3 The modular functor. The modular crossed G-category € gives rise to a 2-di-
mensional homotopy modular functor 7 = Te. This functor assigns

* to each extended G-surface Y a projective K-module of finite type 7 (Y);

* to each weak e-homeomorphism of extended G-surfaces f: Y — Y’ an
isomorphism fu: 7(Y) — T (Y’).

A construction of 7 will be outlined in Section 5. We state here a few simple
properties of 7 :
B3 T(rYIY)=7(T) ®k T(Y’) for any disjoint Y, Y’;
(3.3.2) 7(W) = K;
(3.3.3) the isomorphism fi associated to a weak e-homeomorphism f is invariant
under isotopy of f in the class of weak e-homeomorphisms;
(3.3.4) for any weak e-homeomorphisms f: Y — Y and f/: Y/ — Y”,

— / n—1 7"
(f' e = (@A_I)M(f*(/l(T)),/l(T ), @AY )))f#/ fis (3.3.2)

where fy, f. denote the action of f, f’ in the real 1-homology and M is
the Maslov index of triples of Lagrangian subspaces of H;(Y’;R) (see, for
instance, [Tu2], Chapter IV, for the definition and properties of the Maslov
index);

(3.3.5) for any extended G-surface Y, there is a non-degenerate bilinear pairing
ny : T(Y)®k T(—Y) — K. The pairings {ny }r are natural with respect to
weak e-homeomorphisms, multiplicative with respect to disjoint unions, and
symmetric in the sense that n_v is the composition of ny with the standard
flip 7(=0) ®x 7 (1) - 7(T) Q¢ T (=T).

The pairing v can be used to identify (7 (Y))* = Homg (7 (Y), K) with T (7).

If two extended G-surfaces Y and Y differ only by the choice of a Lagrangian space
in homology, then the identity mapping id: Y — Y’ is a weak e-homeomorphism and
therefore defines an isomorphism 7 (Y) — 7 (Y’). This and equation (3.3.a) show
that the projectivization of 7 (Y') does not depend on A(Y). Note that the numer-
ical factor in (3.3.a) is equal to 1 if f or f’ is an e-homeomorphism: in this case
M(f(A(0)). A(Y), (f)(A(T"))) = 0.

A connected extended G-surface and the corresponding module can be explicitly
described (at least up to isomorphism) as follows. Let Y be a closed connected oriented
surface of genus n > 0 with base point z and marking P = {p1,..., pm} C Y —{z},
where m > 0. Let &, = %1 be the sign of p, forr = 1,...,m. For each r, choose
an embedded arc y, in T — P leading from z to p,. We assume that these m arcs are
disjoint except at their common endpoint z. Recall from Section 3.2 the homotopy class
Wy, € m1 (Y — P, z) of the loop encircling p,. The group 71 (Y — P, z) is generated
by iy;s-- s My, and 2n elements ay, by, ..., an. b, subject to the only relation

(Uy))E' oo ()™ [an, ba] - [an, ba] = 1, (3.3.b)
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where [a,b] = aba='hb™'. We can also assume that the homological intersection
number as - by is +1 foralls = 1,...,n. Given m + 2n elements (1, ..., m, @1, B1,
..., Qp, By of G satisfying

(D) o ()™ e, Ba] - [ Bn] = 1.

the formulas p,, — pr, as = oz, by = By withr =1,...,m,s = 1,...,n, define
a homomorphism 71 (Y — P,z) — G or equivalently amap g: Y — P — X. This
turns P into a G-marking. For any objects {U, € €, }"_,, there is a unique coloring
u of P such that u,, = U, for all r. The linear subspace A of H;(Y'; R) generated by
the homology classes of a1, . .., a, is a Lagrangian space. The tuple (Y, P, g, u,A) is
an extended G-surface. Recall the notation Ut = U,, U, = U}*. Then

T(Y,P,g,u,A) (3.3.0)

n
= D Home (LU{' ® - @ Up" ® ®1(V,.‘js ® (g, (V2)™)),
S=

ilela1 seensin€lay,

where for « € G we denote by I, the set of isomorphism classes of simple objects
of €, and pick a set {V,*};¢y, of representatives of these classes. It is useful to note
that the objects V;* ® (¢g(V¥))* € €qp) determined by different representatives
V* =V, V' of i € I, are canonically isomorphic; the isomorphism in question is
induced by an isomorphism V' & V' but does not depend on its choice.

It is clear that any extended G-surface T is weakly e-homeomorphic to an ex-
tended G-surface (Y, P, g, u, A) of the type described in the previous paragraph. For-
mula (3.3.c) allows to compute 7 (Y). Note that the group of the isotopy classes of
(weak) e-homeomorphisms of Y onto itself acts projectively on 7 (7).

Most properties of the modular functors known for G = 1 extend to the general
case. In particular, the splitting formula for the modules of conformal blocks along
simple closed curves on surfaces extends to our setting. Instead of giving a detailed
statement, we formulate the key algebraic fact underlying this formula.

3.4 Lemma. Let o € G and {V*}ic1, be representatives of the isomorphism classes
of simple objects in the category €y. For any objects V € €,, W € €1, there is a
canonical isomorphism

@ Home(1,V ® (V*)*) ®k Home (1, V* ® W) = Home(1,V @ W).
iely
Proof. This is equivalent to

@ Home(VE, V) ®k Home (W™, V) = Home(W*, V). (3.4.a)

iely

The latter isomorphism carries 7 ® h" into h o h’ for all h € Home(V#, V) and
h' € Home(W*, V). Equality (3.3.a) involves only morphisms in the category €,
and follows from Axiom (1.1.3), cf. [Tu2], Lemma 11.4.2.2. O
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3.5 Action of the mapping class group. Let T be a pointed closed oriented surface
with marking P. By a self-homeomorphism of (Y, P) we shall mean an orientation
preserving homeomorphism f: T — T keeping (set-wise) the set P and the set of
base points of the components and keeping the signs and the tangent directions at the
points of P. The isotopy classes of self-homeomorphisms of (Y, P) form a group
Homeo(Y, P) called the mapping class group of (Y, P). The homotopy modular
functor 7 = Te gives rise to a projective linear action of this group as follows. Pick
a Lagrangian space A C H;(Y; R) and set

T(Y,P)= @ T(Y,P, g u,l),
(g,u)

where (g,u) run over all possible pairs turning P into a colored G-marking as in
Section 3.2. We define an action of a self-homeomorphism f of (Y, P) on T (Y, P).
It suffices to define this action on each direct summand 7 (Y, P, g,u,A). To this
end, extend f to a weak e-homeomorphism (Y, P, g, u,A) — (Y, P, g’ u', L), where
g =gf u;, =us-1,,and f, = id for all paths y. This weak e-homeomorphism
induces an isomorphism

T(C, P, gu,A)—T(X,P, g’ .u',1) CT(Y,P)

which we take as the action of f. By (3.3.3) and (3.3.4), this defines a projective
linear action of Homeo(Y, P) on T (Y, P). A different choice of A gives a conjugate
action.

If P = @ and the surface Y is connected with base point z, then Homeo(Y, P) =
Aut(mr1 (7Y, 2)) (the group of automorphisms of 71 (Y, z)) and the module 7' (Y, P) is
a direct sum of projective K-modules of finite type determined by homomorphisms
71(Y, z) = G. Ifthe group G is finite, then 7(Y, P) is a projective K -module of finite
type. For P # @, the module 7 (Y, P) may be very big. An action of Homeo(Y, P) on
a smaller module can be obtained by considering only the colorings assigning simple
objects to all paths y.

3.6 Action of G. There is a canonical left action of the group G on extended G-
surfaces. The action of @ € G transforms an extended G-surface T = (T, P, g, u, A)
into *Y = (T, P, axg, pau, A) where o : (X, x) — (X, x) is the map inducing the
conjugation 8 — aBfa~! in 71(X,x) = G and @, is the action of « on €. For a
(weak) e-homeomorphism of extended G-surfaces f: Y — Y’/, we define “f to be
the same map f viewed as a (weak) e-homeomorphism *Y — *7Y”,

The modular functor 7~ can be enriched as follows: for every extended G-surface Y

andeacho € G thereisacanonical isomorphism oy : 7 () — T (*T); see Section 5.3
below. For any «, 8 € G, we have (¢f8)« = a«f«. For a weak e-homeomorphism of
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extended G-surfaces f: T — Y’, we have a commutative diagram

700 L7 (1)

i lw

TE1) LT e,

If Y is connected, then the isomorphism a4 : (1) — T (*Y) can be described in
terms of ¢, : € — €, the splitting (3.3.c) of 7 (1), and the similar splitting of 7 (* ).
Namely, as« maps the direct summand

n
Hom (1.U' ® - ® Uy ® @ (Vi ® (95, (Vi2*))™))
s=1
via ¢y on the direct summand

n
Hom (1, (9o U1)®' @ -+ ® (0aUn)™ @ @ Voo (is) ® @apya—1 Vo in)))™))
s=1

T (*7Y) corresponding to the tuple ¢, (i1) € I, s @a(in) € Iy, q—1. Here

oara—
V«)a ) = Voroo " is a simple object in Craga—] representing the isomorphism class
¢a(is) of pu (Vi,). For instance, we can take Vi) = ¢a(Vi;).

The isomorphism oy : T (T) — T(*Y) can be sometimes computed in terms of
the action of homeomorphisms. Assume for simplicity that Y = (Y, P, g,u, ) is
connected and z € T — P is its base point. Given a loop y in ¥ — P based at z,
consider an isotopy idy ~ f of the identity map pushing z along y and constant
on P. Then f is an e-homeomorphism ¥ — *7Y, where « = [g o y] € G and

ax = fu: T(V) = T(*Y).

3.7 Computations on the torus. Consider the case where Y is a torus without marks.
The group 71 (Y, z) is generated by two commuting elementsa, b. Amapg: T — X is
determined by two commuting elements «, 8 € G, the images of a and b, respectively.
The 1-dimensional subspace A of H;(T'; R) generated by the homology class of a is a
Lagrangian space. By (3.3.c),

T(Y,8,4) = Q Home (1, V¥ ® (pp(Vi*)*) = @ Home(pp (V). V7).

i€ly i€ly

Observe that for any simple objects U, U’ of €,

Home (U, U') = K ifUis .isomorphic toU’,
0  otherwise.

Note also that ¢g maps €, into itself and induces a permutation on the set /. Therefore
T(Y,g,A) = KN where N = card{i € I, | pg(i) = i}. For instance, if B = 1,
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then N = card(/y). In this case we can use Lemma 1.2 to identify 7(Y, g, A) with the
module Ly. More generally, if the image of the homomorphism 73 (Y) — G induced
by g is a cyclic group generated by « € G, then T (Y, g, 1) = K°4Uo) Indeed, we
can choose generators a, b € w1(Y) as above so that their images in G are equal to «
and 1, respectively.

Consider the case where Y is a torus with one marked point p,ie.,m =n = 1
in the notation of Section 3.3. We shall omit the index 1 and write p for p;, € for €1,
etc. Thus P = {p} and the group 71 (T — P, z) is generated by three elements ji,, a,
b subject to the relation (i, )® [@,b] = 1. Themap g: T — P — X is determined by
three elements u, o, B of G, the images of u,,a, b, respectively. They must satisty
the equality u° [o, B] = 1. The coloring u of P is determined by u, = U € €.
The 1-dimensional subspace A of H;(Y'; R) generated by the homology class of a is a
Lagrangian space. Then

T(Y,P,g.u,A) = @ Home(1,U® @ V* ® (pg(V;*))").

i€ly

Taking different systems (3.3.b) of generators of 71 (Y — P, z), we obtain different
expansions (3.3.c) of the module 7 (Y, P, g,u,A). This gives non-trivial identities
between the Hom-spaces in €. For instance, in the case m = n = 1, the identity
[a,b] = [aba™',a™'] implies that the group (Y — P,z) is generated by three
elements uy,aba™',a™! subject to the relation (u,)¢ [aba™',a~!] = 1. The same
map g: Y — P — X as above carries these generators to i, aBa ™!, a™!, respectively.
The same coloring u is determined by u,, = U. Thus, under these two choices of
generators of 71 (T — P, z) we obtain two extended G-surfaces which differ only in
the Lagrangian spaces generated by the homology classes of a and b, respectively. The
associated K-modules are therefore isomorphic:

@ Home(1,U° @ V& @ (pp(VF)¥)

iely
_ & afa! oo\«
—jel@ lHome(ﬂ,U QV ® (g1 (V N*) (37.3)
aBoa—
= kea Home (1, U¢ ® ga(VF) ® (VF)"),
615

where the last equality follows from the fact that ¢, induces a bijection Ig — I,gy—1.

VIL.4 Two-dimensional HQFT

The homotopy modular functor 7 = T associated with a modular crossed G-cate-
gory € naturally gives rise to an “underlying” 2-dimensional HQFT (A, t) with target
X = K(G,1). We outline the construction and properties of (A4, t). This HQFT
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can be alternatively obtained from the 3-dimensional HQFT derived from € in the
next section: one should multiply the 1-dimensional X -manifolds and 2-dimensional
X -cobordisms by S!, and apply the 3-dimensional HQFT.

4.1 Construction of (A, 7). We shall use the terminology introduced in Section 1.1
of Chapter III. For a connected X-curve M, set Ayy = Ly, where ¢ € G is the
homotopy class of the loop M — X and L, is the K-module defined in Section VI.5.3.
Then extend A to non-connected M by multiplicativity as in Section III.1.1. The value
of t on an X -surface (W, My, M1,g: W — X) is a K-homomorphism

T(W’g): AMO = ® La(r _>AM1 = ® Lac’
cCMy cCM,

where c runs over the components of My (resp. of M;)and . € G is the homotopy class
of theloop g|. in (X, x). The homomorphism t (W, g) is obtained, roughly speaking, by
taking the dimension of the module assigned by 7 to an extended G -surface associated
with W. In particular, if My = M; = @, then t1(W,g) = DimT7 (Yw,) € K,
where Tw ¢ is an extended G-surface without marks obtained from W by choosing
an arbitrary Lagrangian space in H,(W; R), arbitrary base points on the components
of W and deforming g so that it maps these base points into x. By Section 3, the
isomorphism class of the module 7 (Yy,,) and therefore its dimension Dim do not
depend on the choices made in the construction of Yy .

To define t(W, g) for an arbitrary X -surface (W, My, M1, g: W — X), we proceed
as follows. For each component ¢ of dW = My U M;, the K-module L, is free with
basis given by Lemma 1.2. We present 7 (W, g) by a matrix with respect to the tensor
products of these bases. Pick for each component ¢ of dW a simple object V. € €,,.
Consider the basis elements

QR (Ve)e Q& Ly, and Q (Ve e Q@ La,.

cCMy cCMy cCM; cCM;

The corresponding matrix term (t(W, g) | {V.}¢) of T(W, g) is defined as follows. We
first upgrade W to an extended G -surface with marks. Assume for simplicity that W
is connected and fix a base point z € W — dW. We deform the mapping g: W — X
rel W so that g(z) = x. We cap W with 2-discs by gluing to each component ¢ of
oW a copy of the unit complex 2-disc D = {a € C | |a|] < 1}. The gluing is done
so that the point 1 € dD is identified with the base point of ¢. This gives a closed
surface T which we provide with orientation extending the one in W. The centers
(corresponding to 0 € D) of the glued 2-discs form a finite set P C Y. We provide
each p € P with tangent direction corresponding to R+ C C. Pushing p € P along
this tangent direction we obtain the base point p of the corresponding component, ¢,
of dW. Sete, = +1ifc, C Myande, = —1if ¢, C M.

Clearly, W is a deformation retract of Y — P. Therefore the map g: W — X
extends to amap ¥ — P — X also denoted g. This turns P into a G-marking on Y.
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We color P as follows. For p € P andapathy: [0,1] — Y — P from z to p, the path
goyisaloopin (X, x) so that we can consider its homotopy class [g o ¥] € G. Set

_ {9"[g°y](VCp) ifep = +1,
Uy =

‘P[goy](Vct,) ife, = -1

Conditions (i)—(iii) of Section 3.2, p. 171, are straightforward. In particular, Condi-
tion (ii) follows from the equality

g(py) = [goyllae,)goy] ™"

Choosing an arbitrary Lagrangian space A C H;(T; R), we obtain an extended G-
surface (Y, g, P,u, A). Set

(t(W,2) | {Vc}c) =DimT (Y, g, P,u,A) € K.

One can check that (A4, 1) is a 2-dimensional X -HQFT. We shall not do it here but
rather describe the structure of a crossed G-algebrain L = @5 L, underlying this
HQFT. First, define a pairing n: L x L — K by

n(U, f). U f') =Te(f ® f)x,

where (U, f), (U’, f') are additive generators of L as in Section VL.5.3 and (f ® f/)«
denotes the endomorphism of Home (1, U @ U’) carrying each & € Home (1, U Q U')
to (f ® f')h. Itis easy to check that 7 is a well-defined bilinear pairing.

aeG

4.2 Theorem. The G-graded algebra L = @, cq Lo with the form 1 and the action
¢ of G defined in Section V1.5.3 is a crossed G-algebra.

Proof. For each o € G, fix representatives {V,*}; <y, of the isomorphism classes of
simple objects in the category €,. By Lemma 1.2, L, is a free K-module with basis
{(V*)}ie1, - Observe that for any objects U, U’ of €,

n((U),(U")) = Dim(Home(1,U ® U')) = Dim(Home (U™, U')).
In particular, if U, U’ are simple, then

I if U'is isomorphic to U, 4.2.2)
0 otherwise.

n((U).(U") = {
Hence n(Ly ® Lg) = 0if af # 1 and the bases {(V,*)}ie1, and {(Vj"‘_l )jer,, are
dual with respect to 1. Therefore 7 is non-degenerate. Formula n(ab,c) = n(a, bc)
follows from the definitions. Formula (4.2.a) and the fact that U’ is isomorphic to U*
if and only if U is isomorphic to (U’)* (Corollary V1.4.6) imply that 1 is symmetric.
Therefore 7 is an inner product on L in the sense of Section I1.2.1.
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Formula (4.2.a) directly implies that 7 is invariant under the action of G. It remains
to verify Axioms (3.1.1)—(3.1.4), p. 25. The first three axioms were already checked in
Section VI.5.3. It suffices to verify Axiom (3.1.4) for ¢ = (U}, where U is any object
of €ypg—1p-1- By (1.2.a) the homomorphism p. ¢g: Ly — L carries (V%) to

(Ues(V)) = X vrerueeswe (Vi)

J€ly
Therefore

Tr(pe 98) = X Ve uees(ve)

iely
= D VUps(V?), Ve
A e (V).V} (4.2.b)

= Y Dim(Home(1,U* ® V& ® (pp(V)*)),

iely
where we use the equalities

VUV,w = VUWV* = VI, U*QWQV*.

A similar computation shows that

Tr(pg-1ie: Lg — Lg) = Y. Dim(Home (1, U* ® 9o (V) ® (V)*)).
kGIﬁ

By (3.7.a) with ¢ = —, the right-hand sides of the latter formula and of (4.2.b) are the
dimensions of isomorphic K-modules. Therefore they are equal. O

4.3 Remarks. 1. The proof of Axiom (3.1.4) in Theorem 4.2 uses the homotopy
modular functor Te. It would be useful to have a direct algebraic proof.

2. The neutral component L of the algebra L = L(€) is known to be a direct sum
of copies of K (as an algebra), cf. [Tu2], Section IV.12.4. Therefore L is semisimple in
the sense of Section I1.5.1. By Corollary II1.3.4 if X is a field of characteristic 0, then
the HQFT (A, t) is semi-cohomological. Thus, this HQFT is determined by a finite
family of K-valued weights and 2-dimensional cohomology classes of subgroups of
G of finite index.

VILS Three-dimensional HQFT

Each modular crossed G-category € gives rise to a 3-dimensional HQFT with target
X = K(G,1). As in the standard case G = 1, this HQFT has several equivalent
versions. We describe here one of these versions formulated in terms of extended
(3-dimensional) G-manifolds.
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5.1 Extended G -manifolds with boundary. Let W be acompact connected oriented
3-manifold with non-void pointed boundary. A ribbon graph 2 C W consists of a
finite family of framed oriented embedded segments, circles and coupons (the strata
of ©2) such that

(i) the strata of 2 are disjoint except that some endpoints of the segments lie on
the bases of the coupons;

(ii) all other endpoints of the segments of 2 lie on W and form the (finite) set
Q N dW; this set is disjoint from the set of base points of (the components of)
ow;,

(ii1) the framings of the strata form a continuous nonsingular vector field (a framing)
on €2 transversal to 2 and tangent to dW at Q N W

(iv) the framing and the orientation of each coupon of 2 determine the given ori-
entation of W.

Slightly pushing €2 along the framing, we obtain a disjoint copy Q of Q. Pushing
a stratum ¢ of  along the framing, we obtain a stratum 7 of Q.

A G-graph in the manifold W is a ribbon graph €2 C W endowed with a mapping
g: Cq = W —Q — X which carries the base points of W to the base point x of X.
We consider g up to homotopy constant on the base points of W .

Let (2, g) be a G-graph in W and let z be the base point of a component of dW.
A coloring of Q with respect to z is a pair (u, v) defined exactly as in Section V1.4.1.
In this definition and below, the letter g is used both for the mapping g: Co — X and
for the induced homomorphism 71 (Cgq, z) — 71(X, x) = G. A coloring (u, v) of
with respect to z induces a coloring (1’, v’) of Q with respect to the base point, z’, of
any other component of dW. (Here it is essential that W is connected). Namely, pick
any path p in Cgq from z to z’. For a segment or circle ¢ of © and a path y in Cg from
7z tof, set

Uy, = (@rgop) ™" (Upy)-

Note that the path g o p is a loop in (X, x) so that we can consider its homotopy
class [g o p] € G. The path py connects z to 7 so that u,, € €g(u,,). We have

oy = pityp~ " and g(ipy) = [g © p] g(1ty) [g o p]~". The functor (¢gep)) " maps
Cq(11py) 10 Cg(u,)» S0 that u;, is an olzject of €g(u,). Similarly, for a coupon Q of

and a path y in Cg connecting z’ to Q, set

vl = (P1gop) " (Vpp).

It is easy to check that (u’, v’) is a coloring of € with respect to z’ independent of the
choice of p. In this way, a coloring of €2 with respect to z canonically extends to a
system of colorings of Q2 with respect to the base points of all components of dW. This
system is called a coloring of Q2. To specify a coloring of 2 it is enough to specify a
coloring of 2 with respect to a single base point of dW'.

A tuple (W, 2, g,u, v, A) consisting of a 3-manifold W as above, a colored G-
graph (2, g, u, v) in W and a Lagrangian space A C Hy(dW; R) is called a connected
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extended G -manifold with boundary. For brevity, we shall sometimes denote such a
tuple simply by W. Given a connected extended G-manifold with boundary W =
(W, 2, g,u,v,A), the surface dW becomes an extended G-surface as follows. By
definition, dW is pointed. We provide 0W with the orientation induced by the one in
W (see Section I.1.1 for our orientation conventions). Set P = Q N dW. Clearly, P
is a finite subset of dW disjoint from the base points. Each point p € P is provided
with the sign — if the adjacent segment of €2 is oriented towards p and with the sign +
otherwise. We provide p with the tangent direction generated by the framing vector at
p (this vector is tangent to W ). We can assume that P = Q N dW. Denote by dg the
restriction of the map g: Cq — X to W — P. The pair (P, dg) is a G-marking on
dW. We define its coloring du as follows. Every path y in 9W — P from a base point
of 3W to P can be viewed a path in Cgq leading to 2. Set (0u), = u, € €. Itisclear
that the tuple (0W, P, dg, du, A) is an extended G-surface. It is called the boundary of
W,R2,g,u,v,A).
A weak e-homeomorphism

(Wv Qvgau» 'U,A) - (W,7 Q/sgls u/, vlvk/) (Sla)

of connected extended G-manifolds with boundary is a homeomorphism of pairs
f: (W, Q) — (W', Q) such that

 f preserves the orientation in W, W’ and the framing, the orientation, and
the splitting of €2, Q’ into strata (the framings on 2, Q' are considered up to
homotopy);

* g'f = g: Cq — X and for any path y in Cq from a base pomt of W
to a segment or a circle of Q (resp. a coupon of Q) we have u/ oy = Uy
(resp. vfoy = Vy).

The weak e-homeomorphism (5.1.a) is an e-homeomorphism if the induced iso-
morphism Hy(0W;R) — Hj(0W’;R) maps A onto A’. It is clear that a (weak)
e-homeomorphism of extended G-manifolds induces a (weak) e-homeomorphism of
their boundaries.

Taking disjoint unions of connected extended G-manifolds with or without bound-
ary we obtain arbitrary extended G-manifolds. The notions of boundary and (weak)
e-homeomorphisms generalize to them in the obvious way.

5.2 Extended G-cobordisms. An extended G-cobordism is an arbitrary triple
(W,0_W,d,.W), where W is an extended (3-dimensional) G-manifold and d_W,
d4+ W are extended G-surfaces such that dW = (—d_W) LI 04+ W. We call o_W
and d4+ W the bottom base and the top base of W, respectively. For instance, any
extended G-manifold W gives rise to an extended G-cobordism (W, @, dW).

An e-homeomorphism (W,0-W,0,W) — (W',0_W’,d+W’) of extended G-
cobordisms is an e-homeomorphism W — W' carrying d+ W onto d+ W',
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Extended G-cobordisms can be glued as follows. Let (W, 0_W,,d+W;) be an
extended G-cobordism for r = 1,2 and let f: 0+ W; — 0_W, be an e-homeomor-
phism of extended G-surfaces. We can glue W; and W, along f into a cobordism
(W,0_-W,0+W) between 0_W = d_W; and 0.+ W = 94 W,. The orientations of
W1 and W, extend to an orientation of W. The given ribbon graphs 2; C W; and
Qy C W, are glued along f: Q; N d+W; — Q5 N d_W, into a ribbon graph
QC W.SetC = 0d4W; — (04 W1 N Q). By the assumptions on f, the given maps
g1: W1 —Q1 — X and go: Wo —Q, — X satisty g2 f|c = g1|c up to homotopy in
the class of maps C — X carrying the base points of d4 W to the base point x of X.
Deforming if necessary g1, we can assume that g, f'|c = g1|c as maps so that g1, g»
can be glued intoamap g: Cq = W —Q — X. If oW # @, then (R, g) is a
G-graph. If dW = @, then we choose the base point z of an arbitrary component of
0+ W1 C Int W to be the base point of Cq and endow 2 with the homomorphism
71(Cg,z) — G induced by g. The pair (2, g) is a G-graph. The given colorings
(u1,v1) of 27 and (u3, v3) of 5 induce a coloring (u, v) of 2 as follows. Suppose
first that 9W ## @. Consider a path y from a base point of W to the parallel 7 of
a 1-dimensional stratum ¢ of 2. Deforming if necessary y rel the endpoints, we can
expand y = y1y2...YnY’ , where each y; is a path in W; or in W, connecting the base
points of certain components of the boundary and y’ is a path in W, with r € {1, 2}
leading from a base point of W, to 7. Fori = 1,...,n, the path gy; is a loop in X
representing an element [gy;] of G. The coloring u, of €2, yields an object (u,),”
of €. Set

Uy = Plgyi1¥Plgyal - - - Playal (Ur)y).

The function v and the case dW = @ are treated similarly.

Examples of extended G-cobordisms are provided by cylinders over extended G-
surfaces. Consider an extended G-surface Y = (Y, P C Y,g: Y — P — X,u,A).
Endow Y x [0, 1] with the product orientation, where the interval [0, 1] is oriented from
left to right. Endow d(Y" x [0, 1]) = Y x {0, 1} with base points z x {0} and z x {1},
where z € Y — P runs over the base points of the components of T. Set Q2 = P x[0, 1]
and provide each segment p x [0, 1] (where p € P) with constant framing determined
by a vector representing the given tangent direction at p. We orient p x [0, 1] towards
p x {0} if the sign of p is + and towards p x {1} otherwise. Let pr be the projection
(T x[0,1]) =2 — T — P. The map g o pr turns 2 into a G-graph and the formula
Y > Uproy defines its coloring. Finally, we provide Y x [0, 1] with the Lagrangian
space in real 1-homology of the boundary equal to the direct sum of the copies of A in
H;(Y x0;R)andin H; (Y x 1; R). This turns the triple (Y x [0, 1], T x 0, T x 1) into
an extended G-cobordism whose bases are copies of Y. More generally, for @ € G,
we can define a twisted cylinder (Y x [0, 1])¥. It differs from Y x [0, 1] only by the
choice of the map (T x [0, 1]) — 2 — X and the coloring of 2 = P x [0, 1]. The map
in question is chosen so that its restriction to the bottom base is g and its restrictions to
segments z x [0, 1] are loops representing ! for all base points z of Y. The coloring
of  is chosen so that its restriction to the bottom base is equal to u. Then (T x [0, 1])“
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is an extended G -cobordism with bottom base Y and top base *Y .

5.3 The HQFT (Te, te). The HQFT (Te, te) derived from a modular crossed G-
category € comprises the 2-dimensional homotopy modular functor T¢ discussed in
Section 3 and a function te assigning to each extended 3-dimensional G-cobordism
(W,0_-W, 0+ W) a homomorphism

Te(W,0_W,0:W): Te(0_W) — Te(d4+W).

This homomorphism is multiplicative with respect to disjoint unions of extended
G-cobordisms and natural with respect to e-homeomorphisms. In the case where
0_W = 04 W = 0, the homomorphism te(W,d_W,0;:W): K — K is multipli-
cation by the invariant te (W) introduced in Section 2. If an extended G-cobordism
(W,0_W,d,.W) is obtained by gluing extended G-cobordisms (Wy,d_Wy, dLWp)
and (W,, 0_W,, 04+ W) along an e-homeomorphism f: 94 W; — d_W,, then

te(W,0_W, 0. W) = (DAZHM 1e(W,, 0_(W2), 04 (W2)) o
o fyote(Wr,0-(W1),04+(W1)),

where M € Z is the Maslov index determined by the given Lagrangian spaces in H;
of the bases as in [Tu2] (the number M does not depend on the maps to X). Finally,
for any extended G-surface Y, the endomorphism e (Y x [0,1], Y x 0, x 1) of
Te () is the identity. More generally, for any such Y and any @ € G, the operator
invariant of the twisted cylinder (T x [0, 1])* is nothing but the action of & discussed
in Section 3.6:

e (T x [0, ID*, 1,%Y) = o Te(T) — Te(®*Y).

The construction of (T¢, te) closely follows the construction of 3-dimensional
TQFTs from modular categories given in [Tu2] (the case G = {1}). First, one defines
the operator invariant for extended G-cobordisms whose boundary components are
parametrized, i.e., identified with standard G-surfaces in S3. (Only the geometric
position of the surfaces in S> is standard, the maps to X are arbitrary.) Second, one
uses these operators to define the action of weak e-homeomorphisms. Third, one
replaces the parametrizations with Lagrangian spaces in homology. We skip the details
and give here only one of the key lemmas whose proof is somewhat different from the
one in the case G = {1}.

54 Lemma. Let T C R? x [0, 1] be a tangle formed by a vertical interval t oriented
downward and its meridian m, both with zero framing. Sending all meridians of t
to 1 € G and all meridians of m to « € G, we turn T into a G-tangle Ty. Let
V € €, be a simple object in the neutral component of €. Let T (V') be Ty colored so
that m acquires the canonical color as in Section 2.2 and the target of T, is the
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triple (41,1 € G, V), see Figure VIL.1. Then the source of T (V') is the triple (+1,
1€ G,p,-1(V))and F(Ty(V)) € Home(py—1(V), V) is computed by

F(T,(V)) = {;’02 idy ifVis l:somorphic to 1 and €y # 0,
0 otherwise.

Proof. 1f €, = 0, then the canonical color of m is 0 and the claim is obvious. Suppose
from now on that €, # @. Pick an arbitrary object W of €. It necessarily belongs
to €g for some B € G. Consider the G-tangle T as in the statement of the lemma
with « replaced by B. We present Tg by a plane diagram with two crossings. We
attach W' to the arc of the diagram representing m and attach V' (resp. ¢g—1(V)) to
the arc incident to the output (resp. input). Denote the resulting colored G-tangle by
T%, see Figure VII.1. Its target is the triple (+1, 1 € G, V), and its source is the triple
(+1,1 € G,pg-1(V)).

—|—=1V) —|—=>@LV)
t m ! n
v /
(@o) | 1 g (V) Bw) — (1, 951 (W)
To(V) Ty

Figure VII.1. The tangles Ty (V') and T%.

We claim that
F(Tv‘;) F(To(pp-1(V))) = dim(W) F(Tga(V)): @g-15-1(V) = V. (5.4.a)

We first prove this equality and then deduce the claim of the lemma.
Gluing TWK on the top of Ty (¢g-1(V)) we obtain a colored G-tangle

T =Ty o Tu(pg-1 (V).

Geometrically, T consists of a vertical interval with two meridians and all framings
zero. Clearly,

F(T) = F(Ty) o F(Tu(pg-1(V))).

Sliding the upper circle of T along the lower circle, we can transform Tintoa disjoint

union of 7 (V') with the colored G -knot (or rather unknot) ZfV in R%x[0, 1] represented
by a plane circle labeled with (8, W). (An explicit splitting of this handle sliding as a
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composition of Kirby—Fenn—Rourke moves is given in [Tu2], p. 93). As in the proof
of Theorem 2.3,

F(T) = F(th, U Tgo (V) = F(£h,) F(Tpa(V)) = dim(W) F(Tga(V)).

This implies (5.4.a).

Now we can prove the claim of the lemma. If V' = 1, then formula (2.2.f) in
Chapter VI implies that we can push the circle component of T, (V') across the segment
component keeping the operator invariant. Therefore F(Ty(V)) = didg; where
dy € K is defined by (1.7.b). The equality d, = £? proven in Section 1.7 implies
that F(T,(V)) = D?idy.

It remains to show that if V' is not isomorphic to 1, then F(7,(V)) = 0. Let [
be the set of isomorphism classes of simple objects in €; and let {V; € €;};e; be
representatives of these classes. We can assume that V' = V; for a certaini € 1.
For W = V; with j € I, we compute F(TWK) € End(V) as follows. Since V is
simple, F(Ty,) = kidy with k € K. The closure of T, is the Hopf link whose
components are colored with V' = V; and W = V;. Therefore k dim(i) = S;;
where dim(i) = dim(V;). Hence k = (dim(i))~'S;,; where we use the invertibility
of dim(i) (Lemma 1.5). Substituting this in (5.4.a) (for § = 1) we obtain

(dim(i))~'S;,; F(Ta(V)) = dim(j) F(Ta(V)).
This holds for all j € I and implies that

D?F(Tu(V)) = Xi(dim(j))z F(T(V)) = (dim(i))~! X;dim(j) Si,j F(Ta(V)).
JE€ Jje

Since V' = V; is not isomorphic to 1, we have ) ., dim(;j)S;,; = 0 (see [Tu2],
formula (3.8.b)). Therefore D2F(T,(V)) = 0. We know that D is invertible in K.
Hence F(Ty(V)) = 0. O



Chapter VIII
Miscellaneous algebra

VIIL.1 Hopf G -coalgebras

1.1 Hopf algebras. We begin by recalling the standard definitions of quasitriangular
and ribbon Hopf algebras; see, for instance, [KRT], [Tu2]. A Hopf algebra over K
is a tuple (A4, A, ¢,s), where A is an associative K-algebra with unit 14, A: A —
A®2 = A® Aand e: A — K are algebra homomorphisms, S: A — A is an algebra
anti-automorphism such that A is coassociative and

(ids ® e)A = (e ®idg)A = idy: A — A,
m(S ®ida)A = m(idy ® S)A = lye: A — A,

where m is multiplication in A. Here and below by algebra (anti-)homomorphisms,
we mean algebra (anti-)homomorphisms carrying the unit to the unit.

Let A = (A, A,e¢,s) be a Hopf algebra over K. Denote the flip (permutation)
A®2 - A®2 by g. A pair (A, R € A®?) is a quasitriangular Hopf algebra if R is
invertible in A%2 and satisfies the following identities:

o(A(a)) = RA(@)R™! foralla € A,
(id4a ® A)(R) = Ri3R12,
(A ®idg)(R) = R13R23,

where Ry,, Ri3, Ry3 are elements of A®3 defined by

R =R®14, Rx;z=14Q®R,
Ri3 = (idg ® 0)(R12) = (0 ® idg)(R23).

The identities above imply the Yang—Baxter equality
R12R13R23 = Rz Ri3R12.

Let (A4, R) be a quasitriangular Hopf algebra. A triple (4, R, 0 € A) is a ribbon
Hopf algebra if 0 is an invertible element of the center of A such that S(6) = 6
and A(A) = @ ® 0)a(R)R. If A = (A, R,0) is a ribbon Hopf algebra, then
(A,0(R™1),671) is also a ribbon Hopf algebra.

1.2 Hopf G-coalgebras. Let G be a group. The notion of a G-coalgebra is dual to
the notion of a (unital) G-graded algebra. By a G-coalgebra over K, we mean a family
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of K-modules {A}yecc endowed with a K-homomorphism &1: A7 — K (the counit)
and a family of K-homomorphisms (the comultiplication)

A= {Aa,ﬂi Aaﬂ — Ay ® Aﬂ}a,ﬁeg
satisfying the following two axioms:

(1.2.1) A is coassociative in the sense that for any o, 8,y € G,
(Ag,p ®idg,)Agp,y = (idg, ® Ap ) A gy: Aapy — Aa @ Ap @ Ay,
(1.2.2) forany @ € G,
(id4, ® €1)Aq,1 = (61 ®ida,)A1,q = ida, : Aa = Ag.

A Hopf G-coalgebra over K is a G-coalgebra (A, A, ¢), where each Ay is an
associative K-algebra with multiplication m, and unit 1,, endowed with a family of
algebra anti-isomorphisms S = {Sy: Ay — A,—1}aecc (the antipode) such that

(1.2.3) the comultiplication Ay g: Agg — Ao ® Ap is an algebra homomorphism for
alla, B € G;

(1.2.4) the counitey: A; — K is an algebra homomorphism;

(1.2.5) forany « € G,

Me(Sy—1 ®ida,)Ay—1 4 = ma(idg, ® Su-1)Ay4-1 = lge1: A1 = Aq.
As a part of our conditions, for all &, 8 € G,

Agp(log) = 1a ® 1g, e1(ly1) =1k, Sa(lg) = ly-1.

Note also that the tuple (A1, Aj1, €1, S1) is a Hopf algebra in the usual sense of the
word. We call it the neutral component of the Hopf G-coalgebra A.

The notion of a Hopf G-coalgebra is not self-dual. It may be useful to study the dual
notion of a Hopf G -algebra but we shall not need it. Hopf G -coalgebras may be viewed
as multiplier Hopf algebras in the sense of Van Daele [VanD] with additional structure
(the G-cograding). This allows one to deduce many properties of Hopf G-coalgebras
from the work of Van Daele and his followers.

By a crossed Hopf G-coalgebra over K, we shall mean a Hopf G-coalgebra
({Aq}aca, A, €1, S) endowed with a family of algebra isomorphisms

¢ ={pa: Ap — Aaﬂa—l}a,ﬁeG
such that
(1.2.6) each ¢, preserves the counit, the antipode, and the comultiplication, i.e., for
any a, B,y € G,
&1 §0a|A1 = €1,
PaSp = Sapa—1¥a: Ap = Agg-10-1,
(9o ® 0a) Ay = Aypa—1 gya—t Yot Apy = Agpa—t ® Ayye-1:
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(1.2.7) @ is an action of G, i.e., Puor = Pa@q foralla,a’ € G.

Note that ¢4 (1g) = 1yp4-1 forall @, f € G and @y (A1) = A;. Restricting ¢ to
A1 we obtain an action of G on A; by Hopf algebra automorphisms.

We end this subsection with two examples of crossed Hopf G-coalgebras. Both
examples are derived from an action of G on a Hopf algebra (A4, A, ¢, S) over K by
Hopf algebra automorphisms. Set A® = {44}y Where for each @ € G, the algebra
Ay is a copy of A. Fix an identification isomorphism of algebras i, : A — A,. For
a,B € G, wedefine Ay g: Agg — Aa @ Ag by

Aa,ﬂ (iaﬁ (Cl)) = (2; iot(a/) ® iﬂ (a//)7

where a € A and A(a) = Z(a) a’ ® a” is the given comultiplication in A written in
Sweedler’s sigma notation. The counit e;: A; — K is defined by &1 (i1(a)) = €(a) €
K fora € A. For o € G, the antipode Sy : Ay — A,—1 is given by

Sa(ix(a)) = [g—1 (S(a)),

where a € A. For «, B € G, the homomorphism ¢y : Ag — Agyp,—1 is defined by
@a(ip(a)) = iypq—1(a(a)). The axioms of a crossed Hopf G-coalgebra for AC follow
directly from the definitions.

The second example differs only by the definitions of the comultiplication and the
antipode. Let AC be the same family of algebras {Aq = Alqeg With the same counit
and same action ¢ of G and with comultiplication Ea, g: Aop — Aq® Ag and antipode

Sq: Aq = Ay-1 such thatfora € 4,
Ao pliap(@) = Y ia(B(a) ®ig(a"),
(@
Salia(@)) = iy-1((S(@))) = i1 (S(@(a))).

The axioms of a crossed Hopf G-coalgebra for A© follow from the definitions. Both
A% and A are extensions of A since AIG = AlG = A; as Hopf algebras.

In particular, if G is a Lie group with Lie algebra g, then the universal enveloping
algebra U(g) has a canonical structure of a Hopf algebra and G acts on U(g) by Hopf

algebra automorphisms induced by the group conjugation. The constructions above
give crossed Hopf G-algebras

U@)° ={U@atacc and (U(8)° = {U(@)a}ucs-
where each U(g)y is a copy of U(g) sitting at o € G.

1.3 Quasitriangular Hopf G -coalgebras. Let A = ({A4}, A, €1, S, @) be acrossed
Hopf G-coalgebra. A universal R-matrix in A is a family of invertible elements

R ={Ryp € Ay ® Ag}a peG (1.3.a)

satisfying the following conditions:
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(1.3.1) forany o, B € G and a € Agg,

Rog Aap(a) = 0p,0((0g—1 ®ida,)Agpo-1,(a)) Ra g,

where o, isthe flip Ag ® Ay — Ag ® Ap;
(1.3.2) forany o, B,y € G,

(idAa & A,B,y)(Rot,ﬂy) = (Ra,y)l,B3 (Ra,B)IZy,
and

(Ag,p ®idg,)(Rap,y) = ((pg ®ida, )(Rg-14p,))183 (Rp,y)a23,
where for K-modules P, Q and r = Zj pj ®q; € P ® Q we set

r12y:r®1y€P®Q®Ay,

ra23=1a®reAa®P®Q,

rps =2 p®lp®q € P®Ap® 0:
J

(1.3.3) the family (1.3.a) is invariant under the homomorphisms ¢, i.e., for all «, 8,
y €G,
(Pa ® (pa)(Rﬂ,y) = Raﬂa—l,aya—l .
A crossed Hopf G-coalgebra endowed with a universal R-matrix is said to be
quasitriangular. 1t is easy to deduce from (1.3.1)—(1.3.3) the following Yang—Baxter
equality for R:

(Re,p)12y ((pp ®1da, ) (Rg-14p.4))183 (Rp.y)a23 = (Rp,y)a23 (Ray)1p3 (Ra,p)12y-

1.4 Ribbon Hopf G -coalgebras. Let A be a quasitriangular crossed Hopf G-coalge-
bra with universal R-matrix (1.3.a). A twist in A is a collection of invertible elements
{6y € Agy}aecc such that

(1.4.1) @g(a) = 0, aby foralla € G anda € Ag;
(14.2) S4(6y) = 0,-1 forall ¢ € G;
(1.4.3) foralla, B € G,

Aa,ﬂ (eaﬂ) = (0 ® 9/3) Uﬂ,a((idAg 02 (Pa)Rﬂ,a) Ra,ﬂ§
(1.4.4) ¢4(0p) = ppo—1 foralla, B € G.

A quasitriangular crossed Hopf G-coalgebra endowed with a twist is said to be
ribbon.

It follows from the definitions that the neutral component A; of A endowed with
Ri,1 € A1 ® A1 and 61 € A is aribbon Hopf algebra in the sense of Section 1.1. In
particular, the equality ¢; = id implies that 6, lies in the center of A;.

For G = 1, the notions introduced in Sections 1.3 and 1.4 boil down to the standard
notions of quasitriangular and ribbon Hopf algebras.
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1.5 Examples. We give two examples of a ribbon crossed Hopf G-coalgebra. Let
(A,A,¢e, S, R, 0) be aribbon Hopf algebra over K. An element « € A is group-like
if A(@) = o ® « and () = 1 € K. Any group-like « is invertible and S () = o~ !.
The group-like elements of A form a group G = G(A) under multiplication in A. For
a € G, the formula a — aao™! with a € A defines a Hopf algebra automorphism
of A. This gives an action of G on A by Hopf algebra automorphisms. Applying the
constructions of Section 1.2 to this action we obtain crossed Hopf G-coalgebras A%
and A®. We define a universal R-matrix and twist in A% by

Rup=(ia ®ip)(14a®a YR € Ay ® Ay and 0, = ig(6a™") € 4q,
where «, B € G. We define a universal R-matrix and twist in A% by
Rop=(a®ig)(R(BT'®14) €As ® Ag and Oy = ig(fa™') € Aq,

where o, B € G. A direct computation shows that (49, {Ro.g}a,peG 100 }acc) and
(AC, {Ea,,g Ya,BeG {0 }acc) are ribbon crossed Hopf G-coalgebras.

Group-like elements of a quantum universal enveloping algebra A = U,(g) are
well known. For instance, if ¢ = sI(N + 1) and ¢ is generic, then G(4) = ZV
is a free abelian group of rank N generated by the canonical group-like elements
Ki,..., Ky € A. If g is a primitive root of unity of order £, then one usually considers
a version A™ of A = U,;((N + 1)) with Kf = 1foralli =1,..., N (see [KRT]).
Then G(A™) = (Z/{Z)N .

1.6 Operations on Hopf group-coalgebras. Givena grouphomomorphismg: G’ —
G, we can pull back a Hopf G-coalgebra A along ¢g. This gives a Hopf G’-algebra
A" = q*(A) defined by A, = Ay@) for any « € G'. If A is crossed (resp. quasitri-
angular, ribbon), then A’ has the structure of a crossed (resp. quasitriangular, ribbon)
Hopf G’-algebra obtained by lifting the data from A to A’ in the obvious way. For
example, taking G = 1 and choosing as A any ribbon Hopf algebra, we obtain a ribbon
Hopf G’-algebra for any group G'.

Given a crossed Hopf G-coalgebra A = ({Aq}aes, A, €1, S, ¢), we define its
mirror A = ({Xa}aec, Z,él,g,gﬁ). Fora € G, set A, = Ay—1. Fora e /Taﬁ, set

Agpla) = (pp ®ida, )Ag-14-154-1(a)
= (ida,_, ® pg-1)As-1 g-19p(a) € Ay—1 ® Ag-1 = Ay ® /Tﬂ.

This defines a comultiplication Za,/g : fTaﬂ > Ay QA g- Set

Fora € G, set
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Finally, set ¢ = ¢q for all @ € G. By a direct computation it can be shown that
A = ({Aq}eec, A 21, S, @) is a crossed Hopf G-coalgebra. Moreover, if R, 6 are a
universal R-matrix and a twist in A, respectively, then the formulas

Ea’ﬂ = (O’ﬁ—l’a—l(Rﬂ—l,a—]))_l €Ay ® /Tﬁ, éa = (Qa—l)_l € Ag

define a universal R-matrix and a twist in A. It is easy to see that A = A.

For example, the crossed Hopf G-coalgebras A° and AC defined in Section 1.2
are mirrors of each other. The ribbon Hopf G-coalgebras A% and AC constructed in
Section 1.5 are related as follows: A is the mirror of B¢, where B = (4, (6(R))™!,
6! € A) and G = G(A) = G(B).

1.7 Category of representations. Itis well known that the category of representations
of a quasitriangular (resp. ribbon) Hopf algebra is a braided (resp. ribbon) monoidal
tensor category. Following this line, we associate with every Hopf G-coalgebra A =
({Aq}, A, e1,S) a category of representations Rep(A) with a natural structure of a
G-category. If A is crossed (resp. quasitriangular, ribbon) then Rep(A) is crossed
(resp. braided, ribbon).

By an A,-module, we mean a left Ay-module whose underlying K-module is
projective of finite type. (The unit of A, is supposed to act as the identity.) The
category Rep(A) is the disjoint union of the categories {Rep(A4y) }ocG, Where Rep(A4,)
is the category of Ay-modules and A,-homomorphisms. The tensor product and the
unit object T = K in Rep(A4) are defined in the usual way using the co-multiplication
A and the co-unit £;. The associativity morphisms are the standard identification
isomorphisms of modules (U @ V) @ W = U ® (V ® W); they will be suppressed
from the notation. The same applies to the structural morphisms /, 7 which are the
standard identificationsU K =U = K ® U.

For U € Rep(Ay), we set

U* = Homg (U, K) € Rep(Ay-1),

where each a € A,—1 acts as the transpose of x — S,—1(a)(x): U — U. The duality
morphism dy: U* ® U — 1 = K is the evaluation pairing; it determines by in the
usual way, cf. [Tu2], Chapter XI. The equalities (1.2.2) imply that dy;, by are A;-linear.

The automorphism ¢, of A defines an automorphism &, of Rep(4). If U €
Rep(Ap), then @y (U) has the same underlying K-module as U and eacha € A,g,-1
acts as multiplication by ¢, !(a) € A4 g. An Ag-homomorphism U — U’ is mapped
to itself viewed as an Ayg,—1-homomorphism. It is easy to check that Rep(4) is a
crossed G-category.

A universal R-matrix (1.3.a) in 4 induces a braiding in Rep(A) as follows. For
U € Rep(A4y) and V' € Rep(Ag), the braiding cyw: V @ W — YW @ V is the
composition of multiplication by R, g, permutation V @ W — W ® V and the K-
isomorphism W ® V = YW ® V which comes from the fact that W = YW as
K-modules. The axioms of a universal R-matrix imply that {cy,w }y,w is a braiding.
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A twist {4} in A induces a twist in Rep(A4): for any A,-module V', the morphism
Oy : V — YV is the composition of multiplication by 6, € A, and the identity map
V = YV. Conditions (1.4.1) and (1.4.4) imply that 8y is A,-linear. Condition VI1.2.3.1
follows from the definitions, Conditions VI.2.3.2-V1.2.3.4 follow from (1.4.2)—(1.4.4),
respectively. Thus, Rep(A) is a ribbon crossed G-category.

As an exercise, the reader may check that Rep(A4) = Rep(A4).

1.8 Remarks. 1. The idea of a Hopf group-coalgebra comes from the following
observation. Consider a topological group G. For @ € G, denote by C, = Cy(G)
the algebra of germs of continuous functions at @ € G. The group multiplication
G x G — G induces an algebra homomorphism C; — C; ® C; which turns C; into a
topological Hopf algebra. Similarly, the group multiplication in G induces an algebra
homomorphism Ay g: Cyp — Co ® Cg for any o, f € G. This turns the system of
algebras {C, }qeq into a (topological) Hopf G-coalgebra.

In this example we can compute A, g via Ay; and the adjoint action of G on
C; as follows. Observe that left multiplication by « induces an algebra isomorphism,
iq: C1 = Cy. Let x, y be two elements of G close to 1 € G. Then ax, 8y are close
to «, B, respectively. For f € Cq,

(o' ®ig")Aupliag(f))(X, 1) = Dapliag(f))(ax, By)
= igp (/) (@xBy)
= f((@B) " axBy)
= f(B~"xBy)
= A ()BT xB ).

This computation suggests the second example of Hopf G-coalgebras in Section 1.2.

2. In analogy with [RT] one can define a notion of a modular crossed Hopf G-
coalgebra. The category of representations of such a coalgebra is a modular crossed
G-category and thus gives a 3-dimensional HQFT.

3. There is a number of constructions of topological invariants of 3-manifolds from
Hopf algebras; see [TV], [BW2], [He], [Ku]. All these constructions can be generalized
to 3-dimensional G-manifolds, see Appendices 2 and 7.

4. The transfer defined for G-algebras in Section 1.4 and for group-categories
in Section 3 below can also be defined for crossed, quasitriangular, and ribbon Hopf
group-coalgebras. We leave the details to the reader.

5. There is a special case of the definitions above where all the crossed isomorphisms
{¢a}aec are the identity maps. Namely, assume that A4 is a Hopf G-coalgebra over an
abelian group G. Then the trivial homomorphism ¢ = 1: G — Aut(A) turns A into
a crossed Hopf G-coalgebra. In this case the definitions of the universal R-matrix and
the twist in A simplify considerably. Such quasitriangular crossed Hopf G -coalgebras
were first considered by T. Ohtsuki [Oh1], [Oh2]. He calls them colored Hopf algebras
and derives examples of such algebras from U (sl5).
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VIII.2 Canonical extensions

We show that any monoidal category canonically extends to a crossed group-category
in the sense of Section VI.2. Similarly, a braided (resp. ribbon) monoidal category
canonically extends to a braided (resp. ribbon) crossed group-category.

Throughout this section, the symbol € denotes a K-additive monoidal category
with left duality.

2.1 Crossed extensions of €. Observe that € is a {1}-category, where {1} is the
trivial group. Given a group G, the category € gives rise to a G-category € obtained
by pulling back € along the trivial homomorphism G — {1}. Thus, €% =[] s €,
where the objects of €9 are arbitrary pairs (U € €,a € G). A morphism of such
pairs (U, o) — (V,B) is 0 € Home (U, V) if &« # B and any element of Home (U, V)
if « = B. The operations on objects and the unit object are defined by

Ua)®(V.B)=U®V.af), (U.a)*=U*a"), Tec = (le. ).

The structural morphisms (1.1.a), (1.1.b), (1.1.e) of Chapter VI, as well as composition
and tensor product of morphisms are induced by the corresponding data in € in the
obvious way.

Assume that G acts on € by automorphisms, i.e., we have a homomorphism from
G to the group Aut(€) of automorphisms of € defined in Section VI.2.1 Then €¢
acquires a structure of a crossed G-category as follows. For o € G and (V, B) € €9,
set

0oV, B) = (@(V),afa™") € €Fy .
For a morphism f: (V, B) — (W, y) in €% with f € Home (V, W), set

9o (f) = a(f) € Home(a(V), a(W)).

The axioms of a crossed G-category follow directly from the definitions.

Applying this construction to G = Aut(€), we obtain an extension of € to a
crossed Aut(€)-category.

2.2 The group Autg(€). Denote by ide the identity functor € — € carrying each
object and each morphism of € into itself. Consider the group Gy = Auty(€) formed
by monoidal equivalences of ide to automorphisms of €. An element of Gy is a pair
(o € Aut(€), an invertible monoidal morphism of functors F: ide — «). The latter
means that for each object U € € we have an invertible morphism Fy: U — «a(U)
in € such that
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(i) for any morphism f: U — V in € the following diagram is commutative:

U Vv

FU\L lFV
a(U) 2L o vy,

(i) Fp = idy and Fygy = Fy ® Fy forany U,V € €.

The product of («, F), (&', F') € Gy is the pair (o', FF’), where for U € €, we
set (FF')y = Fyw)F{,: U — (aa’)(U). The set Gy with this multiplication is a
group with neutral element (¢ = ide, F = {idy }yece).

Forgetting F', we obtain a homomorphism i : Go — Aut(€) whose image consists
of automorphisms of € monoidally equivalent to ide. The key property of this image
is given by the following lemma.

2.2.1 Lemma. If € is braided, then all elements of i(Go) C Aut(€) preserve the
braiding. If € is ribbon, then all elements of i (Gg) preserve the twist.

Proof. Let{cy,y: U ®V — V ® U}y, yee be abraiding in € and («, F) € Gy. For
any U,V € €, we have a commutative diagram

cu.v

uev Veu
FU®V\L lFV@U (223.)
a(U) @ a(V) 20 4(v) @ a(U).

By the naturality of the braiding,

Fyeu cuy = (Fy ® Fy) cuy = cayav)(Fu ® Fy) = cow),av)Fuev.

Thus, replacing in (2.2.a) the bottom arrow by cg (1), (), We obtain a commutative
diagram. Since all arrows in (2.2.a) are invertible morphisms, ¢y @),o(v) = ®(cu,v).
Similarly, if {6y : U — U}yee is a twist in €, then for any U € €, we have a
commutative diagram
fu
U———U
Fyi l"”
[%
a(U) 2 o).

By the naturality of the twist, Fy 0y = 8w Fu. Hence a(0y) = 0y v)- O

2.3 Canonical extension of a braided category. Suppose additionally that the cat-
egory € is braided and set Go = Auty(€). We define a canonical extension of
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€ to a braided crossed Go-category. Applying the constructions of Section 2.1 to
the homomorphism i: Gy — Aut(€) we obtain a crossed G-category € = €0,
The braiding {cy,v: U @ V — V ® U}y vee in € induces a braiding in € as fol-
lows. Letu = (U, (a, F)),v = (V, (B, H)) be objects of ‘é where U,V € € and
(o, F), (B, H) € G. Observe that

uv=(UQYV. (a F)(B, H)),

O, F)(v) = (@(V), (@, F)(B, H) (&, F)71),
WU = ¢ (V)@u=((V)® U, (a F)(B. H)).

The invertible morphism (Fy ® idy)cy,y: U ® V — a(V) ® U in € defines an
invertible morphism ¢, »: u ® v > " @ u in €.

2.3.1 Theorem. The morphisms {cy»: U @V —> "W Qu | u,v € ‘é}form a braiding
in the crossed G-category €.

If € is a ribbon category, then the twist {6y : U — U}yee in € induces a twist in
€ as follows. Let u = U, (a, F)) € €. Then the invertible morphism Fy 0y : U —
a(U) in € defines an invertible morphism in ¢

Ou:u = "u = @, ry(u) = (2(U), (o, F)).
2.3.2 Theorem. The morphisms {6, |u € @} Sform a twist in €.

The proof of Theorems 2.3.1 and 2.3.2 consists in a routine verification of the
axioms, we leave it to the reader. Note that the neutral component of € is € with its
original braiding and twist. Therefore if € is modular, then so is €.

2.4 Remarks and examples. 1. Condition 2.2 (i) on a pair (¢, F') € Auty(€) shows
that the action of & on morphisms is completely determined by F. Setting F(U) =
a(U) for U € €, we can reformulate the definition of Aut, (€) entirely in terms of F'.
An element of Auty(€) is thus described as a pair (a bijection F from the set of objects
of € into itself, a system of invertible morphisms {Fy: U — F(U)}yee) such that
(i) F(1) = 1and Fq = idy;
(i) FU®V)=FU)® F(V)and Fygy = Fy ® Fy,forany U,V € €,
(iii) for any U € €, we have F(U*) = (F(U))* and Fy= = ((Fy)*)™!, where
(Fy)*: (F(U))* — U™ is the transpose of Fy .

2. Consider the ribbon crossed G -category € = €(a, b, ¢, ) from Example VI.2.6,
and assume additionally that the group G is abelian. Then ¢, = id for all @ € G, and
so € is a ribbon monoidal category in the usual sense of the word. Any automorphism
of € monoidally equivalent to ide is equal to ide since all non-zero morphisms in €

are proportional to the identity morphisms of objects. An element (¢, F') € Auty(€) is
therefore completely determined by the map U + Fy € Home(U,U) = K, where
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U runs over the elements of G. The inclusion («, F) € Auty(€) is equivalent to the
condition that this map is a group homomorphism from G to the group K* of invertible
elements of K. Hence, Auty(€) = Hom(G K*) = G*. By Section 2.3, € gives rise
to a ribbon crossed G *-category € =e0".

3. Let G be a topological group and € = Rep(G) be the category of G-modules
(i.e., the category of linear representations of G in projective K-modules of finite rank
and G-linear homomorphisms). Itis clear that € is a K-additive monoidal category with
left duality. This category is braided (in fact symmetric) with braiding given by the flips
(permutations) U ® V' — V ® U. The category € is ribbon with 8y = idy: U — U
for all U € €. We define a homomorphism

G — Autyg(€), g (a8, F?), (2.4.a)

as follows. For g € G, the functor «®: € — € carries an arbitrary G-module
(U,pv: G — End(U)) into the same K-module U, where each i € G acts as
pou (g 'hg). The functor af carries each G-linear homomorphism to itself. It is
clear that «¥ € Aut(€). The morphism Fj: U — «f(U) in € carries any u € U
to pu(g~")(u) € U. The family {Ff}yee satisfies the conditions of Section 2.2.
Thus, (@8, F&) € Auty(€). Pulling back the canonical extension Cof € along the
homomorphism (2.4.a) we obtain a ribbon crossed G-category (Rep(G))©.

If G is a semisimple complex connected Lie group with Lie algebra g, then
Rep(G) = Rep(U(g)). It would be interesting to find a quantum deformation of the
ribbon crossed G-category (Rep(G))® = (Rep(U(g)))¢ generalizing the deformation
Rep(U,(g)) of Rep(U(g)) arising in the theory of quantum groups.

VIIL.3 Transfer of categories

In this section, H is a subgroup of a group G. We derive from each H -category € a
G-category € called the transfer of €. If € is crossed (resp. braided, ribbon), then ¢
is crossed (resp. braided, ribbon).

3.1 Transfer of H -categories. Consider an H-category € = | [,.y €r. We con-

struct its transfer © as follows. Fix a representative w; € G for each right coset
i € H\Gsothati = Hw; C G. Fora € G, set

N(o) = {i € H\G | wjaw; ' € H}.
An object of Cisa triple

(o € G, asubset (possibly empty) A of N(«), a family {U; € Ew,-awi_l Yiea).



VIIL.3 Transfer of categories 197

For such a triple U = (o, 4,{U;}), set U = « and |U| = A. The set of morphisms
U — U’ in € is defined by

0 ity #U’,
Homg (U, U') = {H Home (U UN iU < U’
iejuinw) Home (Ui, U)) iU =U".

Thus, in the case U = U’, a morphism f: U — U’ in € is a family
{fi: Ui > Ullicuiniv]

of morphisms in €. We view f; as the i-th coordinate of /. IfU # U’, then f; = 0
foralli € |[U| N |U'|. The K-linear structure in Homg (U, U’) is coordinate-wise.
The composition of two morphisms f: U — U’ and f': U’ — U” in € is defined in
the coordinates by

'y, fifi: U= U/ ifi e|U[N|U'|N|U"],
i = 0: Uy — U/ iti e ([UIN|U"|)—|U'|.
The composition is associative because the composition of morphisms in € is associa-
tive and the composition of a zero morphism in € with any morphism is equal to zero.
This defines € as a K-additive category. Clearly, € = [ [,cg €a, Where €, is the full
subcategory of € formed by the objects U with U = «.

The unit object of € is the triple (1 € G, A = H\G,{U; = Te}ica). The duality
and tensor product for objects of € are defined by

(@ A, {Ui}ica)" = (@', A {U] Sica),
(o, A, {Ui}iea) ® (B, B,{V;}jeB) = (af, AN B, {U; ® Vi}icanB).

Note that N(«) = N(a™!) and the inclusions A C N(«), B C N(B) imply that
AN B C N(ap). Clearly, |[U*| = |U|and |U @ V| = |U| N |V].
The tensor product of morphisms f: U — U’ and g: V — V’ is defined by

(f®gi=/fi®vg:UdVi—=>U oV,

foralli € |U|N|V|N|U'|N|V'|. It is a simple exercise to check the identity
(f'@eNf®e)=rff®8s .

The structural morphisms a, [, r, b, d in € are defined coordinate-wise and their
coordinates are the corresponding structural morphisms in €. In particular, for every
Ue€t€ wedefineby: 1 - U®U*by (by); = by;: 1 — U; ® (U;)* for all
i € |U| Similarly, (dU),' = dU,-a (ZU),' = lUi’ and (rU),' = ry; foralli € |U|
The associativity morphisms are defined by (ay,v,w)i = auy,,v;,w; for all indices
i € |U|N|V|N|W]|. The naturality of a, [, r and the identities (1.1.c), (1.1.d), (1.1.f),
(1.1.g) in Chapter VI follow from the corresponding properties of €.
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3.2 Transfer of crossed H -categories. The transfer € of a crossed H -category
(€,9: H — Aut(¥)) is a crossed G-category as follows. We only need to define
the action of G on €. Fix the representatives w; € i for i € H\G used in the con-
struction of €. Consider the left action of G on H\G defined by a(i) = ia~! for
a € Gandi € H\G. We have Hwy;) = Hwja ! so that &; = wgyew; ! € H for
alla € G,i € H\G.

For B € G,the map j > a( ) carries bijectively N(B) onto N(aBa ™). Forevery
Jj € N(B), we have the functor

wg(HeBeH (wa) !

Pa - €wjﬂw_71 - €

Given an object V = (8, B,{V}};eB) of @ﬂ, we apply {¢q, }jep coordinate-wise to
obtain an object @ (V) = (xfa™!, a(B), {9a; (V) }jeB) of “éaﬂa_l . More precisely,

(Zot(V) = (aﬂa_lva(B)’ {(paa_l(i)(va_l(i))}iEOt(B))‘

Clearly, |@o (V)| = a(]V|). The action of @, on a morphism f: V — V' is given in
the coordinates by the formula

Pa(f) = 10ay—1;, (fa—16)t Va16) = V=1 y)HicaqV pnaqv)-

The functor @, preserves the structural morphisms in € because by assumptions the
functors {¢q, }; preserve the structural morphisms in €. The pair (€, ¢) is a crossed
G-category. Its isomorphism class does not depend on the choice of w; € i.

3.3 Transfer of braided and ribbon H -categories. If € is a braided crossed H -
category, then its transfer € acquires a structure of a braided G-category as follows.
Consider any objects U = (o, A, {U; }iea) and V = (B, B, {V}};en) of €. By defini-
tion,
UV = (B, AN B,{U; ® Vi}icanp),
W= Gu(V) = (@Bt a(B) ¢, 1 ;, Vam1())}ica(®):
VU = (@B a(B)N A A¢a, . ;, Va-1) ® Uilica®na)-
The latter expression simplifies if we observe that for any i € N(«), we have Hw; =

Hw;o~" and therefore «(i) = i. This implies that the mapi — «(i): H\G — H\G
is the identity on A. Hence,«(B)N A= BNA = AN B and

V@ U = (@B. AN B.{¢ps,(V}) ® Ui}icanp)-
We define a morphismcy,y: U @ V — UV ® U by its coordinates

(cuy)i =cu,v,: Ui @ Vi = ¢o; (Vi) ® Ui,
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where i runs over A N B and cy, y; is the braiding in €. Note that
(pa,’(Vi) = %)iaw[—l(vi) = UI(VI)

The morphisms {cy,y }y,v satisfy the axioms of a braiding in the crossed G-category
‘é; this is easily verified coordinate-wise. R

Similarly, if € is a ribbon crossed H -category, then its transfer € has a structure
of a ribbon G-category. For an object U = (a, A, {U;}icq) € €, we have YU =
(a0, A, {@a; (U)}iea). Here o = wjaw; ' so that ¢q, (U;) = Ui(U;). The twist
Oy : U — YU is defined by its coordinates (Ay); = Ou, : Ui — Ui(U;), where i runs
over A. The morphisms {0y }y satisfy the axioms of a twist in the braided G-cate-
gory €. R

The algebra of endomorphisms of the unit object of € is computed by

Endg(13) = (Ende(le))!¢ #1.

Therefore, unfortunately, the transfer of an H -category cannot yield a modular G-
category except in the uninteresting case H = G.

VIIL.4 Quasi-abelian cohomology of groups

4.1 Quasi-abelian cohomology. Leta = {aq g, € K*}4 p,yec be a 3-cocycle of a
group G with values in K* and ¢ = {cq,g € K™} gec be a family of elements of K*.
Equations (2.6.2), (2.6.¢), (2.6.¢), (2.6.f) in Chapter VI, on the pair (a, ¢) are equivalent
to the equations introduced by C. Ospel [Osp1], [Osp2] from a different viewpoint (in
his notation cq g = Qg and aq g, = f(a, B, y)). Following Ospel, we call such
pairs (a, c¢) satisfying (2.6.a), (2.6.c), (2.6.e), (2.6.f) quasi-abelian 3-cocycles on G.
Examples of quasi-abelian 3-cocycles are provided by pairs (a, c) where a = 1 and ¢
is an arbitrary bilinear form H,(G) x H1(G) — K*, (&, B) = ca .

Quasi-abelian 3-cocycles (a, c¢) on G form a commutative group under pointwise
multiplication with unit (a,c) = (1, 1). This group contains the coboundaries of the
conjugation invariant 2-cochains. A conjugation invariant 2-cochainisamap G xG —
K*, (&, B) > ng,p such that ng,s—1 sps—1 = N, forall e, B,8 € G. Its coboundary
is defined by

-1 —1 —1
aa,ﬂ,y = r’l)l,ﬁ naﬂ,yna,ﬂynﬂ,y’ cOl,,B = r]a,ﬁ nﬂ,a

for all @, B,y € G. A direct computation shows that this pair (a, ¢) is a quasi-abelian
3-cocycle. The quotient of the group of quasi-abelian 3-cocycles by the subgroup
of coboundaries is the group H ;’a (G; K*) of quasi-abelian cohomology of G. Invo-
lution (2.6.1) (Chapter VI), transforms the subgroup of coboundaries into itself and
defines an involution on H ;a (G; K*). Forgetting ¢ we obtain a homomorphism to the

standard cohomology H,,(G; K*) — H3(G: K™).
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The constructions of Section VI.2.6 associate with any quasi-abelian 3-cocycle of G
and a conjugation invariant family {b, € K™}y a certain braided crossed G -category
€. A twist in € is determined by a family {8, € K*},e¢ satisfying equations (2.6.g),
(2.6.h) in Chapter VI. The next lemma describes all twists in €.

4.2 Lemma. Let (a,c) be a quasi-abelian 3-cocycle of G. Then {0y = Cu.0}acG
satisfies (2.6.g), (2.6.h) (Chapter VI). A general solution to (2.6.g), (2.6.h) is the product
of this solution with a group homomorphism G — {k € K | k? =1} C K*.

Proof. Tt is obvious that any two solutions to (2.6.g) (with given c) are obtained from
each other by multiplication by a group homomorphism G — K*. The condition
8,—1 = 04 holds if and only if this homomorphism takes values in the group {k € K |
k% =1}

Let us prove that {8, = cq.}acc satisfies (2.6.g). A direct computation using
consecutively (2.6.e), (2.6.f), (2.6.a) (Chapter VI) yields

CaBaf = Ca’aCﬁ’ﬂCa,ﬂC'B’a(Claﬂ’a’ﬂCla,ﬂ,aﬂ)_laaﬂaﬂ—la—]’aﬁ’ﬁaﬂaﬂ—l,ﬂ’aaalga—]’a,lg.
Formula (2.6.g) is equivalent to the fact that the product on the second line is equal to 1.
This equality can be deduced from (1.3.a) (Chapter VI) by applying the substitution
a > BaBly > a,8 — a~! Ba and using (2.6.a).

It remains to check that ¢,—1 41 = Cq,¢ for all a. Applying (2.6.6)to B =y =1
we obtain ¢y,1 = @a.1,1 a1,1,4- Applying (2.6.€)to B = @,y = ! we obtain

—1 —1
Coo—! = CqqCa1 g1 g = Cyola,1,101,1,a dg,0—1 o-

Similarly, substituting 8 = § = 1,y =aand B = a,y = § = o~ ! in (2.6.) we
obtain ¢1 4 = (dg.1,1a1,1,¢)" " and

_ -1 __ —1
Ca—lg—1 = Cq g1 (Coe,a_l aa_l,a,a—l) = (Ca,a—l Ag—11,1491,1,0—! aa_l,a,a—l) .

Substituting here the expressions for ¢,, ,—1 obtained above and using that the right-hand
sides of (1.3.b) and (1.3.c) in Chapter VI, are equal we obtain ¢,—1 41 = Cq,a- O

VIIL.S Remarks on group-algebras

5.1 Push-forward for group-algebras. Consider a group homomorphism ¢: G’ —
G. We can push forward any G’-algebra L' along ¢ to obtain a G-algebra L = g.(L’).
By definition, for ¢ € G,
Lyo= & L,
ueg—1(a)
Multiplication in L is induced by multiplication in L’ in the obvious way. Note that
L = L’ as algebras because
L=@Lu= @ L, =L

aeG ueG’
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Suppose that L’ is a crossed G-algebra with automorphisms {¢,, },ecc’. Suppose
also that the homomorphism ¢: G’ — G is surjective and its kernel I' = Ker ¢ is finite
and is contained both in the center of G’ and in Ker ¢’. Then ¢’ induces an action ¢ of
G on L by ¢y = ¢/, forany @ € G andu € ¢~ (). Here we use the equality L = L’
above. We claim that L is a crossed G-algebra. Axioms (3.1.1)—(3.1.3) in Chapter II
for ¢ directly follow from the corresponding axioms for ¢’. Let us check Axiom
(3.14). Leta,B € G and ¢ € Lygy—15-1. Note that for u € g Ya), v € g71(B),
the commutator uvu~!'v™! does not depend on the choice of u and v. Denote this
commutator by wy g. To check equality (3.1.a) in Chapter II it suffices to consider the
case where ¢ € L, with w € ¢~ (¢Ba~!B71). The homomorphism

He ©p ZI/LC(/’;:La_)La

carries a direct summand L/, of Ly (with u € ¢~!(a)) into L' .- Therefore

Tr(pe pp: La = La) = ; Tr(ue @): L), — L)
'll]),tUEL:['U - 1( Dt=)u
_ e Tre vy Ly = L) ifw = wep,
0 otherwise.

The assumption ¢'(I") = 1 implies that the trace Tr(u. ¢,: L, — L)) does not
depend on the choice of v in g~ (B). The same argument together with formula (3.1.a)
in Chapter II for L’ show that in the case w = wg, g, this trace does not depend on the
choice of u in ¢! («). Hence, for any u € ¢~ ' () and v € g~ (B),

I|'T 'L — L) ifw= ,
TI‘(,LLC ¢B: Ly — L(x) — | | r(/LC (298 u = u) if w ‘wa,ﬂ
0 otherwise.

Similarly,

Tr(Pg-1ptc: Lp — Lg) = > Tr(g)_pe: Ly, — Ly)
veq—1(B)
v=u71wvu

_ IT| Tr(g, —1pe: Ly, = Ly) ifw = wgp,
0 otherwise.

Now, Axiom (3.1.4) for L follows from Axiom (3.1.1) for L.

If L’ is a crossed Frobenius G’-algebra, then under the same assumptions on ¢, the
push-forward L of L’ is a crossed Frobenius G-algebra.

As an example, consider the standard structure of a crossed G’-algebra on the group
ring K[G']. Let G be the quotient of G’ by a finite subgroup I' of the center of G'.
By the construction above, we obtain a structure of a crossed Frobenius G-algebra on
the same ring L = K|[G']. Here G acts on L by conjugations and the inner product
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n is given by n(u,v) = 8L, for u,v € G’, where § is the Kronecker delta. By
definition, Ly = u K[T'], for any liftu € G’ of @ € G. It is worthwhile to note natural
deformations of 7 in the class of inner products. Namely, choose a non-degenerate
symmetric bilinear form p: L1 x Ly — K on L; = K|[I'] such that the pair (L1, p)
is a Frobenius algebra. (There are many such forms as it is easy to see for cyclic I'".)
We define an inner product ,: L ® L — K by ny(Le ® Lg) = S;ﬂ plab, 11) for
anya € Ly,b € Lg witha, 8 € G. Then (L, 1)) is a crossed Frobenius G-algebra.

If K has a ring involution K — K,k + k such that p(u™!,v™') = p(u,v) for any
u,v € T, then the antilinear involution in L = K[G'] carrying each u € G’ to u™! is

Hermitian.

5.2 Crossed group-algebras from algebra automorphisms. Let us consider a
crossed Frobenius G-algebra L such that L, = 0 for all « # 1. Axioms (2.1.1)—
(2.1.3), p. 24, and (3.1.1)—(3.1.3), p. 25, amount to saying that L; is a commutative
Frobenius algebra with an action of G by algebra automorphisms preserving the inner
product. We call such L, a G-equivariant Frobenius algebra. Axiom (3.1.4) means
that the action of G is traceless in the sense that Tr(ue ¢o: L1 — Li) = 0 for all
¢ € Ly and @ # 1. Thus, any traceless G-equivariant Frobenius algebra extends to a
crossed Frobenius G -algebra such that L, = 0 for o # 1. Note that the tensor product
L1 ® L of two G-equivariant Frobenius algebras is a G-equivariant Frobenius algebra.
If Ly or L is traceless, then sois L1 ® L.

Equivariant Frobenius algebras naturally arise in the study of groups of home-
omorphisms of manifolds. Consider a closed connected oriented even-dimensional
manifold M and set L} = L1(M) = @Brerz H¥(M:; Q). Multiplication in L is
the cup-product and the inner product on L is defined by (a,b) — (a U b)([M]).
Clearly, L, is a commutative Frobenius algebra. Now, any group G of orienta-
tion preserving self-homeomorphisms of M acts on L; via induced homomorphisms.
Clearly, Tr(pe ax: L1 — L) = 0foralla € G and ¢ € H*(M; Q) with k > 0.
The only restriction arises from ¢ = 1 € H°(M;Q) and consists in the identity
Tr(as: Ly — Lq1) = 0 for all « € G — {1}. For instance, consider an orientation-
reversing involution of the 2n-dimensional sphere j,: S?" — S2". Itis clear that the
action of j, on H*(S?"; Q) has a zero trace. Therefore for any orientation-reversing
involution j: M — M, the product j, x j: §?" x M — §?" x M induces an
endomorphism of L (S2" x M) with zero trace. For example, j, X j, is an endomor-
phism of L (S2" x S2™) with zero trace. This construction yields examples of traceless
Z |27 -equivariant Frobenius algebras and hence of crossed Frobenius Z /27 -algebras.

Here is another (related) construction of traceless G -equivariant Frobenius algebras.
Consider a fixed point free group G of orientation preserving self-homeomorphisms
of a manifold M as above. By the Lefschetz theorem, the super-trace of the induced
actionof G on @, H k(M Q) is zero. If M has only even-dimensional cohomology,
this gives a traceless G-equivariant Frobenius algebra. This example suggests a notion
of a crossed super-G-algebra.
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5.3 Further examples of Frobenius G -algebras. Let {V}ses be a family of K-
modules labeled by elements of a finite set S. With every left action of G on § we
associate a G-algebra L = @, La, Where

Loy = @ Hom(Vs, Vas))-

seS

Each element a € L, is determined by its “coordinates”
{as S Hom(Vs, Va(s))}sES-

The K-linear structure in L is coordinate-wise. Fora € Ly and b € Lg, the product
ab € Lyg is defined in coordinates by (ab)s; = ag)bs € Hom(Vy, Vyg(s)). This
multiplication turns L into a G-algebra with unit @, idy,.

Another interesting G-algebra R = @, R« is defined by

Ry = @ Hom(Vy, V).

seS

The K-module R, is additively generated by the vectors a = ®gas where a; €
Hom(Vy, Vy(s)) fors € S. If b = ®bs € Rg with by € Hom(Vs, Vg(y)), then we set
ab = ®sags)bs € Ryp. This extends by linearity to an associative multiplication on
R with unit ®; idy;,.

5.4 Exercises. 1. Verify that the G-algebra L defined in Section 5.3 is biangular if
and only if either V; = 0 for all s € S or Dim V5 € K does not depend on s and is
invertible in K. (Hint: use the following property of the trace. Let P and Q be free
K-modules of finite rank. Then for any £ € Hom(Q, Q) and ' € Hom(P, P), the
trace of the endomorphism of Hom(P, Q) carrying f € Hom(P, Q) to £f £’ is equal
to Tr(£) Tr(¢').)

2. Verify that the G-algebra R defined in Section 5.3 is biangular if and only if is
either Vy = O forall s € S or Dim V € K is invertible in K forall s € S.

3. Let G be a finite group. Any G-algebra L = @ ,.; La gives rise to another
G-algebra L = @,c; Ly, where L, = Do.wec Loaw - Multiplication in L is
defined by Lwlalwi szazwg = 0 unless w|w, = 1 and then it is multiplication in L

La)loq(ui X La)zazwé - La)locloqmé - Lalaz-

Verify that if the underlying algebra of L is non-degenerate, then Lis biangular.






Appendix 1
Relative HQFT's

The definition of an HQFT can be generalized in various directions. For example, one
can extend the class of manifolds and cobordisms by allowing manifolds with boundary
and cobordisms with corners. One can also extend the class of maps to the target space
X by allowing maps to carry the base points to a fixed subspace of X rather than to the
base point. This leads us to a notion of a relative HQFT. Relative HQFTs include as
a special case the so-called open-closed TQFTs introduced and studied by G. Moore
and G. Segal [Mo], [MS]; see also [LP1], [LP2].

We outline here the definition of arelative HQFT and discuss the algebraic structures
underlying certain 2-dimensional relative HQFTs.

1 Preliminaries. A manifold with boundary M is said to be d-pointed if all closed
components of M and all components of dM are pointed. The distinguished points of
the closed components of M and of the components of dM are called the base points
of M.

Fix a connected CW-space X and its three CW-subspaces X, Y, Y~ such that
Y D Y~. Denote the tuple (X, X, Y,Y ™) by X4. By an X-manifold, we mean
a pair (a d-pointed compact oriented manifold M, a map g: M — X) such that
g(0M) C Y and g carries the base points of the closed components of M to X~ and
the base points of the components of dM to Y ~.

A disjoint union of X -manifolds is an X4 -manifold in the obvious way. An empty
set is considered as an X ;-manifold of any given dimension. An X -homeomorphism
of X -manifolds f: (M, g) — (M’,g’) is a base point preserving and orientation
preserving diffeomorphism such that g = g’ 1.

By a (d + 1)-dimensional cobordism with corners, we mean a tuple (W, My, M1),
where W is a compact oriented (d + 1)-dimensional manifold, My, M; are disjoint
d-pointed compact oriented d-dimensional submanifolds of dW, and the orientation
of M; (resp. of My) is induced by that of W (resp. of —W). Set

9o W = W — (Int Mo U Int M,).

The d-dimensional cobordism (d, W, dMy, dM;) is the boundary of (W, My, My).
Clearly, 0,(d.W) = @.

An X4 -cobordism is a cobordism with corners (W, My, M) endowed with a map
g: W — X such that g(doW) C Y and g carries the base points of the closed
components of My, M; to X~ and the base points of dMy, 0M; to Y ~. Both M,
and M; are then X-manifolds with maps to X obtained by restricting g. Gluings
and X4 -homeomorphisms of X -cobordisms are defined as in Section I.1.1 with the
obvious changes.
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2 Relative HQFTs. Let X4 = (X, X, Y, Y ™) be as above. For an integer d > 0, a
relative (d + 1)-dimensional Homotopy Quantum Field Theory (A, T) with target X +,
or shorter a relative (d + 1)-dimensional X +-HQFT assigns a projective K-module of
finite type Aps to any d-dimensional X -manifold M, a K-isomorphism fi: Ay —
Apg to any X4 -homeomorphism of d -dimensional X -manifolds f': M — M’, and
a K-homomorphism t(W): Ay, — Am, to any (d + 1)-dimensional X -cobordism
(W, My, My). These modules and homomorphisms should satisfy eight axioms ob-
tained from the Axioms (1.2.1)—(1.2.8) in Chapter I by replacing X with X. In
the analogue of Axiom (1.2.8) we consider only homotopies in the class of maps
W — X constant on dW and carrying doW to Y. For example, if ¥ = @ and
X~ is a one-point set, then we recover the definition of an X-HQFT in Chapter 1.
In the remaining part of this Appendix, HQFTs in the sense of Chapter I are called
absolute HQFTs.

All definitions and results of Chapter I can be generalized to relative HQFTs. In
particular, any § € H4T1(X,Y; K*) determines a relative (d + 1)-dimensional X -
HQFT (4%, t9). As in Section 1.1.4, we can define a category Q4,1(X4) of relative
(d +1)-dimensional X -HQFTs. The construction X+ + Q441(X4)iscontravariant
with respect to maps of tuples f: X4 — X4 where X is a 4-tuple consisting of a
connected CW-space X and its CW-subspaces X —,Y DY and fisamap X — X
such that f(X7) € X—, f(Y) C Y, and f(Y~) C Y~. The induced functor
Qa+1(X4) = Qg+1(Xy) is obtained by composing the maps to X4 with f. In
particular, for any point x € X, we can take X4 = (X, x,0,@) and f =idy: X —
X and obtain thus a functor Q441(X4+) — Qg41(X) which associates with a relative
X +-HQFT the induced absolute X -HQFT .

The boundary functor

0.Y.YNY™,0,0) > Qui1 (X, XY, Y")

transforms a d -dimensional HQFT (4, ) with target (Y, Y NY ~, @, @) into the (d + 1)-
dimensional X+-HQFT M +— Ay, W > t(d.W).

3 The case d = 1. For d = 1, we enjoy a minor technical simplification due to
the fact that connected 0-dimensional manifolds are points and thus are automatically
pointed. To turn a 1-dimensional manifold M into a d-pointed manifold, it is enough
to specify a base point on each closed component of M. The set of base points of M
is then the union of dM with the set of base points of the closed components of M.
By an X4-curve, we shall mean a 1-dimensional X-manifold, i.e., a pair (a
d-pointed compact oriented 1-dimensional manifold M, a map g: M — X) such
that g(dM) C Y~ and g carries the base points of the closed components of M to
X~. By an X -surface, we shall mean a 2-dimensional X4 -cobordism, i.e., a tuple
(W, My, My,g: W — X), where W is a compact oriented surface, My, M, are dis-
joint d-pointed compact oriented 1-dimensional submanifolds of dW with orientation
of M; (resp. of My) induced by that of W (resp. of —W), g(dMo U 0M1) C Y,
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g(0.W) C Y, and g carries the base points of the closed components of My, M;
to X~

Relative 2-dimensional HQFTs with target (X, x, X, x) were studied by Moore
and Segal [Mo], [MS]. For a description of the algebraic structures underlying these
HQFTs, see [MS], Theorem 7.

We analyze here the algebraic structures underlying a relative 2-dimensional HQFT
(A, ) with target X4 = (X,x,x,x), where X = K(G,1) and x € X. (In the
notation above, X~ = Y = Y~ = {x}.) First of all, restricting (A4, ) to closed
1-manifolds and cobordisms between them, we obtain the induced absolute X -HQFT.
Let (L = @yeg La- 1. ¢) beits underlying crossed Frobenius G-algebra.

Further algebraic data is derived from (A4, t) as follows. Set I = [0, 1] with
orientation from O to 1 and represent any ¢ € G = m;(X,x) byaloopa: I — X
beginning and ending at x. The pair M, = (I, &) is an X4 -curve. Then B, = Ay,
is a projective K-module of finite type. As in Section III.1.1, this module does not
depend on the choice of & in its homotopy class (up to canonical isomorphism).

The K-module B = @,; B« has an algebra structure as follows. Let o, B € G
be represented by loops 07,,3 : I _— X, respectively. Let 1, be the constant loop
I — {x}. We defineapatha 1, 8: I — X by

a(3r) ift €[0,1/3],
alB(t)={x ifr €[1/3,2/3],
B3t —2) ifre2/3.1].

The path &1 xﬁ is homotopic to the product path 075 . Any homotopy between these
two paths determines an X -surface V, g = [ 2 = ] x I with bottom base My =
([0,1/3]x0)U([2/3, 1] x0) and top base M; = I x 1; see Figure 1.1, where the dotted
lines represent the boundary of the cobordism (always carried to {x} in this context).
The homomorphism

‘[(Va’ﬂ)I B, ® Bﬁ = AM0 — AM1 = Baﬁ (3.2)

does not depend on the choice of &, B in their homotopy classes or the choice of the
homotopy between & 1, 8 and & 8. The homomorphism (3.a) defines an associative
multiplication in B. Generally speaking, this multiplication is non-commutative.

The constant mapping /2 — {x} can be considered as an X -surface with empty
bottom base and top base 1,; see the left diagram in Figure 1.2. The associated
homomorphism K — Bj carries 1 € K to the two-sided unit of B. The same mapping
I? — {x} canbe viewed as an X ; -surface with bottom base 1, and empty top base; see
the right diagram in Figure 1.2. The associated homomorphism f: B; — K induces
an inner product on B whose value on a pair (@ € By, b € Bg) is zero if af # 1 and
is f(ab) if o = 1. In this way, B becomes a Frobenius G -algebra (exercise).

The last piece of the algebraic data underlying (A4, ) isahomomorphism:: L. — B
carrying Ly to By forall € G. To define ¢, consider the upper and lower half-circles
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(oriented clockwise)

S}r={266||z|=l,lm(2)20}, Sl:{zeC||Z|:1,Im(z)§O}.

ap
. M,

Figure 1.2. Two X4 -surfaces with bases @ and 1.

Represent @ € G by aloop S! — X carrying S! to {x}. Leta@: S! x I — X be
the composition of the projection S' x I — S! with this loop. We view the pair
Wy = (S! x I,&) as an X-surface with bottom base My = S! x {0} and top base
M; = S; x {1}; see Figure 1.3. Set

tlpy, =t(We): Lo = AMy — Am, = Bq.

This defines a K-linear homomorphism ¢: L — B.

The homomorphism ¢: L — B is an algebra homomorphism. A pictorial proof is
givenin Figure 1.4, where the left-hand side computes the composition of multiplication
Ly®Lg — Lyg withtand the right-hand side computes the compositionof t®¢: Ly ®
Lg — By ® Bg with multiplication in B. The desired equality follows from the fact
that the two X -surfaces in question are X -homeomorphic.

Note that

(i) forany a € L and b € Bg with B € G, we have ((¢g(a)) b = b(a);
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Figure 1.4. Two homeomorphic X 1 -surfaces.

(i) if¢*: B — L is adjoint to ¢ with respect to the inner products in B and L, then
forany o € G,

Lo t* =vY4: B — B, (3.b)

where Y, is the K-linear endomorphism of B defined in Section IV.1.2.

For G = 1, the properties (i) and (ii) are verified in [Mo], [MS], where (3.b) is
called the Cardy condition. The case of an arbitrary G is similar.

These results suggest the following definition. A Frobenius G-triple is a triple con-
sisting of a crossed Frobenius G-algebra L, a Frobenius G-algebra B, and a homomor-
phism of G-algebras ¢: L — B satisfying (i) and (ii). The Frobenius G-triple (L, B, t)
derived above from a relative 2-dimensional X -HQFT (4, t) with X+ = (X, x, x, x)
is called the underlying Frobenius G-triple of (A, t). It is clear that the following dia-
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gram commutes:

{relative X;-HQFTs} ——— {absolute X-HQFTs}

l !

{Frobenius G-triples} — {crossed Frobenius G-algebras}.

Here the vertical arrows associate with HQFTs their underlying algebraic objects. The
upper horizontal arrow associates with a relative HQFT the induced absolute HQFT.
The bottom horizontal arrow associates with a Frobenius G-triple (L, B, t) the crossed
Frobenius G-algebra L.

As we know, the right vertical arrow in this diagram is an equivalence of cate-
gories. It is natural to believe that the left vertical arrow also is an equivalence of cate-
gories. In particular, this would imply that every Frobenius G-triple underlies a relative
2-dimensional X -HQFT unique up to isomorphism. The cut and paste techniques of
Chapter III should be sufficient to verify these assertions.

4 Relative HQFTs from biangular G -algebras. Let X, = (X, x,x,x), where
X = K(G, 1) and x € X. An arbitrary biangular G-algebra B gives rise to a relative
2-dimensional X -HQFT by extension of the state sum construction of Section IV.3.3
to Xy-curves and X4 -surfaces. One follows the same three steps. First, one in-
troduces trivialized X 4-curves repeating the definitions of Section 1V.3.3 word for
word. For each trivialized X -curve M, one defines a K-module A5, exactly as there.
Secondly, one defines for each X -surface W with trivialized bases My and M; a K-
homomorphism t°(W): A}’MO — Ajy, . The definition proceeds as in Section IV.3.3
with one difference: instead of formula (3.3.a) in Chapter IV one uses the formula

®6CM0UM1B(Ae’eﬂg)_)K9 aHDg(a®n;®1g)7

where
1g = Qeccoow 1B € ®eC80WB(Aeaevg)-

(Note thatif e C do W, then g, = 1 and B(A,, e, g) = B;.) The rest of the construc-
tion proceeds as in Section IV.3.3 and produces a relative 2-dimensional X -HQFT
(Ap,tp). By the very definition, this relative X-HQFT induces the absolute X-
HQFT constructed in Section IV.3. Note that to prove the appropriate extension of
Lemma IV.3.3.1 to this setting, one needs to consider skeletons of pairs (a compact
oriented surface W, a pointed compact 1-dimensional submanifold M of dW). Such
skeletons are defined as skeletons of W in Section IV.4.1 but replacing in the last con-
dition the words “each component N of dW” with the words “each component N of
M. The rest of Section IV.4 easily adapts to skeletons of pairs and yields a proof of
the extended Lemma IV.3.3.1.

4.1 Theorem. Let B be a biangular G-algebra, and let L C B be its G-center. Then
the triple (L, B, the inclusion t: L — B) is a Frobenius G-triple. It is isomorphic to
the Frobenius G-triple underlying the relative X +-HQFT (Ap, tB).
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Proof. We check the first claim. Condition (i) in the definition of a Frobenius G-triple
follows from formula (1.3.e) in Chapter IV, with « = B. To verify Condition (ii)
note that here ¢* = v;: B — L. Therefore tput* = (Y41 = ¥y by formula
(1.3.c) (Chapter IV), where we substitute 8 = 1 and use that Y, (1) = 1p by (2.1.a)
(Chapter IV).

By Section 3, the relative X -HQFT (A4, t) = (Ap, tp) gives rise to a Frobenius
G-algebra B’ = @, Bj,. a crossed Frobenius G-algebra L, and a homomorphism
of G-algebras /': L’ — B’. By Theorem 1V.3.3.3, we have L' = L.

We compute B), for € G = m;(X,x). Pick aloop &: I — X based at x
and representing «. We provide the Xy-curve M = (I,a) with the trivialization
formed by the vertices {0, 1}, one edge, and the G-system assigning « to this edge
oriented from O to 1. By definition, A3, = B, and Ay is the image of the projector
t°(1%): A3, — Aj, associated with the square /? endowed with the map (s, 1)
@(s) € X, where 5,1 € I. Here the horizontal sides I x {0} and I x {1} of I? are
identified with M in the obvious way, and d,(/2) is the union of the vertical sides
of I2. To compute 7°(12), we can use the standard CW-decomposition of the square
formed by its four vertices, four sides, and the only face. A direct computation from
the definitions shows that t°(/?) = id is the identity endomorphism of A3, = B,.
Therefore Ayy = By and B), = Ay = Bgy. This proves that B’ = B as G-graded
K-modules. That B’ = B as algebras follows from the definition of multiplication
in B’ given in Section 3 using the obvious CW-decomposition of V,, g formed by
six vertices and six edges (all lying on the boundary) and one face. Indeed, a direct
computation shows that 7(Vy g) = t°(Vy,g): By ® Bg — Byg is multiplication in B
foralla, B € G.

Similar computations apply to the X ;-surfaces used in Section 3 to define the unit
and the inner product in B’. These computations show that the unit and the inner
product in B’ are the same as in B.

To compute ': L' = L — B = B’, one can use the CW-decomposition of the
cylinder S! x I formed by three vertices (1,0), (—1, 1), (1, 1), four edges S! x {0},
St x {1}, SL x {1}, {1} x I, and one face. This gives that i’ = y; o ¢, where ¢ is the
inclusion L < B. As we know, 1|z = idy, so that /' = ¢. O

5 Other targets. One can similarly analyze the algebraic structures underlying a
relative 2-dimensional HQFT (A, t) with an arbitrary target X+ = (X, X~,Y,Y 7).
We point out a few interesting features first observed in [Mo] in the case G = 1.
Any path in X from x € Y~ to y € Y~ can be viewed as an X;-manifold. The
HQFT (A, t) associates with this X-manifold a projective K-module of finite type
C, depending only on the homotopy class « of the path. Set Hom(x, y) = @, Ca,
where o runs over the homotopy classes of paths from x to y. This yields a category
C whose objects are points of ¥ ~. The morphisms x — y in C are elements of
Hom(x, y). Composition in C is defined similarly to multiplication in the algebra
B in Section 3. For all x € Y, we have a “trace” function f, : Hom(x,x) — K
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obtained by composing the projection Hom(x, x) — Cp;,] with the homomorphism
Cp1,] — K determined by the right X1 -cobordism in Figure 1.2. One can show that
for any homotopy class of paths o from x € Y~ to y € Y, the bilinear pairing
(a,b) = fx(ab): Cy x C4,—1 — K is non-degenerate and fx(ab) = fy(ba). It
would be interesting to study such “Frobenius categories” over groupoids.

6 Exercise. Let X be a connected aspherical CW-space. Let X—,Y, Y™ be CW-
subspaces of X such that Y D Y~ and X~ is connected. Prove that for any x € X~
and d > 0, the functor Qg4+1(X, X 7,Y,Y ") = Qg+1(X,x,Y,Y ") induced by the
identity map X — X is an equivalence of categories. Hint: use the constructions of
Section 1.3.3.
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State sum invariants of 3-dimensional G -manifolds

1 Spherical categories. Let € be a K-additive monoidal category with structural
morphisms a, [, r, b, d as in Section VI.1. Using these morphisms, one can define for
any objects V, W € € a canonical isomorphism yy,w: V* @ W* — (W ® V)* (see,
for instance, [Tu2], p. 31). In particular, if € is strict, then

yww = (dy ® idgwer)+)(idy* ® dw ® idy @ idwey)+)(idy* Q idw* ® bwey)
and
J/171W = (dwev Q@ idy+ ® idw+)(idwer)* ® idw ® by ® idw+)(idwer)* ® bw).

Recall also that the duality b, d in € defines a contravariant functor x: € — € (see
Section VI.2.4. In the next paragraph we use the morphism

V= (7'1]*)_1 by: 1— 1%,

It is easy to deduce from the axioms of a monoidal category that v is invertible.
The data making € pivotal in the sense of [FY], [BW3] is a system of morphisms
{ty: V — V**}yce satisfying the following two conditions:
(1) 7 is a natural transformation ide — *x, i.e., for any morphism f: V — W in
€, the following diagram is commutative:
S

V———mWw

f**

%,
V** > W ;

(2) T is monoidal, i.e., 7y = (v~!)*v and for any objects V, W € €, the following
diagram is commutative:

Vew —2" (v g W)

TV®TW\L \Ly;/,V

These conditions imply that ty: V' — V** is invertible for all V' (see [BV],
Lemma 3.4) and ty= = (t3,!)*: V* — V*** for any object V € €.

For an endomorphism f of an object V' of a pivotal category €, one defines a trace
tr(f) € Ende (1) by

tr(f) =dy+(ty f Qidy=)by: 1 — 1.
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We have tr(idg) = idq and tr(fg) = tr(gf) for any morphisms f: V — W and
g: W — V. Note that Ende(1) is a commutative K-algebra with multiplication
defined by composition of morphisms and with unit idy.

Following [BW3], we call a pivotal category € spherical if tr(f) = tr(f*) for any
endomorphism f of an object of €.

2 Remarks. 1. A pivotal category € has a right duality b, d defined by

EV = (idy* ® TEl)bv*: 1-7V*QV,
jV =dy+(ty Qidy+): V ® V* - 1.

One can check that the contravariant duality functor * defined in Section V1.2.4 using b,
d coincides with the similar functor derived from b, d. The isomorphisms V*@ W* —
(W ® V)* defined using b, d and b, d also coincide, and

2. Our definition of a pivotal category differs from but is essentially equivalent
to the one in [BW3]. Barrett and Westbury define a pivotal category as a monoidal
category € equipped with a contravariant functor *: € — €, an isomorphismv : 1 —
1*, morphisms {by: 1 — V Q V* tp: V — V**}yce, and invertible morphisms
{yvw: V*@ W* - (W ® V)*}y wee satisfying axioms (1) and (2) above. Barrett
and Westbury do not suppose the existence of morphisms d forming together with b
a duality in €. However, this can be deduced from their axioms. We assume here
from the beginning that € has a left duality and extract from it the duality functor *
and the isomorphisms y and v. Our axioms imply the Barrett—Westbury axioms. Only
condition (4) in [BW3], p. 362, is somewhat involved; its proof uses the morphisms b,
d defined above.

3 Invariants of 3-dimensional G-manifolds from spherical G -categories. The
state sum approach to topological invariants of 3-dimensional manifolds was intro-
duced in [TV] and extended in [BW2] (see also [GK]). Barrett and Westbury [BW2]
showed that any finite semisimple spherical category € over K such that End(l¢) = K
gives rise to a K-valued invariant of closed oriented 3-dimensional manifolds. We
explain how to adapt the methods of [TV], [BW2] in order to derive from a finite
semisimple spherical G-category € a topological invariant |M|e € K of a closed
oriented 3-dimensional G-manifold M. Here a G-category € is finite semisimple if it
satisfies Axioms (1.1.1)—(1.1.4), p. 158, €, # @ for all @ € G, and the sum (1.7.a)
from Chapter VII yields an invertible element D? of K. For @ € G, denote by I,
the set of isomorphism classes of simple objects of €,. The same argument as in
Section VII.1.7 shows that the sum (1.7.b) (Chapter VII) is equal to D?foralle € G.

Fix a triangulation T of M. Pick amap g : M — K(G, 1) representing the given
homotopy class of maps and carrying all vertices of 7" to the base point of K(G, 1).
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We assign to each edge e of T the element g, € G represented by the loop gl.. In
terminology of Section IV.3.1, the function e — g, is a G-system on T representing g.
We define |T'|e € K as in [BW2] with the difference that we allow only the labelings
assigning to each edge e of 7' an element of /(). As in [BW2], we use a local order
on T, that is, a choice of a total order on the set of vertices of each simplex A of T’
such that the order on the vertices of any subsimplex of any A is induced by the order
on the vertices of A. For instance, a total order on the set of all vertices of 7" induces
alocal orderon 7.

We claim that |[M|e = |T|e is a well-defined topological invariant of M, i.e., it
does not depend on the choice of T, the choice of the local order, and the choice of g
in its homotopy class. Note first that any Pachner move on 7' extends in a natural way
to the G-systems on 7. This extension preserves the values of the G-systems on all
edges kept under the move. Now, the arguments of [BW2] show that |T | is invariant
under the Pachner moves and does not depend on the local order on 7. Different
choices of g lead to G-systems on 7" homotopic in the sense of Section IV.3.1, where
T, = @. The rest of the proof goes by reformulating |7 |e in terms of skeletons of M.
A skeleton of M is a finite 2-polyhedron in M whose complement is a disjoint union
of open 3-balls. For instance, the closed 2-cells in M dual to the edges of 7 form a
skeleton 7* C M. Using this observation, we can dualize the notion of a G-system
from triangulations to skeletons of M. (A G-system on a skeleton assigns elements of
G to oriented 2-faces). If T is locally ordered, then the order determines an orientation
of every edge e of T'. Since M is oriented, the orientation of e induces an orientation
on the 2-cell dual to e. This turns 7 into an oriented branched 2-polyhedron in the
sense of [BPe]. We can switch from the language of state sums on triangulations to
the one of state sums on oriented branched skeletons endowed with G-systems. In the
latter language, a homotopy move on G-systems can be decomposed into a composition
of more elementary Matveev—Piergallini moves and bubblings, cf. [TV], [BPe], and
Chapter IV. The invariance of the state sum under these moves is verified as in [BW2].

The invariant |M |e is conjecturally related to the invariants of M derived from
modular G-categories in Chapter VII: any finite semisimple spherical G-category €
presumably gives rise to a modular G-category Z (the “center” or the “double” of €)
such that |M |e = tz(M) for all M.

4 Spherical Hopf algebras. The notion of a spherical category has a counterpart in
the theory of Hopf algebras. Following [BW3] we call a spherical Hopf algebra a Hopf
algebra A over K endowed with a group-like element w € A such that the square of
the antipode in A is equal to the conjugation by w and Tr(fw) = Tr(fw™') for any
A-linear endomorphism f of an A-module whose underlying K-module is projective
of finite type. We can extend this definition to Hopf G-coalgebras. A spherical Hopf
G-coalgebra is a Hopf G-coalgebra ({Aq}aec, A, €1, 5, ¢) endowed with invertible
elements {wy € Aq}yeg such that forany a, B € G, a € Ay,

Sy-184(a) = waawgl, Ag,p(Wep) = wa @ wg, e1(w1) = 1, ga(Wg) = Wogy-1,
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and Tr(fwg) = Tr(fwy!) for any Ag-linear endomorphism f of an A,-module
whose underlying K-module is projective of finite type. Note the useful identity
Sa(We) = w;,ll.

It is clear that an involutory Hopf G-coalgebra (so that S,—1 Sy = id foralla € G)
is spherical with wy = 1, € A, for all @ € G. A ribbon Hopf G-coalgebra (A4, 0) is
spherical with wy, = 0yuq Where uy € Aq is the (generalized) Drinfeld element of R
(see Appendix 7).

Itis proven in [BW3] that for a spherical Hopf algebra (A, w), the monoidal category
Rep(A) is spherical. For V' € Rep(A), the morphism ty : V — V** is defined as the
standard identification V = V** followed by multiplication by w~!. Similarly, for
a spherical Hopf G-coalgebra (A4, w), the category Rep(A) is spherical: for V €
Rep(Ag), the morphism ty : V' — V** is defined as the standard identification V =
V** followed by multiplication by w!.
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Recent work on HQFT's

We outline the work on HQFTs and on related algebraic structures done since the
appearance of my first preprints on this subject [Tu3], [Tu4].

In the 2-dimensional case, the notion of an HQFT was introduced independently of
[Tu3] by M. Brightwell and P. Turner [BT1]. These authors classified 2-dimensional
HQFTs with simply-connected targets in terms of Frobenius algebras. The role of 2-
categories in this setting was discussed in their subsequent paper [BT2]. Two different
approaches to 2-dimensional HQFTs with arbitrary targets were introduced in [PT]
and [ST]; see also [Po]. Relations between 2-dimensional HQFTs and gerbes were
discussed in [BTW].

Relative 2-dimensional HQFTs with target (X = K(G,1),x, X, x) were intro-
duced and studied by G. Segal and G. Moore; see [Mo], [MS]. These authors also
gave a new, geometric proof of Theorem I1.6.3 and Corollary I11.3.2 first established in
[Tu3]. Crossed Frobenius G-algebras were generalized to so-called G-twisted Frobe-
nius algebras in [Kau].

The axiomatic definition of HQFTs, introduced in [Tu3], was investigated and
improved by G. Rodrigues [Rod]. A related notion of a homological quantum field
theory was introduced by E. Castillo and R. Diaz [CD].

M. Miiger [Mii4] showed that Galois extensions of (usual) braided tensor categories
have a natural structure of braided crossed G-categories. In [Mii5], Miiger established
a fundamental connection between 1-dimensional quantum field theories and braided
crossed G -categories. Namely, a quantum field theory on the real line having a group G
of inner symmetries gives rise to a braided crossed G -category (the category of twisted
representations). Its neutral subcategory is equivalent to the usual representation cat-
egory of the theory. Combining with the results of this book we obtain the following
chain of constructions:

a Rational Conformal Field Theory with
group of inner symmetries G

i

a crossed modular G-category

i

a 3-dimensional HQFT with target K(G, 1)
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A brief exposition of results of Miiger is given in Appendix 5.

A. Virelizier [Virl]-[Vir4] studied algebraic properties and topological applica-
tions of crossed Hopf G-coalgebras. In [Vir2], Virelizier showed the existence of
integrals and traces for such coalgebras and generalized to them the main properties of
usual quasitriangular and ribbon Hopf algebras. In [Vir3], he used involutary Hopf G-
coalgebras to define a scalar invariant of flat G-bundles over 3-manifolds, generalizing
a construction due to G. Kuperberg. A new method producing non-trivial examples of
quasitriangular crossed Hopf G-coalgebras was given in [Vir4]. An exposition of the
work of Virelizier is given in Appendices 6 and 7.

M. Zunino [Zul] generalized the Drinfeld quantum double of Hopf algebras to
crossed Hopf G-coalgebras. Zunino’s double D (H) of a crossed Hopf G-coalgebra H
is a quasitriangular crossed Hopf G-coalgebra. He showed that if G is finite and H
is semisimple, then D(H) is modular. In [Zu2], Zunino defined a double for crossed
G -categories and established its compatibility with representation theory: for a crossed
Hopf G-coalgebra H, the representation category of D(H ) is equivalent to the double
of the representation category of H. Symbolically Rep D(H) ~ D(Rep H). This
shows that Zunino’s double keeps the main features of the Drinfeld double.

A. Kirillov, Jr., [Kir2] pointed out that for a vertex operator algebra V' satisfying
suitable assumptions and a finite group G of automorphisms of V, the category of
twisted V' -modules is a braided crossed G-category. Kirillov showed that every braided
crossed G -category has a natural quotient, called the orbifold category, that is, a braided
monoidal category in the usual sense of the word. Kirillov also introduced and studied
an interesting extension of our algebra of colors, which he called extended Verlinde
algebra.

Braided crossed G-categories were further investigated in [DGNO]. A method
producing ribbon crossed G-categories from a simple complex Lie algebra g with
center G was suggested in [LT]. It is based on a study of representations of the
quantum group U, (g) at roots of unity. Analogues of the Yetter—Drinfeld modules in
the context of braided crossed G-categories were studied by F. Panaite and M. Staic
[PS].

Hopf G-coalgebras were further studied by A. Hegazi and co-authors [HMM],
[HIE] and by S.-H. Wang [Wal]-[Wa4], see also [LC]. A categorical approach to Hopf
G-coalgebras was introduced by S. Caenepeel and M. De Lombaerde [CL].

A generalization of Hopf G-coalgebras to so-called G-cograded multiplier Hopf
algebras was introduced and studied by A. Van Daele, L. Delvaux and their co-authors
[ADV], [De], [DV], [DVW], [VW1], [VW2]; see also [HE], [LW], [SW].

For a related work on topological invariants of G-tangles derived from factorized
groups see [KR]. For an explicit construction of HQFT's based on the Dijkgraaf—Witten
technique see [HST].
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Open problems

1. Classification of crossed G-algebras. Classify crossed G-algebras for sufficiently
simple groups G, say, for cyclic, abelian, finite groups. Find interesting examples of
non-semisimple crossed G-algebras.

2. Deformations. Deformations of Frobenius algebras form a subject of a deep theory
based on the Witten-Dijkgraaf-Verlinde-Verlinde equation; see, for instance, [Du]. It
would be interesting to generalize this theory to crossed G-algebras.

3. Modular G-categories. Produce modular G-categories giving non-trivial topologi-
cal invariants that allow to distinguish 3-dimensional G-manifolds.

4. Relations between various approaches. In the theory of quantum invariants of 3-di-
mensional manifolds, there is a fundamental relationship between the surgery approach
and the state sum approach; see [Tu2], [Ro]. It would be interesting to generalize this
to HQFTs. A conjecture in this direction is stated in Appendix 2, see also Appendix 7.

5. Invariants of spin-structures. Instead of maps from a manifold to a fixed target space
one can consider maps whose source is the oriented frame bundle of the manifold (the
principal bundle of positively oriented bases in the tangent spaces of points). When
the target space is K(G, 1), this should lead to new algebraic notions generalizing G-
algebras and crossed G-categories. The resulting theory should include the quantum
invariants of spin-structures on closed oriented 3-manifolds introduced in [Bl1], [KM],
[Tul].

6. Subfactors and planar algebras. A. Ocneanu showed that the subfactors of type 11,
give rise to topological 3-manifold invariants via the state sum approach; see, for
instance, [EK]. What is the counterpart of the equivariant theory introduced here in the
setting of subfactors? Similarly, the planar algebras introduced by V. Jones [Jon] are
intimately related to TQFTs. What is the counterpart of HQFTs for planar algebras?

7. Perturbative aspects. What are the perturbative aspects of HQFTs? Are there
perturbative invariants of 3-dimensional G-manifolds generalizing the Le-Murakami—
Ohtsuki invariant [LMO]?

8. Higher-dimensional generalizations. Quantum invariants of 3-manifolds have 4-
dimensional counterparts; see [CKY], [CKS], [CJIKLS], [Ma], and references therein.
The role of categories in these constructions is played by 2-categories. The homotopy
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quantum field theory should have similar 4-dimensional and high-dimensional versions
and give rise to a notion of a crossed 2-category.

In this book we consider mainly target spaces of type K(G, 1). In dimension four
it may be more appropriate to consider target spaces of type K(H, 2), where H is an
abelian group. Note that 2-dimensional HQFTs with such target space were studied in
[BT1].

It is interesting to describe algebraic data yielding invariants of Spin¢-structures
on 4-manifolds. As the sources of maps one can take the oriented frame bundles of
4-manifolds and as the target space K(H,2). Can one include the Seiberg—Witten
invariants in this framework?

9. Relative HQFTs. Verify that the functor from the category of 2-dimensional relative
HQFTs to the category of Frobenius triples defined in Section 3 of Appendix 1 is an
equivalence of categories.

10. Cobordism Hypothesis. Generalize the Baez—Dolan Cobordism Hypothesis for
extended TQFTs (see [BD], [Lu]) to HQFTs.

11. Miscellaneous. Study the representations of the mapping class groups resulting
from HQFTs, cf. [Kir2] in the case of the torus. Find an interpretation of HQFTs in
terms of algebraic geometry, i.e., in terms of sections of bundles over moduli spaces.
Study the 2-dimensional homotopy modular functors and their relations to quantum
computations, cf. [FKW]. Study relations with number theory, cf. [LZ]. Is there a
homotopy version of the Khovanov link homology?
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On the structure of braided crossed G -categories
by Michael Miiger

The main aim of this appendix is to discuss, for any finite group G, a close connection
between braided crossed G-categories and ribbon categories containing the represen-
tation category of G as a full braided subcategory. In fact, in the context of finite
semisimple categories, this will turn out to be a bijection (modulo suitable equiva-
lences). As an application we prove that every braided G-crossed fusion category is
equivalent to a strict monoidal category with strict G-action, justifying the strictness
assumption made in Chapters VI and VII of this book. In the last section we touch upon
the open problem of obtaining braided crossed G-categories as ‘crossed products’ of
braided categories by finite group actions. The existence of such crossed products is
shown to be equivalent to the conjectured existence of embeddings of braided fusion
categories into modular categories of minimal size.

The original references on which this appendix is based are [Bru] by Bruguieres,
[Kirl], [Kir2] by Kirillov, Jr., and [Miil], [Mii4], [Mii5] by the author. For a more
extensive treatment of some of the matters discussed in this appendix, cf. [DGNO], in
particular Section 4, “Equivariantization and de-equivariantization”.

5.1 Braided crossed G -categories

1.1 Definition. Let (€, ®, 1,a,/,r) be a monoidal category (with associativity con-
straint a and left and right unit constraints /, ). An automorphism of € is a monoidal
functor (B, y,0) from € to itself, where B is a self-equivalence of €, y is a natu-
ral family {yx,y: (X ® Y) — B(X) ® B(Y)} of isomorphisms and o : (1) — 1
an isomorphism. For the exact conditions on 8, y, o, cf. [Mac]. The composition
(B,y.0)o(B',y’,0’)isdefined as (Bo B, y",0"”) with” = g o f(0’) and y” defined
by the composition

By YB/(X),B(Y)
_—

y)
vxy: BB (X ®Y) —— BB (X)®p'(Y)) BB (X)) @ B(B'(Y)).

When € is braided, automorphisms of € are also required to respect the braiding, i.e.,
satisfy B(cx,y) = cp(x),p(r)- The set of (braided) automorphisms of € is denoted by
Aut €.

Now Aut € is the categorical group (i.e., monoidal category where every morphism
is invertible and for every object X there is an object Y such that X ® ¥ = 1) having
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automorphisms of € as objects and natural monoidal isomorphisms (i.e., monoidal nat-
ural transformations all components of which are isomorphisms) of monoidal functors
as morphisms.

The most concise way of defining an action of a (discrete) group on a monoidal
category is as a monoidal functor:

1.2 Definition. If G is a group, let § be the discrete category (the only morphisms are
the identity morphisms) with Obj§ = G and the obvious strict tensor product. An
action § of G on a (braided) tensor category € is a monoidal functor 8: § — Aut €,
g — Bg. We usually abbreviate by writing £X = B4 (X), etc.

Since each B, is a monoidal functor, it comes with natural isomorphisms

Ve XY Pe(X ®Y) = B (X)® B (Y) and o4 Be(1) = 1.

On the other hand, the monoidality of the functor f: § — Aut € provides natural
monoidal isomorphisms 8¢ 5: Ben — Bg © By and e: B — ide, or, in terms of
components, 8 5 x : WX — #("X) and ex: X — X. One can easily unpack the
definition to obtain the identities satisfied by these isomorphisms.

1.3 Definition. A G-action 8 on a strict monoidal category is called strict if all iso-
morphisms yg x.v, 8¢ 1 x, Og, £x are identities.

1.4 Definition. If € is a monoidal category and G a group, a G-grading on € is a map
d: Obj€ — G such that (X ® Y) = 0X - dY and dX = 0Y whenever X =~ Y.
The image of 9 is called the G-spectrum of the G -graded monoidal category €. The
grading is called trivial or full if the G-spectrum equals {e} or G, respectively.

1.5 Remark. 1. In the categorical literature, also G-gradings on the morphisms are
considered. We, however, consider only gradings on the objects.

2. One could try to define a G grading to be a monoidal functor d: € — g, but in
the k-linear case, where Hom (X, Y') is never empty, this does not work since it would
imply that all objects have degree e.

3. The above definition rules out direct sums of objects of different degrees. Often,
however, it is desirable to work with semisimple categories, which includes having
all direct sums. This can be accommodated by only requiring the existence of a full
monoidal subcategory Cpom C € of homogeneous objects such that (a) €pop, satisfies
Definition 1.4, and (b) every object in € is a finite direct sum of objects in Cpep,.

The following two definitions first appeared in [Tu4], underlying Chapter VI of this
book; cf. also [CM].

1.6 Definition. A crossed G-category is a monoidal category together with a G-action
B and a G-grading 9 such that 3(¥X) = g dXg~!. We define full subcategories by
©, = 07!(g) and notice that the G-action leaves €, stable.
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1.7 Remark. The spectrum of a rigid G-graded monoidal category is a subgroup of
G. In the case of a crossed G category it is a normal subgroup.

1.8 Definition. A braiding on a crossed G-category (€, 8, d) is a family of natural
isomorphisms {cxy: X ® Y — Xy @ X }x.yee,,, satisfying naturality in the sense
that

s®tl J{ax@s

Cx’y’ ,
X’®Y’*>3X Y ® X'
commutes for all s € Hom(X, X’), t € Hom(Y, Y’), as well as commutativity of
d -1
XeY)®Z 2L shz g (xY) > (*"Z®X)®Y
i (.12 ®iD®id
a

id®cy .z a=!

Cy h, ®id
XY ®2) —2X0("ZeY) ——=X®"Z)8Y > (#("2)®X) Y
forall X € €, Y € €, Z € € and of a similar diagram involving cx ygz.

1.9 Remark. Imposing naturality, one can uniquely extend cx,y to the situation where
X € Cpom, Y € €, but the requirement X € €, cannot be relaxed.

5.2 The G -fixed category of a braided crossed G -category

The following construction is well known, but it is hard to find the first reference.

2.1 Definition/Proposition. Let (€, ®, 1,a,l,r) be a monoidal category. Let 8 be an
action of the group G on ‘€. Then € is the monoidal category (€,®,1,a,1,r)¢ =
(‘C’G, ®C, ﬂG,aG,lG,rG) defined as follows: lIts objects are pairs (X,{ug}eeG),
where X € Cpom and, for each g € G, ug: 8X — X is an isomorphism such that the
diagram

8
ghy =X g(hy)
ughi ig(“”) @1
X

8X

Ug
commutes for all g, h € G. The Hom-sets are defined by
Homea ((X,u), (Y, v))
oy % ey
= {s € Home(X,Y) | the diagram ugi \ng commutes forall g € G}.
X T> Y
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The tensor product of objects is defined by (X,u) @ (Y,v) = (X ® Y, w), where w, is
given by
®
we: AX ®Y) =X ey g oy L y gy
The tensor product of morphisms is inherited from €. The monoidal unit 1° is given
by (1,{og}), where og : 81 — 1 is the isomorphism &1 — 1 coming with the monoidal
functor B: & — Aut €. The associativity constraint a is given by

ab (X, wX), ¥, wh),(Z,w?) =a(X,Y, 2),

and similarly for the unit constraints 1%, rG .

2.2 Remark. The correct name for €% would be ‘category of G-modules in €”, but
it seems to be more customary to speak of the ‘G-fixed’ category. In [DGNO], the
passage € ~> €9 is called ‘equivariantization’.

2.3 Proposition. Let (€, B, 9, ¢) be a braided crossed G-category. Then €€ is braided
with braiding ¢ given by
cx.y vyx ®id
vy XY ==Y ox “—vax
Proof. One must show that ¢ is natural w.r.t. both variables and satisfies both braid (or

hexagon) equations. This amounts to straightforward combinations of the properties
of ¢ and the definition of €€ and of ¢®. We omit the details. O

The notation X for 8(g)(X) used above is convenient, but it hides the dependence
on the choice of a functor : § — Aut €. In principle, we should write €(@#) instead
of €Y. We will do so only in the formulation of the following result.

2.4 Lemma. Let B1, f2: & — Aut € be actions of a group G on a monoidal category
€. A natural monoidal isomorphism 81 = B of monoidal functors induces a monoidal
equivalence €GP ~ €(G:B2) perween the respective fixpoint categories.

Defining functors of categories carrying a G-action is not entirely trivial, but for
our purposes it is sufficient to have a notion of equivalence of monoidal G-categories.
To this purpose, we observe that given a monoidal equivalence F': € — D, there
is an adjoint equivalence G: & — €, unique up to natural monoidal isomorphism.
Therefore, if E € Aut€ then F o E o G € Aut D, and this gives rise to a monoidal
equivalence F: Aut€ — Aut D.

2.5 Definition. Let €, D be monoidal categories carrying G-actions 8, 8’. Then an
equivalence of €, O (as monoidal G -categories) is amonoidal equivalence F : € — D
such that the monoidal functors F o B and B’ (both from § to Aut D) are monoidally
equivalent.

A functor of G-graded monoidal categories is a monoidal functor F : € — D such
that F(Chom) C Dhom and dp F(X) = de X forall X € €y,
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Combining Lemma 2.4 with Definition 2.5, one finds:

2.6 Proposition. An equivalence E: € — D of braided crossed G-categories gives
rise to an equivalence EC: €% — DO of braided categories.

Up to this point, our considerations were completely general in that we made no
further assumptions on the categories or the groups. From now on we will restrict
ourselves to finite groups and semisimple k-linear categories over an algebraically
closed field k of characteristic zero.

2.7 Proposition. Let G be a finite group, k an algebraically closed field of characteris-
tic zero and ‘€ a semisimple k-linear monoidal category carrying a G-action. Then €%
is a semisimple monoidal category having a full monoidal subcategory § ~ Rep; G.
If € is braided or, more generally braided G-crossed, then $ is a braided subcategory
of €%. Cf [Kirl], [DGNO].

We see that a braided G-crossed category gives rise to a braided category €€ con-
taining Rep,, G as full subcategory. In the next section, we will consider a construction
that goes the opposite way. We will limit ourselves to the setting of the following
definition:

2.8 Definition. Let k be an algebraically closed field of characteristic zero. A fusion
category over k is a k-linear semisimple ribbon braided tensor category with simple
unit, i.e., Ende (1) = kidq, and finitely many isomorphism classes of simple objects.

2.9 Remark. 1. One may also consider non-braided fusion categories, in which case
the definition of rigidity requires attention, one approach being the spherical categories
of [BW1]; cf. Appendix 2.

2. In fact, braided spherical categories are the same as ribbon categories.

5.3 From braided categories containing Rep G to braided
G -crossed categories

The following definition is a straightforward generalization of notions from ordinary
algebra:

3.1 Definition. Let € be a strict monoidal category. An algebra (= monoid) in € is a
triple (A, m, n), where A is an objectand m: A ® A — A, n: 1 — A are morphisms
satisfying mo (m ®id4) = mo(idg ® m) and mo (n®idy) = mo(idg ®n) = id4. (In
the non-strict case, one has to insert the associativity constraint at the obvious place.)
If € has a braiding c, then an algebra in € is called commutative if m o cq 4 = m. A
commutative algebra is called étale if there is a morphism A: A — A ® A that satisfies
mo A = id4 and is a morphism of A-A bimodules, i.e.

(idg ® m) o (A®idg) =moA = (m®idy) o (idy ® A).
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The study of (commutative) algebras in monoidal categories, e.g. those associ-
ated to quantum groups, is a very interesting subject and was used to great effect in
[Del]. However, we will only need the following example arising from representation
categories of finite groups:

3.2 Proposition. Let G be a finite group and k an algebraically closed field of char-
acteristic zero. The symmetric monoidal category § = Repy G of finite dimensional
representations of G on k-vector spaces contains a commutative algebra (A, m,n)
with the following properties:

(1) dimg A = |G|.
(ii) dim Homg (1, A) = 1.
(iii) The object A is ‘absorbing’: A @ X = A®I™Xforall X € §.
(iv) There is an isomorphism G == Aut(A,m,n) ={s € AutA | mo (s ® 5) =
som, son=n}
(v) The algebra (A, m,n) is étale.

Proof. Let A = Fun(G, k) with algebra structure given by pointwise multiplication
with the constant function 1 as unit. With the G-action (7;(g) f)(h) = f(g~'h),
this is the left regular representation 7z; of G, which is well known to have properties
(i) through (iii). ((i) is obvious, (ii) holds since the subspace of G-stable elements
of A is one-dimensional (the constant functions), and (iii) follows from the fact that
A = @, dim(X;) - X;, where X; runs through the irreducible representations X;.) For
claim (iv), cf. e.g. [Mii4], Remark 2.9. With A(f)(g,h) = g f(g) for f € A =
Fun(G, k), the last statement holds by easy computations. O

3.3 Remark. For most applications in this appendix, Proposition 3.2 will be sufficient.
In several other, but closely related, applications we are confronted by symmetric
monoidal categories that are not a priori known to be of the form Rep G. It is therefore
important that every k-linear rigid symmetric monoidal category with simple unit,
finitely many simple objects and trivial twists is equivalent to Rep G for a finite group G
that is unique up to isomorphisms. (For stronger results without finiteness assumption
cf. [Del] and, in the case of x-categories, [DR1]. An exposition of the result for *-
categories can be found in [Mii6].) As to the last requirement, recall that every object
in a symmetric ribbon category comes with a twist automorphism 6(X) of order two.
In particular, for a simple object X we have 8(X) = =+idy, and the category is called
even if all twists are identities. All these results have suitable generalizations to the
non-even case.

Again, as in commutative algebra, one defines

3.4 Definition. A (left) module over an algebra (A, m, n) is a pair (X, u) where X € €
and u: A® X — X satisfies po (idg ® ) = p o (m ® idy). The left modules form
a category 4€ = A-Mode with Hom-sets defined by

Hommodae (X, 1), (X', 1)) = {s € Hom(X, X') [ s o p = pu 0 (idg ® 5)}.
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Under a very weak condition on a braided category € (existence of coequalizers),
which is satisfied in any abelian category, one finds that the category of modules over
a commutative algebra in € is monoidal, the definition of the tensor product being a
natural generalization of the usual one. The monoidal unit of 4€ is (A4, m), and there is a
canonical monoidal functor F': € — 4€ suchthat X — (A® X, m ®idy). Assuming
Ende (1) = k, one finds that End , ¢ (4) = k holds if and only if dim Hom(T, 4) = 1.

In order that 4€ be semisimple, some technical condition on the algebra A is
needed. One suitable notion is the étaleness defined above, the terminology being
motivated by the corresponding notion in commutative algebra, cf. [DMNO]. Similar,
but slightly differently formulated conditions were considered in [Bru], [KO], [Mii2].
In the context of fusion categories, these conditions are equivalent, and they imply in
particular that the functor F is dominant, i.e., every simple object of 4€ is a direct
summand of F(X) for some X € €.

However, the braiding of € does not unconditionally descend to a braiding on 4€.

3.5 Definition ([Miil]). The symmetric center Z,(€) of a braided monoidal category
€ is the full subcategory consisting of those objects X that satisfy

c(X,Y)oc(Y,X) =idygxy forallY €€.

3.6 Remark. 1. The symmetric center is a symmetric monoidal category. It coincides
with € if and only if € is symmetric.

2. One can show that a braided fusion category is modular if and only if its sym-
metric center is trivial, in that it contains only direct multiples of the unit object. (The
‘only if” direction is immediate; for the ‘if’, see [BeBl]; cf. also [Re] for a similar result
in the context of endomorphisms of a C *-algebra.)

As shown in [Miil], the obvious candidate for a braiding 4€ actually is a braiding
if and only if A € Z,(€). If this is not the case, naturality of the putative braiding
w.r.t. one of the arguments fails.

Letnow € be a braided monoidal category with a full braided monoidal subcategory
S ~ Rep; G. Now Proposition 3.2 gives rise to a commutative étale algebra (A, m, n)
in § and thus in €. Since A4 has every simple object of § as a direct summand, we have
A € Z,(€) if and only if § C Z,(€). Under this assumption, 4€ is braided. The
functor F: € — 4T has the property that it trivializes §, in the sense that F(X) is a
direct multiple of 1 for every X € §. What is more, when § = Z,(€) then 4€ has
trivial center Z, (4 €) and thus is modular. For this reason, this 4 € (which is non-trivial
if and only if Z,(€) # €, i.e., € is not symmetric) is called the modularization of €,
cf. [Bru], [Miil].

For the purposes of this appendix, the case § ¢ Z,(€) is more interesting:

3.7 Theorem. If € is a braided fusion category, S ~ Repy G a full monoidal sub-
category and (A, m, 1) the corresponding commutative étale algebra, then

(i) A€ is a braided G-crossed fusion category, which we denote as € X §.



228 Appendix 5

(ii) (€ % 8)C ~ € as braided fusion category.
(iii) If D is a braided G-crossed fusion category and RepG ~ § C DY as in
Section 5.1 then D x § ~ D as braided G-crossed fusion category.

The G-spectrum and the degree-zero subcategory of € x § can be described quite
explicitly:

3.8 Proposition. Under the assumptions of Theorem 3.7, we have:

(i) The degree zero part of € x § is given by (€ x 8)e = 8§’ x 8§ = L€
(Here 8’ C € is the ‘centralizer’ of S, i.e., the full subcategory of objects X such that
c(X,Y)oc(Y,X) =idygy forallY € S. In particular €' = Z,(€). Furthermore,
A€ C L€ is the full subcategory consisting of A-modules (X, 1) that are dyslexic
or local, i.e., satisfy o c(X, A) o c(A, X) = u. It is known [Pa] that 4€'° is always
braided.) The braided category (€ % §8), is modular if and only if Z,(S') = S.

(ii) The G-spectrum of € x § is given by

Spec(€Ex8)={geG|n(g)=idy forall(V,n)e SN Zy(€)},

whereweuse S >~ Repy, G. Inparticular, the grading is trivial ifand only if § C Z»(€)
and full if and only if S N Z,(€) is trivial, i.e., contains only multiples of the identity.

3.9 Remark. 1. In particular, if € is modular then Z, () is trivial and thus € x § has
full G-spectrum for any §. Furthermore, the double centralizer theorem [Mii3] gives
§"=8,thus Z(§') =8 N§" =8NS = 8§ (since § C §’), and therefore §' x §
is modular.

2. The proofs are too long to be given here; cf. [Kirl], [Kir2], [Mii4]. We only
remark that statement 4 of Proposition 3.2 is crucial for obtaining both the G-action on
and the G-grading of € x § and for showing that the natural candidate for a braiding
(which really is a braiding when § C Z,(€)) actually is a braiding in the G-crossed
sense.

3. In [DGNOQOY], the passage € ~» € x § is called ‘de-equivariantization’.

The final unsurprising result shows that € x § depends on § C € only up to
equivalence:

3.10 Proposition. Let E: € — D be an equivalence of braided fusion categories and
Rep, G >~ § C € a full braided monoidal subcategory. Then there is an equivalence
€ xS ~ D xE(S) of braided crossed G-categories.

The proof relies on the fact that the commutative étale algebra in Rep G correspond-
ing to the regular representation of G is unique up to isomorphism.
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5.4 Classification and coherence for braided crossed
G -categories

Combining the results of the two preceding sections we arrive at the following result:

4.1 Theorem. (i) The operations D ~> DC and € ~> € x § give rise to a bijec-
tion between {braided G -crossed fusion categories D, modulo equivalence of braided
G-crossed categories} and {braided fusion categories € containing a full symmetric
subcategory 8§ ~ Rep G, modulo braided equivalence}.

(ii) Under this correspondence, € ~ D is modular if and only if De is modular
and D has full G-spectrum.

Proof. (i) is contained in the results of the preceding sections.

(i1) That modularity of € implies modularity of (€ x §), and full G-spectrum of
€ x§ is contained in Theorem 3.7. As to the converse, let O have full G-spectrum and
D, be modular. Defining € = €% and €y = (D,)% wehave € D €y O § ~ RepG.
Modularity of D, >~ €y x § implies

S = Z,(€p) = €y NE). 4.1)

Since €y C € is the maximal subcategory for which €y x § has trivial grading, we
have
NS =% 4.2)

The fullness of the G spectrum of D >~ € x § implies that
SN Zy(€)=8NTE is trivial. 4.3)

If now X € Z,(€) = € N €’ is simple, (4.2) implies X € €y, upon which (4.1)
implies X € §. But now (4.3) entails that X is trivial. Thus Z,(€) is trivial, to wit €
is modular. O

4.2 Remark. 1. A more satisfactory statement of the above correspondence would be
in terms of a 2-equivalence of certain bicategories, cf. [DGNO].

2. Aninteresting alternative characterization of braided G -crossed fusion categories
D satisfying the two conditions of (ii) is given in [Kir2].

We are now in a position to obtain a straightforward but useful application, which
shows that no restriction of generality is entailed by the limitation to G-categories with
strict G -action:

4.3 Theorem. Let G be a finite group and ((D,...),B,0,c) a braided G-crossed
fusion category. Then there is a strict braided fusion category (D', B’,9’,c’) with a
strict G-action and an equivalence F: D — D’ of braided crossed G-categories.
(Thus in particular, F is G-equivariant.)
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Proof. Given a braided G-crossed fusion category £, we have an equivalence O =~
DG x§ of braided crossed G-categories, where Rep, G ~ § C DY. By the coherence
theorem for braided monoidal categories, there is a strict braided monoidal category
€ ~ D¢ with _a distinguished strict symmetric subcategory S. By Proposition 3.10,
wehave D ~ € x § as braided crossed G -categories. The claim now follows from the
fact that there is a model for € X S that i is strict as a monoidal category and has a strict
G-action. This is the category ‘C’A (A€ s again being the left regular representation)
discussed in [Miil], [Mii4], where also the equivalence with 4€ was proven. ]

It would be quite interesting to prove the theorem in a more direct way, hopefully
extending its domain of validity.

5.5 Braided crossed G -categories as crossed products

The axioms of a crossed G-category £ imply that the part D, in trivial degree is a
monoidal category with G-action 8. In the case where D is a fusion category one can
prove that dim Dy = Yy, d(X )? = dim D, (the sum being over the classes of
simple objects in D), whenever D, is non-trivial, see Chapter VII, Section 1.7. This
makes it reasonable to consider & as a crossed product of D, with G: “D =~ D, xg G”.
The question therefore arises whether, given a monoidal category with G-action there
exists a crossed G-category O with full G-spectrum (i.e., Dy # @ for all g) and a
G -equivariant equivalence € — D,. Similarly, if € is braided and 8 an action G ~, €
by braided automorphisms, one can ask for O to be a braided crossed G-category.

In the non-braided case it is easy to give an affirmative answer, discovered indepen-
dently in the preprint [Tu4], cf. Section 2.1 of Chapter VIII of this book, and in [Ta]. For
simplicity of exposition, we assume € and the G-action to be strict. (As we know by
Theorem 4.3, this is justified in the case of fusion categories, but everything can also be
done without strictness assumptions; cf. in particular [Ga].) We define a monoidal cat-
egory D by Obj O = Obj € x G with tensor product (X, g)® (Y, h) = (X ® &Y, gh).
The Hom-set Hom g ((X, g), (Y, h)) is defined as Home (X, Y) when g = h and by 0
or {0} (in the k-linear case) for g # h, composition being inherited from €. Finally,
if s € Hom((X, g),(X’,g)) and t € Hom((Y,h),(Y',h))thens @t := s ® &t €
Home(X ® 8Y, X' ® 8Y') = Homgp((X,2) ® (Y. h), (X', g) ® (Y’', h)). O has an
obvious G-grading : (X, g) > g and G-action (X, h) = (8X, ghg™') with respect
to which it is a crossed G-category. (Notice that € x G is not closed under direct sums
of objects of different degrees. While this can easily be remedied, this is not needed for
the discussion that follows.) The question arises whether a braiding for € can be lifted
to a braiding for D = € x G. The following simple observation in [Mii5] provides an
obstruction:

5.1 Lemma. Let D be a braided crossed G-category. If there exists an invertible
object in Dg then X = X for every X € D,.
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Proof. Let Y € Dg be invertible and X € D,. The braiding of O provides iso-
morphisms ¥ ® X = 8X ® ¥ =~ Y ® 8X. Invertibility of ¥ implies X =~ £X.
O

Since € x G has invertible objects (1, g) forevery g € G, the lemma implies that the
crossed G-category € x G can have a braiding only if X = éX forallg € G, X € €.
In many situations, this is an unacceptable restriction. Nevertheless, it is interesting to
say a bit more about braidings on € x G. The following result is essentially a converse
of the construction of a braiding on € x G given in Theorem VIII.2.3.1.

5.2 Proposition. A braiding on € x G gives rise to a full and faithful monoidal
functor F: € — €9 such that K o F = ide, where K: €% — € is the forgetful
Sfunctor (X, {ug}) — X, and therefore to an identification of € with a full monoidal
subcategory of €.

Proof. In€xG,wehave (1,2)®(X,e) = (X, g)and (X,e)R(1,e) = (X, g). Thus
the braiding c(1,4).(x.e) : (6X, g) =>(X, g) provides anisomorphismuy ¢ : X — X.
The braid identity for ¢(1,¢)e(1,h),(x,e) implies that {ux ¢ }sec satisfies (2.1), thus
(X, {ux ¢ }) is an object in €Y. The naturality of the braiding ¢ implies that F : X >
(X, {ux ¢ }) is a functor € — €C. This functor is faithful by construction, and it is full
since by definition Homea ((X, {ug}). (Y. {vg})) C Home(X,Y). By construction,
itis clear that Ko F' = ide. Finally, the braid identity for c¢(q,¢),(x,¢)®(¥,¢) 1S €quivalent
o Uxgy,e = Ux,s ® Uy,q, Which implies that F is strict monoidal. O

Lemma 5.1 shows that the straightforward crossed product € x G in general cannot
be equipped with a braiding. (For a much more extensive discussion of € x G, in-
cluding the non-strict case, and braidings on it, cf. [Ga].) In order to construct braided
crossed G-categories, one needs to adopt a more sophisticated approach, starting from
the observation that each category &, is a bimodule category over &,. However, this
is not the place to do so. Instead, we point out that the problem of defining braided
crossed products € x G is closely related to one raised in an earlier conjecture of the
author. In the remainder of this section, we assume the ground field to be C, which
implies d(X)? > 0 for every object X, cf. [ENO]. Thus, if € C D is a full subcat-
egory, we have dim € < dim P, and equality holds if and only if the categories are
equivalent.

In [Mii3], it was proven that if D is a modular category and € C D a full monoidal
subcategory, then dim D > dim € - dim Z,(€) holds. Thus, there is a lower bound
on the size (as measured by the dimension) of a modular category containing a given
braided fusion category as a full subcategory. Furthermore, the following general
conjecture was formulated, motivated by situations where it is true:

5.3 Conjecture ([Mi4]). Every braided fusion category € embeds fully into a modular
category D with dim O = dim € - dim £, (C).

Now one has:
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5.4 Theorem. The following are equivalent:

(i) Conjecture 5.3 holds for every braided fusion category € whose symmetric
center Z5(€) is even (and therefore equivalent to Rep G for a finite group G).

(1) Forevery modular category M acted upon by a finite group G there is a braided
crossed G-category & with full G-spectrum and a G -equivariant equivalence

E, >~ M.

Proof. (ii)) = (i): Let € be a braided fusion category with even center. By the
reconstruction theorem, there is a finite group G such that § = Z,(€) ~ Rep; G.
Being the modularization [Bru], [Miil] of €, M = € x § is modular, and it carries
a G-action such that M® ~ €. By assumption (i), there is a braided crossed G-
category & with full G-spectrum and G -equivariant equivalence &, ~ M. This implies
dim & = |G|dim M = dim €. Now O = &7 is a braided fusion category containing
MC ~ € as a full braided subcategory. We have dim D = |G|dim & = |G|dim € =
dim € - dim Z,(G). Finally, O is modular by Theorem 4.1 (ii).

(i) = (ii): Let M be a modular category with G-action. Then € = M is a
braided fusion category with § ~ Rep; G as full braided subcategory. Since M =~
€ % § has trivial G-grading and is modular, we have Z,(€) = §. By assumption
(ii), there is a full braided embedding € — D with O modular of dimension dim € -
dim Z,(€) = |G|dim € = |G|?>dim M. Inview of § C € C D, we can consider the
braided crossed G-category & = D x §. Since O is modular, & has full G-spectrum,
and we have the G-equivariant equivalence §, = (D NS H)XS =€ xS~ M. O

The significance of this result is that the problem of minimal embeddings into
modular categories, for which no direct approach is in sight, can be reduced to the
crossed product problem which appears more amenable, if by no means easy. However
it seems that this problem does not always have a solution: According to V. Ostrik
and collaborators (private communication concerning as-yet-unpublished work), there
exists a cohomological obstruction. However this may turn out, there is a special
situation where there is reason to believe that the mentioned obstruction vanishes:

5.5 Conjecture. Let € be a modular category and N a positive integer. Then there
exists a distinguished braided crossed G-category € Sy with G = Sy, full spectrum
and an equivalence (€ 2 Sy)e ~ €2V that is equivariant with respect to the obvious
Sx-action on €8N

Unfortunately, no good formulation in terms of a universal property is known.
However, there is a hypothetical application to quantum field theory, which we will
state at the end of the next section.
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5.6 Remarks on applications in conformal field theory

In this concluding section, we briefly outline the connection of the results described
in this appendix to conformal field theory. In fact, much of the author’s work was
motivated by such applications, and the same is probably true of [Kirl], [Kir2]. Since
it is not possible to go into technical details, we limit ourselves to indicating the broad
line of ideas and giving some pertinent references. A complete account can be found
in [Mii5].

In 1971, Doplicher, Haag and Roberts (DHR) studied [DHR] a class of represen-
tations of a quantum field theory defined on 3 4 1 dimensional Minkowski space in
the context of the operator algebraic approach to axiomatic quantum field theory. (The
latter had been founded by Haag and others around 1960. For a recent review of
some aspects, cf. [Ha].) DHR showed that the category of the representations under
consideration is a rigid semisimple unitary symmetric monoidal category, and they
conjectured that such a category always is equivalent to the representation category of
a compact (super)group. In the late 1980s, this was proven by Doplicher and Roberts
[DR1], and Deligne independently arrived at an analogous result [Del] for pro-algebraic
groups. (He did not require the categories to be unitary.) Doplicher and Roberts also
proved [DR2] that, given a quantum field theory + and the compact group G such that
Rep A =~ Rep G, there exists an extended quantum field theory ¥ acted upon by G
such that ¢ 2 4 and such that Rep  is trivial (at least when G is second countable
and Rep # is even, i.e., the supergroup is a group). Thus, the existence of non-trivial
representations of a quantum field theory + can be understood as a consequence of /4
being the G-fixed subtheory ¥ ¢ of some ‘bigger’ quantum field theory % . Further-
more, there is a one-to-one correspondence between quantum field theories 8 such
that A C B8 C ¥ and closed subgroups H C G, given by H > ¥ and

B> HB={geG|g ! B=id.

These results amount to a beautiful Galois theory for local fields, where the Doplicher—
Roberts extension F corresponds to the algebraic closure. As a consequence of this
theory, the representation categories of the extensions 8 O <A can be understood in
purely group theoretic terms, without any role for the dynamics of the quantum fields.

All the results described above remain valid in 2 4 1 spacetime dimensions, but in
1 + 1 dimensions (or on ‘the lightray’ R) the situation changes considerably. As shown
in [FRS], a quantum field theory still gives rise to a rigid semisimple unitary braided
monoidal category of representations, but one can no more prove that the braiding is
a symmetry, quite in line with the theoretical physics literature. A host of ‘rational’
models studied in conformal field theory suggested that the representation category
Rep + should be a modular category under suitable assumptions. In [KLM], a very
simple and natural set of axioms for a chiral conformal field theory, known to be satisfied
by several infinite families of interesting examples associated with loop groups, was
shown to imply modularity of the representation category. (A similar result was also
proven in the context of vertex operator algebras, cf. [Hu].) Since a non-trivial modular
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category cannot be the representation category of a group, it is clear that analogues of
the results of [DR1], [DR2] cannot be expected. Not even replacing the group by a
more general algebraic structure, e.g. Hopf algebra, is very promising; cf. [Mii7] for a
discussion of this issue.

While groups thus lose the distinguished role they played in higher spacetime di-
mensions, it is perfectly natural to study group actions on conformal field theories and
the corresponding fixpoint theories ¥ @, called ‘orbifold theories’. One classical result
of DHR remains true, namely the representation category Rep % ¢ still contains a full
symmetric monoidal subcategory equivalent to Rep G. On the other hand, given a full
symmetric subcategory § C Rep #, the construction in [DR2] applies and provides an
extension ¥ = A x § D A acted upon by the compact group dual to the symmetric
category §. As in high dimensions, the passages 4 ~> 4 x § to the extended theory and
the orbifolding ¥ ~» ¥ G are essentially inverses of each other, i.e., (A % §)¢ = A
and FO xS =F.

However, the relationship between the categories Rep # and Rep A€ on the one
hand and between Rep 4 and Rep(+4 x §) will be more complicated than in the high
dimensional situation. In the context of completely rational conformal field theories
[KLM], it was shown in [Mii5] that the representation category of an extension «+ x §
of a quantum field theory 4 by a symmetric subcategory of Rep + is given by

Rep(4A % S) ~ (Rep(A) NS') xS, 6.1)

(Here as in all that follows, we must assume that G is finite. Otherwise the theories
A and 4 x § cannot both be completely rational.) While we saw in Section 5.3
that a braided fusion category € can be recovered from its extension € x § by a full
symmetric subcategory via (€ x $)C ~ €, there is little reason to hope that Rep # can
be recovered from Rep(+ x §), since this is given by (6.1) and some information is lost
in the passage from Rep # to Rep(+#4) N §’. Since the Doplicher-Roberts construction
and orbifolding are inverse operations, it follows that also the representation category
Rep G of an orbifold quantum field theory is not determined by Rep #. This was
already understood in the early works on orbifolds, e.g. [DVVV]. (This phenomenon
can be seen even in the simplest case, the one where Rep ¥ is trivial, i.e., equivalent
to Vectc. In this specific situation, it turns out that Rep #¢ ~ D®(G)-Mod, where
D®(G) is the twisted quantum double. The cohomology class [w] € H3(G, U(1)) is
encoded in ¥, but clearly not in the trivial category Rep F.)

The solution to the problem of computing Rep ¢ in terms of categorical infor-
mation pertaining to ¥ was found in [Mu5]:

6.1 Theorem. 7o a completely rational conformal field theory ¥ acted upon freely by
a finite group G, one can associate a braided crossed G-category G-Rep ¥ with full
G-spectrum. The degree zero subcategory is the category of ordinary representa-
tions as considered by Doplicher, Haag and Roberts [DHR] (known to be modular
by [KLM]).
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The non-trivially graded objects correspond to ‘twisted representations’ of ¥ .
While they do not satisfy the DHR criterion, they do so upon restriction to the orbifold
theory ¥ @, which explains their relevance for the determination of Rep(¥ ¢). With
these preparations, one can prove [Mii5]:

6.2 Theorem. If ¥ is a completely rational CFT carrying a free action of a finite
group G, then there is an equivalence

Rep(F %) ~ (G-Rep ¥)°
of braided monoidal categories. Conversely, one has the equivalence
G-RepF ~Rep(F%) xS

of braided crossed G-categories, where S C Rep(F ©) is the symmetric subcategory
of representations of ¥ © arising from the vacuum representations of ¥ .

Thus, the braided G-crossed category of twisted representations of ¥ and the rep-
resentation category Rep ¥ ¢, together with its symmetric subcategory § C Rep #©,
contain the same information. In particular, this clarifies the phenomenon [DVVV]
that Rep & does not determine Rep % ©.

Now we are in a position to connect Conjecture 5.5 to conformal field theory. Let
4 be a completely rational conformal field theory and N a positive integer. Now the
N -fold direct tensor power B = AXN of A carries an obvious Sy-action and it is
natural to conjecture the following:

6.3 Conjecture. If A is a completely rational CFT (thus Rep A is modular) then the
(braided Sy -crossed) category of Sn-twisted representations of ABN is equivalent
to the category (Rep A) 2 Sy of Conjecture 5.5. (Thus Sy-Rep(AZN) depends on A
only via Rep A.)

This conjecture is compatible with the rigorous work that has been done on CFTs
of the form A®Y and the fixpoint theories (‘orbifolds’) (AXY)C for G C Sy, cf. e.g.
[BDM], [KLX], but to our understanding the Conjectures 5.5 and 6.3 are still open.



Appendix 6
Algebraic properties of Hopf G -coalgebras

by Alexis Virelizier

Let G be a group. The notion of a (ribbon) Hopf G-coalgebra was first introduced by
Turaev [Tu4], as the prototype algebraic structure whose category of representations
is a (ribbon) G-category (see Section VIIL.1). Recall from Chapter VII that ribbon
G-categories give rise to invariants of 3-dimensional G-manifolds and to 3-dimensio-
nal HQFTs with target K(G, 1). Moreover, Hopf G-coalgebras may be used directly
(without involving their representations) to construct further topological invariants of
3-dimensional G-manifolds, see Appendix 7.

Here we review the algebraic properties of Hopf G -coalgebras and provide exam-
ples. Most of the results are given without proof, see [Virl]-[Vir4] for details.

In Section 1, we study the algebraic properties of Hopf G-coalgebras, in particular
the existence of integrals, the order of the antipode (a generalization of the Radford
S*-formula), and the (co)semisimplicity (a generalization of the Maschke theorem).

In Section 2, we focus on quasitriangular and ribbon Hopf G-coalgebras. In partic-
ular we construct G-traces for ribbon Hopf G-coalgebras, which are used to construct
invariants of 3-dimensional G-manifolds in Appendix 7.

In Section 3, we give a method for constructing a quasitriangular Hopf G-coalgebra
starting from a Hopf algebra endowed with an action of G by Hopf automorphisms.
This leads to non-trivial examples of quasitriangular Hopf G-coalgebras for all finite
G and for some infinite G such as GL, (K). In particular, we define graded quantum
groups.

Throughout this appendix, G is a group (with neutral element 1) and X is a field.
All algebras are supposed to be over K, associative, and unital. The tensor product
® = ®x of K-vector spaces is always taken over K. If U and V are K-vector spaces,
thenoy,y: U @ V — V ® U denotes the flip defined by oy, (v @ v) = v ® u for all
ueUandveV.

6.1 Hopf G -coalgebras

1.1 Hopf G -coalgebras. We recall, for completeness, the definition of a Hopf G-
coalgebra from Section VIII. 1, but with a minor change: we do not suppose the antipode
to be bijective.

A Hopf G-coalgebra (over K) is a family H = {Hy}qe of K-algebras endowed
with a family A = {Ayg: Hyp — Hy ® Hg}y peg of algebra homomorphisms
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(the comultiplication), an algebra homomorphism ¢: H; — K (the counit), and a
family S = {Sy: Hy — Hy—1}aec of K-linear maps (the antipode) such that, for all
o, B,y €G,

(Ag,p ®1dH,)Agp,y = (idl, ® Agy)Ag gy,
(idHa 02 S)Aa,l = idHa =(E® idHa)Al,a,
ma(Sa—l X idHa)Aa_l,(x =c¢cly = m(x(idHa ® Sa—l)Aa,a—l s

where my: Hy ® Hy — H, and 14 € H, denote multiplication in H, and the unit
element of H,,.

When G = 1, one recovers the usual notion of a Hopf algebra. In particular, H; is
a Hopf algebra.

Remark that the notion of a Hopf G-coalgebra is not self-dual (the dual notion
obtained by reversing the arrows in the definition may be called a Hopf G-algebra).

If H = {Hy}qeg is a Hopf G-coalgebra, then the set {&¢ € G | Hy # 0} is
a subgroup of G. Also, if G’ is a subgroup of G, then H = {Hg}qecq’ is a Hopf
G'-coalgebra.

The antipode S of a Hopf G-coalgebra H = {Hy}qec is anti-multiplicative (in
the sense that each S¢: Hy — H,—1 is an anti-homomorphism of algebras) and anti-
comultiplicative in the sense that Ag—1 4—1S0g = 0H,_;.H, | (Sa ® Sg)Aq,p forall
o, B € G and S; = ¢; see [Vir2], Lemma 1.1.

A Hopf G-coalgebra H = {Hg}qeq is said to be of finite type if, for all ¢ € G,
H, is finite-dimensional (over K). Note that the direct sum P, He is finite-di-
mensional if and only if H is of finite type and H, = 0 for all but a finite number of
aeG.

The antipode S = {Sy}aec of H = {Hy}qec is said to be bijective if each Sy
is bijective. Unlike in Section VIII.1, we do not suppose that the antipode of a Hopf
G-coalgebra is bijective. As for Hopf algebras, the antipode of a Hopf G-coalgebra H
is necessarily bijective if H is of finite type (see Section 1.5) or H is quasitriangular
(see Section 2.4).

1.2 The case of finite G. Suppose that G is a finite group. Recall that the Hopf
algebra K¢ of functions on G has a basis (¢q: G — K)geg defined by eq (B) = 8a.p
where 8y, = 1 and 8, 5 = 0 if @ # B. The structure maps of K€ are given by

Calp = 801,/3 ea, lgc = X:GeOh Aley) = ﬁZ eg ey, eleq) = 841,1»
ae y=a

and S(ey) = e,—1. A central prolongation of K9 is a Hopf algebra A endowed with a
morphism of Hopf algebras K¢ — A, called the central map, which carries K¢ into
the center of A.
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_ Since G is finite, any Hopf G-coalgebra H = {Hy }ae givesrise to a Hopf algebra
H = @, Hu with structure maps given by

Ay = Y Bpy. &b, =818 iilgeen, =8apme, 1= Y la.
By=a aeG

and § = Y wei Sa- The K-linear map KS — H defined by eq > 14 gives rise to
a morphism of Hopf algebras which carries K€ into the center of H. Hence H is a
central prolongation of K€.

The correspondence assigning to every Hopf G-coalgebra H = {Hy}aec the
central prolongation K G . His bijective. Given a Hopf algebra (A,m, 1, A, ¢, S)
which is a central prolongation of K9, set H, = Alg, where 14 € A is the image
of e € K¢ under the central map K¢ — A. Then the family {Hy}qeg is a Hopf
G-coalgebra with structure maps given by

My = la‘m|Ha®Hav Aa,,B = (1a®1ﬂ)'A|Ha5’ &= 8|H17 Sa = lg-1 'S|Ha'

1.3 Integrals. Recall that a left (resp. right) integral for a Hopf algebra (4, A, ¢, S)
is an element A € A such that xA = e(x)A (resp. Ax = e(x)A) forall x € A. A
left (resp. right) integral for the dual Hopf algebra A* is a K-linear form A € A* =
Homg (A4, K) such that (idg ® A)A(x) = A(x)14 (resp. (A ® idg)A(x) = A(x)1y)
for all x € A.

A left (resp. right) G-integral for a Hopf G-coalgebra H = {Hy }qeq is a family
of K-linear forms A = (Aq)aeG € Ilgeg Hy such that

(idp, ® Ag)Ag g(x) = Agp(x)1q (resp. (g ®idh,)An p(x) = Aag(x)1p)

forall o, B € G and x € H,g. Note that A; is a usual left (resp. right) integral for the
Hopf algebra H;'.

A G-integral A = (Aq)aec is said to be non-zeroif Ag # 0 for some f € G. Given
anon-zero G-integral A = (Ay)aeq, we have A, # 0 for all « € G such that H, # 0.
In particular A # 0.

It is known that the K-vector space of left (resp. right) integrals for a finite-di-
mensional Hopf algebra is one-dimensional. This extends to Hopf G-coalgebras as
follows.

Theorem A ([Vir2], Theorem 3.6). Let H be a Hopf G-coalgebra of finite type. Then
the vector space of left (resp. right) G-integrals for H is one-dimensional.

The proof of this theorem is based on the fact that a Hopf G-comodule has a
canonical decomposition generalizing the fundamental decomposition theorem in the
theory of Hopf modules.
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1.4 Grouplike elements. A family ¢ = (gy)acG € [aec Hy suchthat Ay g(gap) =
8« ® gp forall o, B € G and e(g1) = 1k is called a G-grouplike element ot a Hopf
G-coalgebra H = {Hy}qeg. Note that g is then a grouplike element of the Hopf
algebra H in the usual sense of the word.

One easily checks that the set Gr(H) of G-grouplike elements of H is a group
with respect to coordinate-wise multiplication in the product monoid [1yeg Hy. If
¢ = (§a)acG € Gr(H), then g1 = (S4-1(84-1))acg- The group Hom(G. K*)
of homomorphisms G — K* acts on Gr(H) by ¢g = (¢(a)ga)aec for arbitrary
¢ € Hom(G, K*) and g = (go)acc € Gr(H).

1.5 The distinguished G -grouplike element. Throughout this subsection, H =
{Hy}aec is a Hopf G-coalgebra of finite type with antipode S = {S4}eeg. Using
Theorem A, one verifies that there is a unique G-grouplike element ¢ = (gy)aeg Of
H, called the distinguished G-grouplike element of H , such that (idg, ® Ag)Ayp =
Aap o for any right G-integral A = (Ay)gec and all @, B € G. Note that g is the
distinguished grouplike element of H;.

Since H; is a finite-dimensional Hopf algebra, there exists a unique algebra mor-
phism v: H; — K such that if A is a left integral for H;, then Ax = v(x)A for all
x € Hj. This morphism is a grouplike element of the Hopf algebra H", called the
distinguished grouplike element of H;. Itisinvertible in H" and its inverse v~ is also
an algebra morphism. Moreover, if A is a right integral for Hy, then xA = v~ (x)A
for all x € H;.

For all @ € G, we define a left and a right H -action on H, by setting, for all
f €H anda € Hy,

f—a=(dg, ® f)Ag1(a) and a «— f = (f Qidm,)A1«(a).

The next assertion generalizes Theorem 3 of [Rad3]. This is a key result in the theory
of Hopf G-coalgebras. It is used in particular to prove the existence of traces (see
Section 2.8).

Theorem B ([Vir2], Theorem 4.2). Let A = (Ay)aec be a right G-integral for H.
Then, forallo € G and x,y € Hy,

(@) Ag(xy) = Aa(Sq-1Sa(y < v) x);

(b) /\a(XY) = /\a(y Sa—lsa(v_l - gu_gIthx));

(© /\a—l (Sa(x)) = Aa(gax).

As a corollary we obtain a generalization of the celebrated Radford S*-formula to
Hopf G-coalgebras:

Corollary C ([Vir2], Lemma 4.6). Let H = {Hy}acG be a Hopf G-coalgebra of finite
type. Then forall @ € G and x € Hy,

(Sa=18a)(x) = ga(v = x < v g .
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This formula implies in particular that the antipode S of H is bijective (i.e., each
Sy is bijective).

1.6 The order of the antipode. It is known that the order of the antipode of a finite-
dimensional Hopf algebra is finite ([Radl], Theorem 1) and divides four times the
dimension of the algebra ([NZ], Proposition 3.1). We apply this result to study a
Hopf G-coalgebra of finite type H = {Hy}qeg With antipode S = {Sy}aeg. Let
a be an element of G of finite order d. Denote by (&) the subgroup of G generated
by a. By considering the finite-dimensional Hopf algebra @ﬁ (o) Hp (determined
by the Hopf («)-coalgebra { Hg}ge(q), see Section 1.2), we obtain that the order of
Sy—18a € Autyy(Hy) is finite and divides 2 Zﬂe(a) dim Hg. From Corollary C, we
obtain another upper bound on the order of S,—1 Sy if @ € G has a finite order d, then
the order of S,—1 Sy divides 2d dim H; see [Vir2], Corollary 4.5.

1.7 Semisimplicity. A Hopf G-coalgebra H = {H,}qeq is said to be semisimple
if each algebra H, is semisimple. For H to be semisimple it is necessary that H
be finite-dimensional (since an infinite-dimensional Hopf algebra over a field is not
semisimple, see [Sw], Corollary 2.7). When H is of finite type, H is semisimple if
and only if H; is semisimple, see [Vir2], Lemma 5.1.

1.8 Cosemisimplicity. The notion of a comodule over a coalgebra may be extended
to the setting of Hopf G-coalgebras. A right G-comodule over a Hopf G-coalgebra
H = {Hy}geg is afamily M = {My}qe of K-vector spaces endowed with a family
of K-linear maps

P =1{pPa,p: Map = My @ Hg}opei

such that

(Poz,ﬂ ® idHy)poeﬂ,y = (idMa ® Aﬂ,y)pa,ﬂy and (idMa ® E)Poz,l = idpy,

forall o, B,y € G. A G-subcomodule of M is a family N = {Ny}yec, where Ny is a
K-subspace of M, such that py g(Nog) C Ny ® Hg forall o, € G. The sums and
direct sums for families of G-subcomodules of a right G-comodule are defined in the
obvious way.

A right G-comodule M = {My}qeq is said to be simple if it is non-zero (i.e.,
M, # 0 for some « € G) and if it has no G-subcomodules other than itself and the
trivial one 0 = {0}yeg. A right G-comodule which is a direct sum of a family of
simple G-subcomodules is said to be cosemisimple. Note that all G-subcomodules
and all quotients of a cosemisimple right G-comodule are cosemisimple.

A Hopf G-coalgebra is cosemisimple if it is cosemisimple as a right G-comodule
over itself (with comultiplication as comodule map). By [Vir2], a Hopf G-coalgebra
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H = {Hy}qec is cosemisimple if and only if every reduced' right G-comodule over
H is cosemisimple.
We state a Hopf G-coalgebra version of the dual Maschke theorem.

Theorem D ([Vir2], Theorem 5.4). A Hopf G-coalgebra H = {Hy}yeq is cosemisim-
ple if and only if there exists a right G-integral A = (Aq)gec for H such that
Ao (1y) = 1k for some a € G (and then Aq(14) = 1k for all « € G with Hy # 0).

As corollaries, we obtain that a Hopf G-coalgebra H = {H}qeg of finite type
is cosemisimple if and only if the Hopf algebra H; is cosemisimple, and that the
distinguished G-grouplike element of a cosemisimple Hopf G-coalgebra of finite type
is trivial.

1.9 Involutory Hopf G -coalgebras. A Hopf G-coalgebra H = {Hy}qer 1S involu-
tory if its antipode S = {Sq}qer satisfies the identity S,—1S, = idg, forall o € .

Involutory Hopf G -coalgebras of finite type have special properties. For example,
each of their G-integrals A = (A4)aeq is two sided, S-invariant (A,—1 Sy = A4 for all
a € G), and symmetric (Aq(xy) = Ag(yx) foralle € G and x, y € Hy). Also if the
ground field K of H is of characteristic 0, then dim H, = dim H; whenever H, # 0.

Finally, if H = {Hy}qec is an involutory Hopf G-coalgebra of finite type over a
field whose characteristic does notdivide dim H1, then H is semisimple and cosemisim-
ple; see [Vir4], Lemma 3.

6.2 Quasitriangular Hopf G -coalgebras

2.1 Crossed Hopf G -coalgebras. A Hopf G-coalgebra H = {Hy }yeq is crossed if it
is endowed with a crossing, that is, a family of algebra isomorphisms ¢ = {¢g: Hy —
Hgyp-1}a,pec such that

(pg ® wp)Aa,y = Apop—1 gyp—198, epp =¢, and @up = Qagp

for all &, B,y € G. One easily verifies that a crossing preserves the antipode, that
is, 9 Sy = Spap-19p forall o, B € G. Therefore this definition of a crossed Hopf
G-coalgebra is equivalent to the one in Chapter VIII.

A crossing ¢ in H yields a group homomorphism ¢: G — Autyeps(H1) and
determines thus an action of G on H; by Hopf algebra automorphisms. Here for a
Hopf algebra A, we denote Autyeps(A) the group of Hopf automorphisms of A.

If G is an abelian group, then any Hopf G-coalgebra admits a trivial crossing
¢pp =idforall B € G.

When G is a finite group, the notion of a crossing can be described in terms of
central prolongations of K¢ (see Section 1.2): a crossing of a central prolongation A

'A right G-comodule M = {My}qec over H is reduced if My, = 0 whenever Hy = 0.
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of KC is a group homomorphism ¢: G — Autgopr (A) such that gg(ly) = 1gyp-1
for all «, B € G, where 1, is the image of ¢, € K© under the central map K% - A.

2.2 Thedistinguished character. Let H = {H, }qcc beacrossed Hopf G-coalgebra
of finite type with crossing ¢. Using the uniqueness of G-integrals (see Theorem A),
one can show the existence of a unique group homomorphism ¢@: G — K*, called
the distinguished character of H, such that Ag,g—190g = @(B) Ay for any left or right
G-integral A = (Ay)qeg for H and all o, B € G.

Lemma E ([Vir2], Lemma 6.3). Forany 8 € G,
(@) If A is a left or right integral for Hy, then pg(A) = @(B)A.
(b) If v is the distinguished grouplike element of H{", then vpg = v.

(©) If g = (8a)aca is the distinguished G -grouplike element of H, then ¢g(gy) =
gpap—1 Joralla € G.

2.3 Quasitriangular Hopf G -coalgebras. Following Chapter VIII, we call a crossed
Hopf G-coalgebra (H = {Hgy}ueg, ) quasitriangular if it is endowed with an R-
matrix, that is, a family R = {R, g € Hy ® Hg}y geg of invertible elements such
that, forall o, B,y € G and x € Hgg,

Ry Ao p(x) = 0ga(Pa-1 ®idp,)Ayga—1,4(X) - Rap,
(da, ® Agy)(Rapy) = (Ray)1ps - (Ra.p)12y,
(Ag,p ®idm, )(Rupy) = [([da, ® gg—1)(Ry gyp-1)]183 - (Rpy)a23,
(98 ® 98)(Ray) = Rpap—1,gyp-1-

Here 0 o denotes the flip Hg ® Hy — H, ® Hg and, for K-vector spaces P, Q and
r=>,p®q; € P®Q, weset

M2y =r®1, e PRIORH,, rep3=1,0reH,® P ® 0,

andrigs =), pj®1p®q; € P ® Hg ® Q. Note that Ry 1 is an R-matrix for the
Hopf algebra H; is the usual sense of the word.

When G is abelian and ¢ is the trivial crossing, we recover the definition of a
quasitriangular G-colored Hopf algebra due to Ohtsuki [Oh1].

An R-matrix for a crossed Hopf G-coalgebra provides a solution of the G-colored
Yang—Baxter equation

(Rg,y)a23 * (Ra,y)1p3 - (Ra,p)12y
= (Rap)12y - [(1dH, ® ¢p-1)(Ry gy p-1)]183 - (Rp.y)a23
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and satisfies the following identities (see [Vir2], Lemma 6.4): for all o, 8,y € G,
(8 by idHa)(Rl,a) =1y = (idHa ® ‘9)(Roe,1)’
(Sq-19 ®idmg)(Ry-14) = Ry and  (idm, ® Sp)(R, ) = Ry p-1.
(Se ® Sﬂ)(Rtx,ﬂ) = (pa ® idHB—l )(Roﬁl,ﬂfl)'

2.4 The Drinfeld element. The Drinfeld element of a quasitriangular Hopf G-coal-
gebra H = {Hy}yeg is the family u = (uy)aec € [gec Hy, Where

Uy = ma(Sa—1¢a ® idHa) Og,q—1 (Ra,oe_l)‘

Observe that u; is the Drinfeld element of the quasitriangular Hopf algebra H; (see
[Drin]). By [Vir2], Lemma 6.5, each u is invertible in H, and

u(;l = ma(idHa &® Sa—l o) Ua,a(Ra,a)-
Moreover, forany @ € G and x € H,
St Sa(X) = g Pt (X",

where ¢ is the crossing in H. This implies that the antipode of H is bijective.
Note also the identities e(u1) = 1, pg(ue) = ugyp—1, and

Aa,ﬂ (uaB) = [oﬂ,tx(ing ® ¢a)(Rﬁ,a) : Ra,ﬂ]_l (Ug ® uﬂ)-

2.5 Ribbon Hopf G -coalgebras. Following Chapter VIII, we call a quasitriangular
Hopf G-coalgebra H = {H,}yec ribbon if it is endowed with a rwist, that is, a family
of invertible elements 6 = {0, € Hy}qec such that forall @, 8 € G and x € Hy,

(pa('x) = ea_lxeols SO((QC() = 00[_] ) (/)ﬂ (905) = Qﬂaﬂ_l )
Aa,ﬂ (eaﬂ) = (b ® 9/3) ‘0B« (idHﬁ &® (pot)(Rﬁ,ot) : Roc,ﬂ-

Note that 0; is a twist of the quasitriangular Hopf algebra H, and so (6;) = 1.
If « € G has a finite order d, then Qo‘f is a central element of H,. In particular, 6 is
central in H;.

Example. Let G be a group and ¢: G x G — K™ be a bicharacter of G, that is,

c(a, By) = c(a, B)c(a, y) and c(aB, y) = c(a, y) c(B,y) forall a, B,y € G. Con-
sider the following crossed Hopf algebra K¢: for all o, 8 € G, we have K = K as

an algebra and

Aap(lx) = 1g ® 1k, e(lg) =1g., So(lx) =1k, ¢g(lx) = k.

Then K€ is a ribbon Hopf G-coalgebra of finite type with R-matrix and twist given
by Ryp = c(a,B) 1k ® 1x and 6, = c(a, ). The Drinfeld elements of K¢ are
computed by uy = c(or, )7 L.



244 Appendix 6

2.6 The spherical G-grouplike element. Let H = {H,}4eg be a ribbon Hopf G-
coalgebra with Drinfeld element ¥ = (u4y)qec- For any @ € G, set

Wq = OqUy = U0y € Hy.

Thenw = (Wg)gec is a G-grouplike element, called the spherical G -grouplike element
of H. It satisfies the identities

pp(we) = wgyp-1, Sal(a) = w‘;_llua_lw;_ll, and S,-1Sy(x) = wwxw;1
forall , B € G and x € Hy. Conversely, any G-grouplike element w = (Wg)geG
of a quasitriangular Hopf G-coalgebra H = {H,}4ec Which satisfies these identities
gives rise to a twist 0 = (0y)geg in H by 0y = wauy' = uy wy.

2.7 Further G-grouplike elements. Let H = {H}yec be a quasitriangular Hopf
G-coalgebra of finite type. Set

by = Sy1(Ug—1)" g = Uy Sy1(ug—1)"" € Hy,

where 4 = (Uy)qec is the Drinfeld element of H. The properties of u ensure that
{ = (Ly)aec is a G-grouplike element of H. Let v be the distinguished grouplike
element of H* and ¢ be the distinguished character of H (see Sections 1.5 and 2.2).
Denoting R = {Ry g € Hy ® Hg}y geg the R-matrix of H, set

hot = (idHa ® V)(Ra,l) € Hot'

Theorem F ([Vir2], Theorem 6.9). The family h = (hy)gec is a G-grouplike element
of H. The distinguished G-grouplike element (g4)qcc of H is computed by go =
o(a) Ughy foralla € G.

For ribbon H, we obtain as a corollary that g, = @(a) 'w2hy for all @ € G,
where w = (wq)qec is the spherical G-grouplike element of H .

2.8 Traces. Let H = {H,}ycc be a crossed Hopf G-coalgebra. A G-trace for H is
a family of K-linear forms tr = (try)oec € Ilaeg Hy such that

trg(xy) = tra(yx), trg-1(Se(x)) =tro(x), and trgeg—1(pg(x)) = tra(x)

foralla, € G and x, y € H,. Note that try is a usual trace for the Hopf algebra H;,
which is invariant under the action ¢ of G.

A Hopf G-coalgebra H = {Hgy}yeg is unimodular if the Hopf algebra H; is
unimodular (that is the spaces of left and right integrals for Hy coincide). If H;
is finite-dimensional, then H is unimodular if and only if v = &, where v is the
distinguished grouplike element of H;". For example, any finite type semisimple Hopf
G-coalgebra is unimodular.
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Consider in more detail a unimodular ribbon Hopf G-coalgebra H = {H }yeq Of
finite type. Let A = (Ay)eeg be a non-zero right G-integral for H, w = (Wy)gec be
the spherical G-grouplike element of H, and ¢ be the distinguished character of H.

Using Theorems B and F, we obtain that the G-traces for H are parameterized
by families z = (zq)qeG such that z, € H, is central, Sg(z4) = @()~'z,-1, and
98(2a) = P(B)zgap—1 forall a, B € G. The G-trace corresponding to such a family
z is given by trg (x) = Ay (W zex). We point out two such families.

Let A be a left integral for H; such that A1 (A) = 1. Setz; = A and z, = 0 if
a # 1. The resulting family (z4)qeq satisfies all the conditions above since H is uni-
modular (and so A is central and S;(A) = A) and by Lemma E (a). The corresponding
G-trace is given by tr; = ¢ and trq, = O for all o # 1.

If (o) = 1 for all @ € G, then another possible choice of a family z is z = 1,
for all . Note that § = 1if H is semisimple or cosemisimple or if 11 (61) # 0, where
0 = {6y }acq is the twist of H. We obtain the following assertion.

Theorem G ([Vir2], Theorem 7.4). Suppose under the assumptions above that at least
one of the following four conditions is satisfied: H is semisimple, or H is cosemisimple,
or A(01) # 0, or gg|g, = idy, forall B € G. Then the family of K-linear maps
tr = (try)aeg, defined by tro(x) = Ay (Wox) forall x € Hy, is a G-trace for H.

6.3 The twisted double construction

Starting from a crossed Hopf G-coalgebra H = {Hy }qeG, Zunino [Zul] constructed a
double Z(H) = {Z(H )y }aec of H which is a quasitriangular Hopf G -coalgebra con-
taining H as a Hopf G-subcoalgebra. As a vector space, Z(H)o = Ho ® (Dgec Hg).
Generally speaking, Z (H ) is not of finite type: the components Z(H ), may be infinite-
dimensional.

In this section we provide a method, called the twisted double construction, for
deriving quasitriangular Hopf G -coalgebras of finite type from finite-dimensional Hopf
algebras endowed with action of G by Hopf automorphisms (cf. Section 2.1). We also
give an h-adic version of this construction. This will lead us to non-trivial examples
of quasitriangular Hopf G-coalgebras for any finite group G and for infinite groups G
such as GL, (K). In particular, we define the (s-adic) graded quantum groups.

3.1 Hopf pairings. Recall that a Hopf pairing between two Hopf algebras A and B
(over K) is a bilinear pairing 0 : A x B — K suchthat, foralla,a’ € Aandb,b’ € B,

o(a,bb’) = o(aqy,b)o(aw),b’), o(a,l1)=¢a),
o(ad’,b) =o(a,bp))o(a’, by, o(l,b)=ceb).

Such a pairing always preserves the antipode: o(S(a), S(b)) = o(a,b) foralla € A
and b € B.
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A Hopf pairing 0: A x B — K determines two annihilator ideals /4 = {a € A |
o(a,b) = Oforallb € B}and Ip = {b € B | o(a,b) = Oforalla € A}. Itis
easy to check that I4 and Ip are Hopf ideals of A and B, respectively. The pairing
o is non-degenerate iff I4 = Ip = 0. Any Hopf pairing 0: A x B — K induces a
non-degenerate Hopf pairing6: A/I4 x B/Ip — K.

3.2 The twisted double. Leto: A x B — K be a Hopf pairing between two Hopf
algebras A and B, and let ¢: A — A be a Hopf algebra endomorphism of A. Set

D(A,B;0.¢) =AQ B

as a K-vector space. We provide D(A, B; 0, ¢) with a structure of an algebra with unit
14 ® 1p and multiplication

(@a®b)-(a @) = G(d)(azl)), S(bay)) 0(a23), b)) aaéz) ® b(z)b,

forany a,a’ € Aand b, b’ € B.

Note that if ¢ and ¢’ are different Hopf algebra endomorphisms of A, then the
algebras D(A, B; o, ¢) and D(A, B; 0, ¢’) are in general not isomorphic (see Remark
in Section 3.4 below).

Theorem H ([Vir3], Theorem 2.6). Leto: AXB — K be a Hopfpairing between Hopf
algebras A and B, and let ¢ be an action of G on A by Hopf algebra automorphisms,
that is, ¢ is a group homomorphism G — Autyep(A). Then the family of algebras

D(A, B;0.¢) = {D(A, B;0, ¢a)acG

has a structure of a Hopf G-coalgebra given by

Agpla ®b) = (dglaa)) ® b)) ® (a@e) ® b)),
e(a ® b) = eq(a) ep(b),
Se(a ® b) = o(dala()). bay) o(aa)y, S(b3))) ¢paS(ae)) ® S(bwz))

foralla € A, b € Banda,B € G. Furthermore, if 0 is non-degenerate and A, B are
finite dimensional, then the Hopf G-coalgebra D(A, B; 0, ¢) is quasitriangular with
crossing ¢ and R-matrix R = {Ry g} geG given by

vpla ®b) = ¢p(a) ® pg(b) and Rep =73 (i ®1p) ® (14 ® fi).

where ¢*: G — Autyepr(B) is the unique action such that 0(¢ﬁ,¢;) = o for all
B € G, and (e;); and (f;); are dual bases of A and B with respect to 0.

Corollary L. Let A be a finite-dimensional Hopf algebra and ¢ be an action of G on A
by Hopf algebra automorphisms. Then the duality bracket ( , 4@ 4* is anon-degenerate
Hopf pairing between A and A*°P and D(A, A**°P; (, Yaga*, @) is a quasitriangular
Hopf G-coalgebra.
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Note that the group of Hopf automorphisms of a finite-dimensional semisimple
Hopf algebra A over a field of characteristic O is finite (see [Rad2]). To obtain qua-
sitriangular Hopf G-coalgebras with infinite G using the twisted double method, one
has to start from non-semisimple Hopf algebras or from Hopf algebras over fields of
non-zero characteristic.

In the next three sections, we use Theorem H to give examples of quasitriangular
Hopf G-coalgebras.

3.3 Example: finite G. Let G be a finite group. In this section, we describe the
ribbon Hopf G-coalgebras obtained by the twisted double construction from the group
algebra K[G]. The standard Hopf algebra structure on K[G]is givenby A(g) = gR g,
e(g) = 1, and S(g) = g ! forall g € G. The dual of K[G] is the Hopf algebra
F(G) = K© of functions G — K with structure maps and basis (eg: G — K)geG
described in Section 2.1. Let ¢: G — Autyops(K[G]) be the homomorphism defined
by ¢o(h) = aha™! fora € G,h € K[G]. Corollary I yields a quasitriangular Hopf
G-coalgebra
Dg(G) = D(K[G], F(G)*?; (, )k[GIxF(G): P)-

Let us describe Dg(G) = {Dy(G)}qeg more precisely. For @ € G, the algebra
Dy(G)isequalto K[G]® F(G) as a K-vector space, has unit 1p, (G) = ) _,cq | ®eg
and multiplication

(g®en) (8 ®ew) =8ugra1 p1gm 88 ® ep
forall g, g’, h, ' € G. The structure maps of Dg(G) are

Nap(g®en)= Y BB '®e, ®g®ex, e(g®ep) =61,
xy=h

1

Sa(g®ep) =ag™ o ® Cuga—1p—lg—1; Pa(g ®ep) = O{gO(_l ® eyha—1

for all «, B8, g,h € G. The crossed Hopf G-coalgebra Dg(G) is quasitriangular and
furthermore ribbon with R-matrix and twist

Ryg= Y g®e®@1®e, and Gy = Y o lga®eg
g,heG g€G

for all o, B € G. The spherical G-grouplike element of Dg(G) is w = (1p,(G))acG-
The family A = (Ay)qeq. defined by A, (g ® ej,) = 8g,1, is a two-sided G-integral for
Dg(G).

3.4 An example of a quasitriangular Hopf GL, (K )-coalgebra. In this section, K
is a field of characteristic # 2 and n is a positive integer. Let A be the K-algebra with
generators g, X1, . . . , X, subject to the relations

2 2
g =1, xi=0, gx;i=-xig XiXj=—Xjx;.
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The algebra A is 2" T!-dimensional and has a Hopf algebra structure given by
Alg)=g®g. e@=1 AX)=x®g+1Qx, &x)=0 S =¢.

and S(x;) = gx; for all i. The group of Hopf automorphisms of A is isomorphic to
the group GL,, (K) of invertible n x n-matrices with coefficients in K (see [Rad2]). An
explicit isomorphism ¢ : GL,(K) — Autgeps(A) carries any o = (a;,;7) € GL,(K)
to the automorphism ¢, of A given by

du(g) = ¢ and ¢>a(x,-)=ki I
—1

We apply Corollary I to these A and ¢. Observing that A* =~ A as Hopf algebras,
we can quotient the resulting quasitriangular Hopf GL,, (K)-coalgebra to eliminate one
copy of the generator g (which appears twice), see [Vir3], Proposition 4.1. This gives
a quasitriangular Hopf GL,, (K)-coalgebra # = {Hy}oecaL, (k). We give here a direct
description of #. For o = (a;,;) € GL,(K), let #, be the K-algebra generated g,

X1s-.-Xn, Y1,---, Yn, subject to the relations
g2 =1, x% =...= xi =0, gxi=-Xig XiX; =—XjX;,
Yi=r=ya =00 gyi =Yg, Yiyj = —ViVi.

xXiy; —yixi = (@i —di,j) &,

where 1 < i, j < n. The family # = {#y}aecL, (k) has the following structure of a
crossed Hopf GL, (K)-coalgebra:

Aap(g) =g®g, e@=1Si(g) =g,

n n

ANep(xi)=1Qxi + > Prixk®g, exi))=0, So(xi)= > o gXk,
k=1 k=1
Nop(yi) =yi®1+g®yi, e(yi)=0, Su(yi)=—gvyi,
n n
() =8, walxi) =D okixk, @a(¥i)= D Gk Vk-
k=1 k=1

where @ = (a;,;), B = (Bi,;) run over GL,(K), (&;,;) =@ ', and 1 <i < n. The
crossed Hopf GL,, (K)-coalgebra J is quasitriangular with R-matrix

Ryg=73 Y XS®ys+xs®gys+gxs®ys—gxs®gys
Sc{1,..n}

for all o, € GL,(K). Here x5 = 1, yg = 1, and for a nonempty subset S of
{1,...n}, weset xs = x;, ...x;, and y§ = yi, ... yi,, where i} < --- < i are the
elements of S.

A
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Remark. Generally speaking, for distinct o, B € GL, (K), the algebras #, and g
are not isomorphic. For example, #, % J; for any o € GL,,(K) — {1}. It suffices to
prove that

Jea/[%a’ Jea] ;ﬁ t%l/[f%lv ‘%1]-

Indeed, Hy/[Hy, Ho] = 0 since g = = (x,y, — yjXxi) € [Hq, Heo] (for some
1 <i,j < nsuchthat o;; # & ;) and so 1 = g2 € [Hy, Hy]. In H1/[H1, H1],
we have xx = xxg? = 0 (since xxg = gxx = —xxg and so xxg = 0) and likewise

vk = 0. Hence 1 /[H1, J01] = K(g|g?> = 1) #0.

3.5 Graded quantum groups. Let g be a finite-dimensional complex simple Lie
algebra of rank / with Cartan matrix (a; ;). Let {di}£=1 be coprime integers such
that the matrix (d;a;, ;) is symmetric. Let ¢ be a fixed non-zero complex number and
gi =q% fori =1,2,...,1. We suppose that g7 # 1 for all i.

Recall that the (usual) quantum group U, (g) can be obtained as a quotient of the
quantum double of U, (by), where by is the (positive) Borel subalgebra of g (the
quotient is needed to eliminate the second copy of the Cartan subalgebra). Applying
Theorem H to the Hopf algebra U, (b4 ) endowed with an action of (C*)! by Hopf
automorphisms, we obtain the “graded quantum group” introduced in [Vir3], Proposi-
tion 5.1. It can be directly described as follows.

Set G = (C*)!. Fora = (ay,...,qa;) € G, let U/ (g) be the C-algebra generated

by Kiil, E;, F;, 1 <i <, subject to the following defining relations:

KiK; = K;K;, K;K;'=K'K; =1,
K:E; = q;" E; K;,
KiF; = q; "/ FiK;,

o; K; —Ki_l

-1

E;F;—FiE; =68 ;
il j i i,J 4 —d;

1—a; ;

XTI TR E =0 it £ ),

la,j

P [, BT R =0 i # .

1

The family UqG (@) = {U;(g)}acc has a structure of a crossed Hopf G-coalgebra
given, fora = (a1,...,07) € G, B = (B1,.... 1) € Gand 1 <i <[, by:
A(Z,B(Kl) = Kl ® Ki’
Ay p(Ei) =BiEi®K; +1Q E;,
Aup(F)=F &1+ K '®F,
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e(Ki) =1, e(E;) =e(F;) =0,
Se(Ki) =K', So(Ei) =—o;E;K;", So(F;) =—K;F;,
0u(Ki) = Ki, @u(Ei) = & Ei, ¢u(F;) =a; 'F;.

Note that (Uq1 (@), A1,1, & S1) is the usual quantum group U, (g).

To give a rigorous treatment of R-matrices for the graded quantum groups, we
need /-adic versions of Hopf G-coalgebras and of graded quantum groups. This is the
content of the next two sections.

3.6 The h-adic case. In this section, we develop an A-adic variant of Hopf G-
coalgebras. Roughly speaking, #-adic Hopf G-coalgebras are obtained by taking the
ring C[[A]] of formal power series as the ground ring and requiring that the algebras
(resp. the tensor products) are complete (resp. completed) in the /-adic topology.

Recall that if V' is a (left) module over C[[%]], then the topology on V for which
the sets {h"V + v | n € N} form a base for neighborhoods of v € V is called the
h-adic topology. For C[[h]]-modules V and W, denote by V ® W the completion of
V ®cpag W in the h-adic topology.

If V' is a complex vector space, then the set V[[A]] of all formal power series
> o2 o vnh™ with coefficients v, € V is a C[[h]]-module called a ropologically free
module. Topologically free modules are exactly C[[4]]-modules which are complete,
separated, and torsion-free. Furthermore, V[[A]] ® W[h]] = (V ® W)[[h]] for any
complex vector spaces V and W.

An h-adic algebra A is a C[[h]]-module complete in the /-adic topology and en-
dowed with a C[[/]]-linear map m: A ® A — A and an element 1 € A such that
m(idg ® m) = m(m ® idy) and m(idg ® 1) = idg = m(1 Q idy).

By an h-adic Hopf G-coalgebra, we mean a family H = {H}yec of h-adic
algebras endowed with h-adic algebra homomorphisms Ay g: Hyg — Hy ® H 8
(o, B € G), e: A — C[[h]], and with C|[[A]]-linear maps Sy : Hy — H,—1 (¢ € G)
satisfying formulas of Section 1.1. It is understood that the algebraic tensor product ®
is replaced everywhere by its h-adic completions &.

The notions of crossed, quasitriangular, and ribbon /4-adic Hopf G -coalgebras can
be defined similarly following Sections 2.1 and 2.3.

Theorem H carries over to the h-adic Hopf algebras. The key modifications are that
0: A® B — C[[h]] must be C[[A]]-linear and D(A, B;0,¢) = A® B.

Theorem J. Let 0: A ® B — C[[h]] be an h-adic Hopf pairing between two h-adic
Hopf algebras A and B. Let ¢: G — Autyopr(A) be an action of G on A by h-adic
Hopf automorphisms. Then the family D(A, B;o,¢) = {D(A, B;0,¢y)}acc is an
h-adic Hopf G-coalgebra. Assume furthermore that A and B are topologically free,
o is non-degenerate, and Ry g = ) ;(e; ® 1) ® (14 ® f;) belongs to the h-adic
completion D(A, B;0,¢$y) ® D(A, B0, ¢g), where (e;); and (f;); are bases of A
and B dual with respect to o. Then D(A, B; o, ¢) is quasitriangular with R-matrix
R ={Ry,p}apec-
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The condition on R g in the second part of the theorem means the following. Since
A and B are topologically free, A = V[[h]] and B = W[[h]] for some complex vector
spaces V and W. Then

D(A, B;0,¢a) ® D(A, B;o,¢p) = (VO W ® V @ W)[[h].

We require that Ry g = Y_;(e; ® 15) ® (14 ® f;) can be expanded as Y -, r,h" for
somer, EVRIWRVRQW.
In the next section, we use Theorem J to define s-adic graded quantum groups.

3.7 h-adic graded quantum groups. Let g be a finite-dimensional complex simple
Lie algebra of rank / with Cartan matrix (a; ;). Let {d; }le be coprime integers such
that the matrix (d;a;, ;) is symmetric. Applying Theorem J to the /#-adic Hopf algebras
Uy (b)) and Uy (6_) = C[[h]]1 4+ hUy(b-), we obtain (after appropriate quotienting)
quasitriangular “/-adic graded quantum groups” (see [Vir3], Proposition 6.1). We give
here a direct description of these quantum groups.

Let G = C[[h]) with group operation being addition. For & = (a1,...,a;) € G,
let U}‘l" (g) be the h-adic algebra generated by the elements H;, E;, F;, 1 <i <,
subject to the following defining relations:

[H;, Hj] =0,
[H;, Ej] = a;; Ej,
[H;, Fj] = —aij Fj,
odihe; pdihH; _ y—dihH

[Eiv F]] = Si’j edih — e_dih ’
1—a; ; o 1—a; ;—
ZO (_1)r[1_fl'1]edihEi 0 rEjEir =0 @ #)),
r=
1-a; j

J —_ s s —
()[4 an Fy TR =0 (0 # ).

r=0

The family UhG (g) = {Uy(8)}aec has a structure of a crossed /-adic Hopf G-
coalgebra given, for « = (a1,...,9),8 = (B1,...,0;1) € Gand 1 < i < [,
by

Ay p(H)=H; ®1+1®H;, &(H;)=0,

Agp(Ei) = e¥"PiE; @ et 1 1 ® E;,  e(E;) =0,

Agp(F)=F ®1+e %hli g F ¢F) =0,

Sa(Hi) = —H;, So(Ei) = —e“" E;e™ %t 5, (F;) = %" F,
0u(Hi) = Hi,  @o(E;) = 4" E; gy (F;) = e i F;.
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Furthermore, U hG (g) is quasitriangular by Theorem J (the conditions of this theorem

are satisfied by A = Up(b4) and B = Uy (6_)). For example, for ¢ = s/, and
G = C[[A]], the R-matrix of UhG (sly) is given by

00
Ra,ﬂ = eh(H®H)/2 Z Rn(h) E"® F" ¢ U;lx(sb) ® Uf(slz)

n=0

for all o, B € C[[h]], where R,(h) = q”(”“)/z(l_[:]_!z)n and ¢ = .

q
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Invariants of 3-dimensional G -manifolds from Hopf
coalgebras

by Alexis Virelizier

In this appendix we construct invariants of closed oriented 3-dimensional G -manifolds
using Hopf G-coalgebras. In contrast to the methods of Chapters VII and VIII, we do
not involve representations of the Hopf G-coalgebras. Our invariants generalize the
Kuperberg invariant and the Hennings invariant of 3-manifolds corresponding to the
case G = {1}.

Throughout this appendix, G is a group and X is a field.

7.1 Kuperberg-type invariants

Kuperberg [Ku] derived an invariant of closed oriented 3-manifolds from any finite-di-
mensional involutory Hopf algebra. As the main geometric tool, he used Heegaard dia-
grams of 3-manifolds. Here we generalize Kuperberg’s method to construct invariants
of closed oriented 3-dimensional G-manifolds from involutory Hopf G-coalgebras.

1.1 Diagrammatic formalism for Hopf G-coalgebras. Let H = {Hy}qer be a
Hopf G-coalgebra of finite type. The multiplication my: Hy, ® Hy — H,, the unit
element 1, € Hy, the comultiplication Ay g: Hyg — Hy ® Hg, the counite: Hy —
K, and the antipode Sy : Hy — H,-1 are represented pictorially as follows:

N /

mg —, 1(1_>’ —>Aa,,3 s —_ —_ Dy —

/ N

The inputs (incoming arrows) for multiplication are always ordered counterclockwise
and the outputs (outgoing arrows) for comultiplication are always ordered clockwise.
Furthermore, we adopt the following abbreviations:

My — :]a—>, —»ma—>=—>=id[-1a’
N

?ma—>=_’ma_> ...... _>ma_>,

‘/ / /

and
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_>A1:—>g’ —>Aa—>:—>:idHa,

2
N \ \

The homomorphisms represented by such diagrams may be explicitly computed in
terms of the structure constants. In particular, set

A:(APEHI and Ay = (_DGH;.
"N\ /

_— Aal,...,an

My

This means that if (e;); is a basis of H; and Cij k¢ K are the structure constants

of Ayt Hy — Hy ® Hy defined by Ayi(e)) = Y, C/ ej ® ek, then A =

ik Cii’kek. Likewise, if (f;); is a basis of H, and ,ufc] € K are the structure
constants of mq defined by mq(f; ® fj) =D & M{-ij S, then Ao (fj) =D Mi}

Assume now that H is involutory as defined in Appendix 6, Section 1.9. By
Lemma 4 of [Vird], A = (Ay)aeq is a two-sided G-integral for H and A is a two-sided
integral for H; such that

Al(ll) = S(A) = Al(l\) = dim H], SI(A) = A, and /\aflsa = Aa

for all @ € G. By Lemma 5 of [Vir4], A and A are symmetric in the following sense:
forallo € G and x,y € Hy,

Ay og—1(A) = OH, |, Hy Ag—14(A) and Ag(xy) = Ae(yX).

1.2 Construction of the invariant. Let H = {H,}yer be an involutory Hopf G-
coalgebra of finite type such that the characteristic of the ground field K of H does not
divide dim H;. Note that H is then semisimple and cosemisimple (see Appendix 6,
Section 1.9).

Let (W, g) be a closed connected oriented 3-dimensional G-manifold. Recall from
Section VII.2.1 that W is a closed connected oriented 3-dimensional manifold and
g is a free homotopy class of maps from W to X = K(G,1). We present W by a
Heegaard diagram (X, u,[), where ¥ is an oriented closed surface of genus g > 0
embedded in W (and cutting W into two genus g handle bodies), ¥ = {u1,...,ug}
and/ = {ly,...,[g} are two transverse g-tuples of pairwise disjoint circles embedded
in X such that X \ (J; ux and X \ |J; /; are connected. We pick z € ¥ \ (v U /) and
orient all the circles uy and /; in an arbitrary way.

Traveling along each lower circle /;, we obtain a word w; (x1, ..., Xg) in the alpha-
bet {xifl, ... ,xg,tl} as follows. Start at any point of /; not belonging to # and make
a round trip along /; following its orientation. Begin with the empty word and each
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time /; intersects some 1y, add on the right of the word the letter xj if /; intersects ug
positively! and the letter x;l otherwise. After a complete turn along /;, we obtain the
word w;. This word is defined up to conjugation due to the indeterminacy in the choice
of the starting point on /;. Since X \ u is a 2-sphere with 2g disks deleted, there exists
g loops y1,...,yg on (X, z) such that each y; intersects once positively u; and does
not meet Uj#i uj. The homotopy classes a; = [y;] € mi(W,z),i =1,..., g donot
depend on the choice of the loops y;. By the Van Kampen theorem,

m(W,z) = {a1,...,ag |wi(ay,...,ag) = 1forl <i < g).

For any 1 < k < g, we provide the circle u; with the label o = g«(ar) € G,
where g«: m1(W,z) — m1(X,x) = G is the homomorphism induced by a map
W — X in the given homotopy class g carrying z to the base point x of X = K(G, 1).
To each uy, we associate the tensor

€1
May —= Ao,
Cn
where c1, ..., c, are the crossings between uy and the circles /; which appear in this

order when making a round trip along uj following its orientation. Since this tensor is
cyclically symmetric (see Section 1.1), this assignment does not depend on the choice
of the starting point on .

To each circle /;, we associate the tensor

s
A — A,Bl,-n,ﬂm
N m
where ¢y, ..., ¢y are the crossings between /; and the circles u; which appear in this

order when making a round trip along /; following its orientation; if /; intersects uy at
¢j, then B; = ay € G if the intersection is positive and ; = a; ! otherwise. Note
that 81 ... Bm = wi(a1,...,ag) = 1 and so the tensor associated to /; is well defined.
Since this tensor is cyclically symmetric, this assignment does not depend on the choice
of the starting point on /;.

Let ¢ be a crossing point between some uy and /;. If /; intersects uy positively at
¢, then we contract the tensors

e ™~

A— A .. ¢ A4 oo mg — gy

associated to /; and uy as follows:

'An oriented curve y on X intersects positively another oriented curve p on X at a point ¢ € X if
(dcy, d.p) is a positively-oriented basis for T 2.
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A — A...,ak,... — mak_’/xak-

N

If /; intersects u negatively at ¢, then we contract the associated tensors

™~

A — A...,(ZI?I,... \—> C and Isi —/> mOtk —— A’ak

as follows:

7 N

A — A... —1. \T’ Sakjl _’ mak—>)tak.
After having done such contractions at all the crossing points, we obtain an element
Z(Z,u,l)of K. Set

Kug (W, g) = (dim H,)"¢ Z(Z,u,l) € K.

Theorem A ([Vir4], Theorem 9). Kugy (W, g) is a homeomorphism invariant of the
G-manifold (W, g).

1.3 Examples. 1. If g is the trivial homotopy class of maps W — X represented by
the map W — {x} C X, then Kug (W, g) is equal to the Kuperberg invariant of W
derived from the involutory Hopf algebra H;. In particular, for G = {1}, we recover
the Kuperberg invariant.

2. Let G, L be finite groups and C¢, CL be the Hopf algebras of C-valued functions
on G and L, respectively. A group homomorphism ¢: L — G induces a Hopf algebra
morphism C¢ — CL, f — f¢ whose image is central. By Appendix 6, Section 1.2,
this data yields to a Hopf G-coalgebra H? = {HZ}oer, which is involutory and of
finite type. Note that H(f ~ C¢'@ g5 an algebra. For every closed connected
oriented 3-dimensional G-manifold (W, g),

Kuge (W, g) =#f: miW,2) > L | ¢f = g«

wherez € Wand g : m1(W, z) — G isthehomomorphism inducedbyamap W — X
in the homotopy class of g carrying z to the base point x of X = K(G, 1).

1.4 Proof of Theorem A (sketch). The proof is based on a “G-colored” version
of the Reidemeister-Singer theorem which relates any G-colored Heegaard diagrams
representing (W, g, z). For example, suppose that a circle u; (with label «;) slides
across another circle u; (with label «j). Assume, as a representative case, that both
circles have three crossings with | lx:
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g

Using the anti-multiplicativity of the antipode (which allows us to consider only the
positively-oriented case of the contraction rule), we obtain that the factor

a e
b moli A'Ot,' f —_— maj _V/\,aj
¢ 4

of Z(X,u,l) is replaced under this move by

a
N
C—\:m“i_’lot‘

fl/ |

e AO(,’ ,Oll Dtj
f— Aa[ ol
§—Bg; a7

o
i j\m
1, — A _
o ey o; ey

Since the comultiplication is multiplicative and A = (14 )qec is a left G-integral for
H , these two factors are equal:

a a
b \ b \
c-—\:maz_'/\ai C__\:m,xl—>)w
e
e —> Aa,- ozl-_lotj/ f \ . /
f_'Aoz,-,ozi_lot == _/:motj_> o e ozj\>A -
g_'Aa,- o ey g i %
- m g —>Aa71aj
a
b
e\ \ a N e
= f —>maj —»Aaj c — Mgy; —>Aai = bh— Me; —»Aai f —_— maj —»Aaj
g lo; c

For a detailed proof of Theorem A, we refer to [Vir4] (cf. also the next remark).

1.5 Remark. Since H is of finite type, semisimple, and spherical (with spherical
elements wy = 14 € Hy), the category Rep(H ) of finite-dimensional representations
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of H is afinite semisimple spherical G-category. Hence we can consider the state sum
invariant |W, g|rep() introduced in Appendix 2. Adapting the arguments of [BW1],
we obtain that

KuH(W7 g) = |W7 g|RCp(H)

for any closed connected oriented 3-dimensional G-manifold (W, g).

7.2 Hennings—Kauffman-Radford-type invariants

Hennings [He] derived invariants of links and 3-manifolds from right integrals on
certain Hopf algebras. His construction was studied and clarified by Kauffman and
Radford [KaRa]. In this section, we generalize the Hennings—Kauffman—Radford
method to construct an invariant 7y of 3-dimensional G-manifolds by using a ribbon
Hopf G-coalgebra H. When the ribbon G-category Rep(H ) of representations of H
is modular, we compare Ty with the Turaev invariant Trep(g) from Section VIL.2.

2.1 Theinvarianttg. Let H = { Hy}yeg be aunimodular ribbon Hopf G-coalgebra
of finite type and let A = (Ay)qec be a (non-zero) right G-integral for H such that
A1(0FY) # 0, where 6 = {0y }aeg is the twist of H.

Let (W, g) be a closed connected oriented 3-dimensional G-manifold (see Sec-
tion VIL.2.1). We define t (W, g) € K as follows. Present W as the result of surgery
on S3 along a framed link £ with m = #{ components. Recall that W is obtained by
gluing m solid tori to the exterior E; of £ € S3. Take any point z € E; C W. Pick in
the homotopy class g amap W — X carrying z to the base point x of X. The restriction
of this map to E; induces a homomorphism g.: m1(Ey, z) — m1(X,x) = G. Note
that the triple (¢, z, g«) is an unoriented special G-link in the sense of Section V1.5.4.

Regularly project £ onto a plane from the base point z, that is, consider a diagram
of £ such that the base point z corresponds to the eyes of the reader. Without loss
of generality, we can assume that the extremal points of the diagram with respect to
a chosen height function are isolated. Label the vertical segments of the diagram
(delimited by the extremal points of the height function and the under-crossings) by
elements of G in the following way: a vertical segment is labeled by @ = g.([u]) € G
where u is a meridional loop of £ based at z which encircles the segment once so that
its linking number with this segment oriented downwards is +1:

S a=eguD |-
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At the crossings and the extremal points the labels are related as follows:

wfa~l B B lop B
S e Y

Now, we decorate each crossing of the diagram of £ with the R-matrix R =
{Ra,g}a,pec of H and with small disks labeled by elements of G as follows:

a X ﬁH % ", X p TS

where

Ryp =a; ®b; and Rg-1, =c; ®d;.

In this formalism it is understood that there is a summation over all the pairs a;, b; and
¢j, d;. The diagram obtained at this step is composed by m = #{ transverse closed
plane curves (possibly endowed with G-labeled disks), each of them arising from a
component of £.

We use the following rules to concentrate the algebraic decoration of each of these
plane curves in one point (distinct from the extremal points and the labeled disks):

of V- Y (U sok 7 oo
X - X >< X 9-¢"

This gives m elements v; € Hy,,

P @

If there is no algebraic decoration on the i-th curve then, by convention, v; = 1, .

For 1 <i < m,letd; be the Whitney degree of the i -th curve obtained by traversing
it upwards from the point where the algebraic decoration has been concentrated. The
Whitney degree is the algebraic number of turns of the tangent vector of the curve. For
example:
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Finally set

tr(W.g) = 261"~ 11077~ da (o M101) - Aty (Wt 7 0m) € K.
where w = (Wwq)gec is the spherical G-grouplike element of H (see Appendix 6,
Section 2.6) and b_(¥) is the number of strictly negative eigenvalues of the linking
matrix of £ (with the framing numbers on the diagonal).

Theorem B ([Virl], Theorem 4.12). tg (W, g) is a homeomorphism invariant of the
G -manifold (W, g).

The invariant 7z is preserved under multiplication of the right G-integral A by any
element of K*. Since the space of right G-integrals for H is one-dimensional (see
Appendix 6, Section 1.1), Ty does not depend on the choice of A.

2.2 Examples. 1. If g is the trivial homotopy class of maps W — X represented by
the map W — {x} C X, then g (W, g) is the Hennings invariant (in its Kauffman—
Radford reformulation) of W derived from the ribbon Hopf algebra H;. In particular,
when G = {1}, we recover the Hennings invariant.

2. Let P be the closed oriented 3-dimensional manifold obtained by surgery along
the trefoil 7" with framing +3:

=y

The Wirtinger presentation of the group of T is (x, y,z |xy = yz = zx)and w1 (P) =
(x,v,z|xy = yz = zx, xzy = 1). Let g be a free homotopy class of maps
P — X = K(G,1) inducing a homomorphism g.: 71(T) — G. Seta = g«(x),
B = g«(y), v = g«(2). The labeling of the vertical segments of the diagram of T is:
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Expand

Rﬂ—l,a—l = Zai R b;, Ry,a = ch ®d;, and Ra,ﬂ = Zek (4 fk.
i J k

The algorithm above gives

@y—185 1 (@i Sz, (fi))djer a1 (bi) Su—108 Sy (c))
Therefore

tH(W.2) =21 007" Aa(wley—155" @S5 (fi))djex Su1 (1) Su-195 Sy (¢))-
i,j,k

Exercise. Given a finite group G, compute 7p; (G)(W, g), where Dg (G) is the ribbon
Hopf G-coalgebra defined in Appendix 6, Section 3.3.

2.3 Proof of Theorem B (sketch). The proof uses a “G-colored” version of the
Kirby calculus relating G-colored link diagrams representing (W, g). For example,
the invariance under the G-colored Fenn—Rourke move with one strand is proven as
follows.

(D O
@
(@) = (6

gaa(b,-)ﬁa—wj

ajPy—1 (d])ea
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where
Ra,a—1 = Zai ® b; and Ra—l’a = Zj ¢ ® dj.
i

Indeed,
> A1 (@a(bi)0-1¢)) aiy—1(dj) b
1,]
= Y a1 (Og-1bic)) Oupa(ai)d
1,]

= (Ag—1 ®ida, ) ((6-1 ® 90,)((70!,“—1 (P ® idHa(_1 )(Ra’a—l))Ra—l,a)
= (Ag—1 ®1dp,)Ay—1 4(01) = A1(61) 14.

These equalities follows from the properties of the crossing ¢, the twist 6, and the G-
integral A of H (see Appendix 6). We refer to [Virl] for a detailed proof. A crucial role
in the proof is played by the fact that the family of homomorphisms (H, — K, x
Ao (WeX))aeq is a G-trace for H (Appendix 6, Theorem G).

2.4 Comparison with the Turaev invariant. Let H = {H,}4ec be a ribbon Hopf
G -coalgebra of finite type. Suppose that the ribbon G-category Rep(H ) of represen-
tations of H (see Section VIII.1.7) is modular. Then the Turaev invariant tgep(g) of
Section VII.2 is well defined. Moreover, under these assumptions, H is unimodular,
since H; is then factorizable and so unimodular (see [Sw]). Furthermore, A; (91i1) #0
for every non-zero right G-integral A = (1¢)aec for H (since A; (9F!) = A]iep(H) up
to a non-zero scalar multiple). Hence the invariant of the preceding section tg is also
defined. The next theorem shows that under these assumptions, the invariants Trep(#)
and Ty are essentially equivalent.

Theorem C ([Virl], Theorem 4.18). Let H be a ribbon Hopf G-coalgebra of finite
type such that its ribbon G-category of representations Rep(H ) is modular. Then the

invariant Tty is well defined and for every closed connected oriented 3-dimensional
G-manifold (W, g),

b1 (W)
TrRep(H) (W, 8) = D! (A_) (W, g),

where by (W) is the first Betti number of W, and D, A_ are as in Section VII.1.7.

The proof is based on a description of the Turaev invariant in terms of the coend of
the G-category Rep(H ), see [Virl].

Note that when the category Rep(H) is not modular (typically, when H is not
semisimple, see Appendix 6, Section 1.7) the invariant tgep(gr) is not defined while Ty
may be defined.
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